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PKEFACE. 



In the present volume I have tried to make the 
diacussion of the various parts of the subject, which are 
here given, as full as possible ; and there will be found 
much which has hitherto not appeared except in mathe- 
matical journals. At the same time, the treatise does 
not profess to be complete. Among the parts omitted 
are the investigations by Fuchs on the integration of 
linear differential equations, those of Konigsberger on 
the irreducibihty of differential equations, the discussion 
of Pfaffs equation, the recent researches of Hermite and 
Halphen, and the geometrical applications of the hyper- 
geometric series by Klein; only a very slight sketch 
of Jacobi's method for partial differential equations is 
attempted, and there is no indication of the methods of 
Cauchy, Lie and Mayer. These, and others here omitted, 
I hope to give in another volume at some future date. 

While writing this volume I have consulted many 
authorities in the shape of treatises, memoirs and text- 
books; and, though it is impossible to give in detail 
every reference, I wish in particular to mention, as 
having been of great use, Boole's Treatise and his 
Supplement, Moigno, Imschenetsky and Mansion ; and 



I have used, to a slighter extent than these, Gregory's 
Examples, Serret and De Morgan. Many references to 
original memoirs will be found in various chapters.' 

There occur, scattered throughout the book, many 
examples, amounting in number to more than eight 
hundred. Most of these are taken from University and 
College Examination papers set in Cambridge at various 
times; some are new, and many of them are results 
extracted from memoirs which have been consulted. In 
the case of the last, the original authority is, I think, 
always indicated. I cannot hope that, among so many, 
all results given are correct and all equations set are 
soluble ; and I shall be glad to receive corrections of any 
mistakes actually found. 

In conclusion, I wish to express the very great 
obligations under which I lie to my friend and former 
tutor Mr H. M. Taylor, of Trinity College, Cambridge, 
for his kindness in the revision of the proof-sheets. He 
has caused the removal of many obscurities and has 
made many valuable suggestions of which I have con- 
tinually availed myself. My thanks are also due to ray 
friend Mr J. M. Dodds, of St Peter's College, Cambridge, 
for his kindness in reading some of the early sheets. 

A. R. FOESYTH. 



TbIHITT COUiEQI, CAUBBnHlE, 

September, 1S85. 
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CHAPTER I. 

iNTBODncnON. 

1. When one variable quantity y is a fuuctioa of another 
variable quantity x, the relation between the two may be exhibited 
by means of an equation such as 

*(«, y) = 0. 

Id this equation constants may occur; let one of such constants be 
denoted by a. If the equation be solved for y in terms of x, this 
constant a will enter into the expression for y ; and, by taking 
different values for a, there will in general be obtained a number 
of corresponding values for y. If it be desired to indicate in the 
fundamental relation the fact that the value of y depends on that 
of a, this may be done by writing the above equation in the form 

<f>{^,y. «) = o (i). 

Now it is possible to derive from this equation another, which 
shall include all the values of y, which can be obtained by as- 
signing all the possible values to the constant a. The differential 
coefficient of y with regard to ir is ^ven by 

^+|l=» ^^' 

in which v- and ^ indicate partial differentiation with regard to 

(B and y respectively. Equation (ii) will in general involve the 
constant a, which occurs in (i) ; and, if between these two equa- 



2 INTRODUCTION. [1. 

tioQs the coixstaol be eliminated, the result of the elimiDation will 
be of the form 



/(-.!-■ I) =« (■">■ 



where / ia a definite function dependiDg on the form of the 
function <j> in equation (i). Now equation (iii) ia one, which 
includes all the values of y, which can arise from (i) ; for, while 
it ia derived from the two equations (i) and (ii), in each of 
which a occurs, yet of the particiflar value of this qiiantity 
no special account is taken and, were any other constant as o' 
substituted for a in all the steps of the elimination, the result 
would be the same, since the constant is made to disappear from 
the result. 

In the same way, if tf depended on two constants a and b in 
a manner defined by the equation 

O {x, y, a, b) = 0, 
and if the equations which ^ve the first and second differential 
coefficients of y with regard to x were written down, the two con- 
stants a and b could be eliminated and the resulting equation 
would be of the form 



^1 



{'■^■t^-« w 



In all cases the functions / and F can be deduced {by methods of 
the Differential Calculus and of Higher Algebra) when the forms 
(f) and O are given. 

In particular, if such a form be 

from which a is to be eliminated, then, as the equation embracing 
all the values y, we have at once 

^1 + ^1^=0 
dx dy dx ' 

no further elimination being needed. 
Thus, for example, the equation 
y'=iax 
leads to the equation 
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which is the general equation of all parabolas having the same 
axis and vertex. 

2. Such relations as (iii) and (iii)' are called Differential 
Equations; the equation (i), ■which is free from all differential 
coeflEcients, is c^ed a solution of (iii), Aa, in passing from (i) 
to (iii), a single arbitrary constant was removed, so conversely, 
in passing from (iii) to (i), it is just to expect that a single 
arbitrary constant will be introduced ; and since, in eliminating n 
arbitrary constants, there are needed the equations giving the 
first n differential coefficients in addition to the original equation, 
so conversely, in passing from such a relation between differen- 
tial coefficients up to the n"" inclusive to an equation iree from 
them and equivalent to this relation, it Is to be expected that n 
arbitrary constants will be introduced. 

3, It is not difficult to see how these arbitrary quantities must 
enter into the solution of the equation. For the sake of simplicity 
let us consider an equation such as 

in which M and N are functions of tc and y. Let a; and y represent 
the Cartesian coordinates of a point P in a plane referred to two 
rectangular axes ; then the equation (i) is the equation of a curve, 

and -j^ is the trigonometrical tangent of the angle, which the 

tangent to the curve at the point P makes with the axis of ic, 
so that the above differential equation gives the direction of a line 
at every point in the plane. Let any point A be taken on the 
axis of y, and let us proceed from A for a very short distance 

in the direction given by the value of -^ which it has at ^ ; wo 
shall thus come to another point if. Let us proceed now from B 
through a very short distance in the direction given by the value of 

ax 

If this process be carried out for a number of directions in suc- 
cession, a figure will be traced in the plane ; and, when each of 
the distances through which we suppose the tracing point to 
move becomes indefinitely small, the figure will become a curve 
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passiug througli A. This curve will have a definite equation, 
which may be exhibited in the form 

where i/^ is the ordinate of A. Had another initial point A' been 
chosen instead of A, then another curve would have been obtained 
and into its equation the magnitude of the ordinate of A' would 
have entered ; the same result would ensue from taking each point 
in succession on the axis of y, because generally one curve and only 
one passes through each such point. Aa each equation, or one 
single equation as the representative of all, may be considered a 
solution of the differential equation, it is evident that into the 
solution of the example we have been considering one arbitrary 
constant will enter ; and therefore, if by any method we can obtain 
an equation free from differential coefficients, it must be expected 
that an arbitrary constant will be centred in that equation. 
But this arbitrary constant obtained by the latter method will not 
necessarily be the ordinate of the point, at which the curve, repre- 
sented by the solution, and the axis of y intersect ; an arbitrary 
element would have entered into the equation, had the tracing of 
the curve begun from a point in the plane not lying on one of 
the coordinate axes. 

In the example considered the equation giving ^ had only 

a single root ; when it is of the form 

then the integral equation will be of the form 

A' + AP' + Q' = 0. 
where A is an arbitrary constant. And it is not difficult to see 
that, if the differential equation be of the n"" degree in -^ , then 

the corresponding integral equation will contain an arbitrary 
constant raised to the n'^ and lower powers. 

4. From what has been said as to one of the methods by 
which differential equations can be constructed, it might be deemed 
an easy matter to return from the differential to the integral 
equation ; but this is not so. The steps of an elimination cannot 
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be retraced, and therefore some otlier method or methoda must be 
adopted. The methods which are most effective for the solutioa 
of several different forms of differential equations will be discussed 
hereafter. 

5. When wo pass from a given integral function to the equi- 
valent differential equation, the latter may prove to be of a form, 
which is not included among those already known ; so conversely, 
if we pass from a given differential equation, we must not expect 
to arrive necessarily at a function which will be included among 
those, with the properties of which we are acquainted. It is 
therefore desirable to indicate what, in such a case, would be 
meant by the solution of the differential equation. 

When, in algebra, we ask whether any particular equation can 
be solved, we thereby enquire whether the value of the variable, 
which occurs in it, can be expressed in terms of known functions. 
Thus, for instance, in the equation 

the value of x can be obtained immediately by a process of division. 
But let the equation be 

To solve this we have to introduce a function, which was not 
needed for the former equation ; and, expressing ^ in the form 

e-±x\ 

we consider the equation solved. Now equations of the third and 
fourth degree can be solved by means of functions strictly analogous 
to these — the cube root and the fourth root of quantities; but 
general equations of the fifth and higher degrees cannot be solved 
in terms of these functions or combinations of these with similar 
functions. It does not therefore follow that solutions of these 
equations do not exist; they can only be solved when functions, 
unused in the solution of equations of lower degrees, are intro- 
duced. 

Similarly, in the case of a differential equation, when we say 
that it can be solved, we do not mean to imply that the solution 
must be expressed in tenns of purely algebraical functions, of 
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expoaentials (including sines and cosines), and of logarithmic 
functions (including inverse circular functions). The equation 

ax 
is equivalent to 

y = ^ + A. 

But suppose that the properties of the logarithm were un- 
known, and that the differential equation 

dx X 
were proposed for solution. We should then have 
fdx 



and, calling 



J to' 



we should prove the relation 

/W+/&)-/C«y), 

and hecome acquainted with the properties of this new function 
so as to include it amongst known functions. But, had we not 
been able to deduce the properties of/ (a;), the value of y given by 
tdx 



A + 



/? 



would still have been considered a solution of the differential 
equation. In fact every differential equation is considered as 

solved, when the value of the dependent variable is expressed as a 
function of the independent variable by means either of knorvn 
functions or of integrals, whether the integrations in the latter 
can or cannot be expressed in terms of functions already knoim. 
Thus, for instance, 



is a solution of 



,.A^jC 



dx 



dx 



although the value of y cannot be expressed otherwise than in this 
form without the introduction of a new function the properties of 

C,q,t,=cdbvC00g[C 
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which can be investigated. In this way the solution of differential 
equations is continually suggesting new functions to be added to 
the stock of those already known. 

6. Beforo we proceed farther, it is desirable to give definitions 
of some terms used io the subject. 

Any equation which expresses a relation between dependent 
variables, their differential coefficients of any order whatever, and 
the independent variables is called a differential equation. 

Differential equations are divided into two species, viz. : — 

I, Ordinary differential equations, into which only a single 
independent variable enters, either explicitly or implicitly, and 
to this variable all the differentiul coeSicients have reference. 
Should there be several dependent variables, the number of 
equations necessary for their complete determination as functions 
of the iiidependent variable is equal to the number of such 
variables. Thus, for instance, we might have 

in which a; is a function of the only independent variable ( ; and 



in which x and y are both functions of t. 

II. Partial differential equations, into which two independent 
variables at least and partial differential coefficients with regard to 
any or all of these variables may enter. If several dependent 
variables be present, the number of separate equations must be 
the same as the number of the separate dependent variables ; 
but the occurrence of such systems of equations is relatively rare. 
As examples of partial differential equations we may consider 



0V o'ls f d*z \'_ 
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ox oy 1 

?* = _5^| ' 
dy dx\ 

The order of a dififerentlal equation is the same as the order of 
the highest differential coefiBcient it contains. 

The degree is the power to which that highest differential 
coe£Gcient is raised, when the equation is in a rational form and 
freed from fractions. 

The equation 

dy a 

"-'£+^ 

die 
ia of the first order and second degree ; the equation 

h(l)}'-«3 

ia of the second order and second degree. 

If a differential equation bo such that, when it is rationalised 
and freed from fractions, the differential coefficients and the 
dependent variahle enter in the first power and there are no 
products of these, while the coefficients in the separate terms are 
either constants or functions of the independent variables, the 
equation is called lijiear. The following are examples of linear 
equations : 







a?" 


^s 


, 3» 





-S + ^S, 

The relation which exists between the variables themselves 
without their differential coefficients and which is the most general 
one possible, is called sometimes the generaX solution, and some- 
times the primitive, of the differential equation. 

7. The process of deriving the primitive from a given dif- 
ferential equation will frequently be the deduction of a first 
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integral of the differential equation, that is, an equation of an 
order lower by unity than that of the original equation and 
containing an arbitrary constant; then of a first int^ral of the 
latter which will be a second integral of the original equation ; 
and so on, until differential coefficients cease to appear. This 
will be the case when the operation has been repeated the 
number of times equal to the order of the original difierential 
equation. Now the form of the first integral will be affected 
by any transformation to which the equation may be subjected 
prior to integration ; and, since a given equation may be trans- 
formed in a number of different ways, there will be a corresponding 
number of different first integrals. But these will not all be 
necessarily independent ; and, as a matter of fact, if tlie equation 
be of the n^ order, it cannot have viore than n ind^jendent first 
integrals. For example, the differential equation 

has the following first integrals, viz, : — 

-r^coa aa + ysiaxs^B, 
dx ^ 

dy . 



'dx"' 



zi + ytx>Bx = 



g.j,cot(. + a)i 



but they are not all independent, the four constants A, B, C, a 
being connected by the equations 

B~ A cos at, 
C = Asm a. 
Wben a system of first integrals has been so obtained in any 
case, it can be used as a simultaneous system, from which the 
highest differential coefficients can be eliminated ; and if inde- 
pendent first integrals of the equation, equal in number to the 
order of the equation, have been obtained, all the differential 
coefficients can be eliminated from them so as to leave the primi- 
tive. Thus from the second and third integrals in the foregoing 
example we might deduce 

y = Bmix-vCQosx, . 
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and from the first and fourth 

y = j1 sin (3! + a), 
each being a primitive ; these solutions are seen to coincide on 
account of the relations between the constants. 

8. We proceed now to give reasons for the statement made 
in the last paragraph. 

A differential equation of the order n has n, and cannot have 
more than n, independent first integrals. 

From what has already been said it is clear that an integral 
relation between y and ic involving n arbitrary independent con- 
stants would lead to a differential equation of the order n. Let 
the given integral equation be differentiated m — 1 times in 
succession ; the n — 1 resulting equations will involve all the 
differential coefficients up to the (w - 1)*" inclusive and there will, 
with the original equation, be n equations in all. Now from n 
equations, in which n quantities occur, all but one of these quantities 
can be eliminated. Let the n arbitrary constants be denoted by 

0^, C„ , G^; and from the n equations, which we have, let us 

eliminate all the arbitrary constants except C^. The resulting 
equation will involve the variables and the derivatives of y up to 
the (?i - l)"^ inclusive and will also involve f?, ; it will therefore be 
a first integral of the differential equation of the order n which is 
equivalent to the given integral relation. Now eliminate all the 
arbitrary constants except G, ; the resulting equation will now 
involve C, and, as before, derivatives of y up to the {n — l)* in- 
clusive and will therefore be a first integral of the differential 
equation ; it will, moreover, be independent of the former, since C, 
is independent of C,. Proceeding in this way with all the constants 
in turn, we shall obtain n independent first integrals, each of which 
arises from the elimination of all but one of the n independent 
constants. 

As there are not more than n independent constants occurring 
in the general integral equation, any other constant, which could 

appear in it, must depend on C,, C^, >^,> let A be such 

a constant, and let the relation between them be denoted by the 
equation 

^(^,a„a„ ,CJ = 0. 

,■■:■,■, Googk 
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Then between this, and the original integral equation, and the 
n— 1 equations obtained by differentiation, (forming ji + 1 equa- 
tions in all), the n constants G may be eliminated and the result 
will involve the differential coefficients up to the (n — 1)* inclu- 
sive and the constant A. This would be a first integral of the 
differential equation, but it ia not independent of the n already 
obtained ; for from these let the respective values of the quantities 
G in terras of the variables and the differential coefficients of 
y be derived from the separate equations, in which they occur singly 
and be substituted in the equation '^ = ; this equation will then 
be one involving the differentials up to the (n— 1)"" and the con- 
stant A, and will therefore be the same as the foregoing. In fact 
the two processes are merely different methods of obtaining the one 
result, and the second shews that the first integral so obtained is 
derivable from the other n first integrals. Hence the differential 
equation of order n has not more than n independent first integrals. 

9. It is convenient to add here two lemmas to which frequent 
reference will subsequently be made. 

Lemma I. Let «,,«,, , w^ be n functions of the n variables 

ic,,ic,, x^, these variables being independent of one another; 

if among these functions any relation, which may be represented by 

■f(»„i. .«.)-0 (i) 

be identicallysatisfied, so thatu,, u,, ,u, are not independent 

of one another, then the equation 

2.. I 

..(ii) 



3», 


3«, 


S.,| 


'«. 


3«, 






3«. 


da. 


8«. 







is identically satisfied. 

Since equation (i) is identicallysatisfied, when for m,,m, ,u^ 

are substituted their values in terms of the independent variables, 
the partial differential coefficients of F of the first order with 
regard to each of these variables are separately zero. Thus we 
have 
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&M, 3a!, du,dx^ 


3«, SiB, 


SF3u SFiu 


+f^-». 


3i/,3», 3«,3», 




IFZa ZF iu 


^3£3«._0. 


9«, (ic^ 5w, 9r, 


*S».8«. 



Let the ratios of the n partial differential coeflGcientB of F with 
regard to the «'b be eliminated between these n equations, which 
are linear in these quantities ; the result of the elimination is 



1 


?!, 


8». 


8«, 

«". 


3«. 


di, 






3i,' 


3«. 



and this is ideatically satisfied. The value of a determinant is 
unaltered by the change of rows into columns and columns into 
rows ; when these changes take place the above equation becomes 
equation (ii), which is therefore identically satisfied. 

Lemma n. The converse of this is also true: If w,,m^, ,«, 

be n functions of n independent variables a;,,ic,, , ic,, and it 

the equation 





3», 


,'». 


3«, 


3», 






3«. 
3», 


5». 


3». 







= 



bo identically satisfied, then the functions u,,«,, ,«, are not 

independent of one another, but are connected by a relation of the 
form 

i^(»..«.. «.) = o. 
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If the n— 1 functions w,,m,, i"b-i ^ '">*' independent 

of one another then the proposition to be proved is at once granted ; 
we may therefore suppose them independent of one another. 

Between the n functions u we can eliminate n - 1 of the 
variables; if the remaining variable, say x^, he not thereby 
eliminated the result may be written in the form 

».-*(«..«. «.-,.«.). 

If the equation of condition be written in the form 

^K.'. ».) ,o 

d (ic„a!j, ,a)J ' 

we may write the theorem for the multiplication of determinants 
in the form 

8 («,, Wj, ,M,)_ 9(m,,M >"-i.-i'0) 3 (m, , M^ , M .., , tg.) 

3(aT„iC, ,a;J~d{u^.u^, ,w,_pa:J ^ e{a;„a;„ ,a;^,>j 

The left-hand side is zero by hypothesis. Since the functions 
Uj, Mj, , «,.j are independent, the first factor on the right- 
hand side is :^ , and the second ia ; ■' *' : . : . :' .... ' .z. y , One of 

ox^ fl(a!,, a;,, ..., a;,_J 

these must therefore vanish. If it be the former, then ^ ia ex- 
plicitly independent of JB^, 8o that w„ is a function of w,, w,, ..., m^^, 
only ; and there ia thus a relation between the original n functions. 
If it be the latter we have 

d(x^,x^, ,ar._.) "' 

an equation, which corresponds to the given equation of condition 
but in which there are only n — 1 functions of « — 1 variables, 
since for the differentiations that now occur x^ may be considered 
a constant. This is treated in the same manner as before ; and we 
should find either that there is a relation between h,, tt^, ..., u^^ 

considered as functions of a;,,x,, ifl",-!. or that a new equation 

of condition involving n — 2 functions of n ~ 2 variables, would 
hold. If the relation between m,,m,, ..■,",_! exist, it will be of tbe 
form 

i/'(m„m„ .M._„icj = 0; 

which will involve x^ since we have assumed that u,, u,, ..., w__| 
are independent of one another. Between ■^ = and «^ = we can 
eliminate x^ and obtain a relation between u, , u,, . . . , w„. 
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Frocceding in this maDoer and dimiuishiDg by unity each 
time the number of functions, which eater into the equation of 
condition, we can prove that one of the two necessary inferences 
at each reduction is the statement contained in the proposition. 
And when the reduction has been repeated n — 1 times the only 
alternative of the proposition is that any function, chosen at will, 

should be such as to satisfy ^ for some variable x which can 

be chosen at will. As this is evidently not the case the truth of 
the proposition follows. 

10. As a particular case of the general lemmas we have the 
following. Let IT and V be two functions of two independent 
variables x and y ; then if V can be expressed as a function of U 
alone, we must have 

dw dtf dy dx ' 
and conversely, if this equation be satisfied, then there is a relation 
between U and P" satisfied for all values whatever of x and y such 
that 

Ex, 1. Are the functions 

X+^y + i, x-2y + 3z, 2j:i/-xt + 4gz-lU'' 
independent of one another 1 
Tlie equation of ooadition is 

11, 1 , Sy-2 [=0, 

2 , -2 , 2a:+4z 
|l , 3 , -^ + 4^-42] 
which is evidently satisfied since 

3rd row=2 (Ist row) - i (Snd row) ; 
and thei-efore the functions are dependent. To find the relation between 
them, if we call them w^, u,, Uj, we have 

and therefore 

on Bubatituting these values, 

Ex. 2, Prove that the functions twr'+fty' + ta', Ax+Bff+C^, and 
a'x'{IPo + C^)+l^y\Cht + A''c)+<^z'(A%+B'a)-2caclBC^i+CAzx+ABx3f), 
are not independent ; and find the relation between them. 
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CHAPTER II. 
Differential Equations of the First Order. 

11. The general differential equation of the first order may be 
represented by 

where J* is a rational and algebraical function so far as the differ- 
ential coefficient is concerned. In this general form the equation 
cannot be integrated ; but there are certain particular forms, to 
one or other of which many equations can be reduced, and which 
admit of immediate solution. These forms we may call standard 
forms. 

12. Before considering them in detail, we will prove a pro- 
position, which is merely a particular case of the general theorem 
indicated in § 8, viz., that a differential equation expreaaible in 
the form 

ax 
where M and Nwre one-valued functions of w and y, can have only 
one independent primitive. 

Suppose that, if it be possible, two primitives 

4>, (x, y) = a. 

*, K y) = \ 

have been obtained. From the first of these the value of -, is 

ax 



given by 



9ti, 901 dy _ 
dx dy dx 
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[12. 



Treating the second primitive in the same way we should 
obtfun the equation 

The elimination of M and S between these two equations 

gives 

_ 0*, 



dx 



^y 



= 0, 



which {§ 10) shews that 0, is some function of ^,. Hence the two 
primitivea are not independent ; and the second can be expressed 
in the form 

which is algebraically resoluble into equations of the form 

^, = a, 
each of which is only a repetition of the first of the primitives. 

If therefore in solving such a differential equation any primi- 
tive has been obtained, this may be looked upon as the general 
solution of the equation ; for from it can be derived all other 
primitives. 
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The equation Mdy = Ndx can always be solved when the 
variables can be separated. For in this case the equation may 
he changed to the form 

Ydy = Xdx, 

where y is a function of y alone, and X a function of x alone ; 
and the equation can be integrated in the form 

SYdy = jXdtB + A. 
A being an arbitrary constant. 

C,q,t,=cdbvG00glC 
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Ex. I. Solve 



Ka?- 



The variables can be separated and the equation becomes 

one uit«^Tal of which is 

arcsin y + arosin iC = c 
But the equation may be written 

which, after integration by parts, gives 

Bui JZt+Jst „, 

(!-:«■)' (l-J-)> 

and therefore the integral is 

This affords an illustration of the proposition in the preceding paragraph ; 
for the latter primitive can be derived from the former by taking the sine of 
both membersj and tiie relation between the constante is 

C-sinc. 

Ex. %. C^-y") i*c+aiydy=0. 

The variables though not immediately separable may become so after 
substitution ; write ^=v and the equation is 



othat 



f-^©- 



and therefbrs log « + - » constant, 

or sx'=A. 

Ex, 3. Solve the equations 

(i) «(l+y)'+»(l+«')'J-»l 

(It) (l+j")*-|j+(l+y)')(l+«)'*-Oi 

(v) 8ec';)rtanyi2£+aec'ytaiixcfy'=0. 

F- c„...db,Goc^lc 



l+py-a. 
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14, Standard II. Linear Form. 

When the equation of the first order is linear, it may be 
written in the form 

where Pand Q are functions of a; and are explicitly independent of 
y. Multiply each side by 

^^■, 
then, since 

the equation becomes 

dai " dx 

on integration (the left side is now a perfect differential) we obtain 
as the primitive 









-C+log- 



E!c.% Solve (i) :r(I-^)^+(a^-l)^=a^( 

(■■) £+JCO.»-i.ill&l 

(iU) yJ+^ir'-ooosC^+iS); 






:,q,t,=cdbvCoOg[c 
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Ex. 3. Shew that the solution of the general equation nuvy be exhibited 
in the form 

,.|-r'«-[c+/."'-4]. 

15. Aq important associated form, which can be solved by the 
same method, is 

where P and Q exe functions of x alone. 
Divide by y ; the equation then is 

which is the standard form ; and the general solution is 



iT' 



1 ■-t'-vlP'- ^0-(n-l)JQ,-'"-'""'dx. 



Ex.4. Solve «^+3(=y'loga.-. 








m-ll-l'-- 




the primitiye of which is 




i.-J?..-/-^-*'.-/!. 




Thii. ' C-j'^^', 




-C+'-l^ + i, 




whence — 1 + Cx+iogx. 




Et. 5. Solve (i) ^+2xi=2a^^; 




(ii) ll-^i-,,.^; 




(lii) J+'y-j'm*; 




(■») *(=^+>5.).I. 




c,,,...t 


vGoogle 
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£r. 6. Shew ttuit the four eqimtionB in § 7 lead to the same primitiTe, 
16. Stahdabd III. Homogeneous Equations. 
The equation when of the first degree and expressed in the 
form 

ate 
is said to be homogeneous, when M find N are homogeneous 
functions of x and y of the same degree. In this ease we can 
write 

^— '+(;)■ 

r being the d^ee of M and N; and, on the substitution of 

y^vx, 
so that V may be considered a new dependent variable, the equation 
becomes 

^+^i!)* .0, 
X vif> [v) — Y (v) 

in which the variables are separated ; and the integral of this is 

The primitive will be given by the substitution of - for v 

after the integration has been performed. 

If the equation however be not of the first degree but still 
homogeneous in x and y, it may be written in the form 

There are now two methods of proceeding. The first method 
is to solve the equation considering it as an equation in ^; let a 

solution be expressed by 



l=/(I)' 



I 

;,Googlc i 
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This is the case already discussed. 

The second method is to solve the equation considering it as 
an equation in - ; then we should hare 

or y = xf, (p), 



p=/,(r) + '/:(p)% 



'>''_ /,' (p) lip 
" p-fM' 

This gives on iategmtion 

say; the elimination ofp between this and 

will give the primitive. But it is not always desirahle to eliminate 
p; it may be retained as the parameter of a point on the corre- 
aponding curve, in which case its use would be similar to that of 
the eccentric angle of a point on an ellipse. 



When we write }/=vx, the equation becomes 
vdv ,'i^_n 



log(l-w) + logj:-J, 



^:,.,Googlc 
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Ex.2. 


Solve 






Sx.a 


Solve 


ia:c+bi,+c)^=Ax+Sy+C. 




LetT 


^h+( and y 


=t+>i, and suppose ft and i so 
(7A+M+c=0, 


chosen that 


then the 


aquation beoomeB 








(af+6,)g=Jf + S,, 











If however - = -r > hut - differs &om eaoh of these factions, then the 
equations givii^ ft and t are inconsist^nL Let each of the equal ratios 
bo equal to m ; then 

((ir+6y + c)^=m(ttr+6y) + a 

Substitute ax+l»/=v ; 

v+c ax 
and the variables are separable. 

If — = T = — =n, the equation la 

I--. 

so that !/=7tx+E. 

.Ec.4, Solve (i) Sff-^x+^=(Sx-^Jf-3)^■, 



<iii) (3^+53/+6)J=7y+*+2. 
Ex. 6. Shew that the equation 

in which P, Q and fi are homogeneous functions of x and y, P and § being 
of the same degree, maj be solved hj the substitutiony=iw. 
Ex. 6. Solve 

(Ax*+m^ + ax+^+y)^=Am/+B^+a'x+ffy+y'. 
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17. Let now the curves, whose equations are the complete 
primitives of the homogeneous equation be traced; they form a 
system of similar curves. For let there be drawn through the 
origin any radius vector cutting all these curves and making &n 
angle with the axis of x; the inclination to the axis of x of 
the tangent to one of the curves at the point where this radius 
vector meets it is given by 



tan*.|-/,(|)./,(to9). 



and therefore all the tangents at points lying on this line are 
parallel. And therefore the curves are all similar and similarly 

situated. 

18. Standard IV. 

Equations arise in which one of the two variables does not 
expUcitly occur. 

Consider first that class from which the independent variable 
ia absent. The equation will then be of the form 



p{yt)-«- 



As in the general equation under Standard III. there are two 
methods of proceeding. If it be possible, we may solve for -^ so 
that 

in which the variables are separable ; the primitive is 

S7¥) '*^- 

Or, if it be possible, we may solve for y ; suppose a solution to 
be given by 

Differentiating with respect to x we have 



V'fiip) % 



:,q,t,=cdbvCoOglc; 
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in which the variahles (tre Beparable ; and the integral is 



.-/£ 



^dp + A. 



which, when combined with 

for the elimination of p, will furnish the primitive. It may be 
more convenient to leave p uneliminated. 

Let UB now consider the class from which the dependent variable 
is absent. The equation will then be of the form 



M-ih" 



Smce u^ T- = 1, 

dxdjf • 

this equation may be written 

an equation of the former class, and soluble by the methods thereto 
applying. These methods however may be applied to the equa- 
tion without making it undergo this transformation. Solving the 

equation if possible for -^ , we shall have 



and the primitive is therefore 

y'^SF{x)dx + A. 

Or solving for x in terms of ^ , when this is possible, we shall 
obtain 

-^.(|)-^.w. 

DifTerentiating with respect to y (the absent variable) we have 






dbvCoogic 
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the integral of wbich is 

y = SpF;ip)dp+G. . 
This, combined with 

^ = F,{p). 
constitutes the primitive. 

E.. Solve (i) ,=a%.l(^£f.. 

19. Standard V. 

When the equation of the first order is of the n"* degree, suppose 
it arranged in descending powers of the differential coefficient, so 
that it may be written 



in which P^, P^, , P, denote functions of ic and y. If we look 

upon this as an algebraical equation in -^ , which has n roots 

Pi, p^, ,p^ (these being functions of x and y), the equation 

becomes 

(Z-^Hi-".) (1-^-)- 

This can be true only, if one or more of the factors on the left- 
hand side vanish ; and therefore any relation between x and tf, 
which makes a factor vanish, will be a solution of the original 
equation, while no relation which does not make a factor vanish 
can be a solution. Suppose then that the primitives of the equa- 
tions 

f(_j,,,0, p-p.~o, f-P.-o 

dx ^^ ' dx ^' dx " 

(deduced by means of one or other of the preceding methods) are 

<PMy' o,)=o. 0,(fl^,y, Q = o. 0n(*.y-c.)=o 

respectively ; all possible solutions of the given equation will be 
contained in 

<f,,(x,y,C,),l>,(x,y.C,) *,(^.y,CJ=0. 
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But the generality of this iotegral will still be maintained, if alt 

the coQstantsC,, (7„ >^, he made the same, say (7; for in order 

to find a value of t/ we must equate to zero some factor on the 
left-hand side of the new form, and this would give an equation of 
the form 

4,,(«,j,,C)-0. 

Now C ia &n arbitrary constant; if then all possible numerical 
values be given to it, there must be included in the series of con- 
sequent equations all the integrals, which can he derived similarly 
^rom tbe corresponding factor of the first product. Hence we have 
as the general complete primitive of tbe original difi^erential 
equation 

*, i'^.s.B) M'.y. 0) *. (»,y, c).o. 



Ex. 1. j^/)*-2a3ip+y*=a^y"+a^. 

Then «p-^= ± x (:t*+y')*, 

which, by the Hubetitution y=xi, becomes 

When the positive sign is taken, the solution is 
The negative sign gives i = sinh {e-x); 



lh« 


g«ne» 


d solution ia 

[,-i:.inh(j:+e)][j 


-a:8inh(c-3:)]=0 




F. 2. 


S.1V. (1) (J) 


"J""! 








'«>^ 


'+2|^=1. ■ 




e. 3. 


Solve 

(f) -"fi+itajf+v-o; 

(li) iy+3^p+3j'.0! 
(in) j.tp+!/)-i(i+»)i 

(V) i„'-,',p'+k,ia'-^)[f~p^br,~<i; 


■ 

..,Coog[c 
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fvii) ^+(^x+y-2|)i.+^+^-y-^=0. 

Ex, 4. Shew that if the general equation be homogeneous in x and y, it 
can be solved by the substitutions 

dt 

Hence solve 

20. Standard VI. Clairaut's Form. 

The equation to which this name is usually applied is 

in which n stands for -^ . 

'^ ax 

Differentiate the equation with regard to x : then 

so that either 

dp _ 






Taking the first of these, we have p = c a constant ; and hence the 
primitive is 

y = cx+f{c). 
The second equation expresses ic as a fimction of p, and therefore 
Up be eliminated between this equation and 

y=px+f{p) 
a relation between y and x will be obtained. 

Of these the former is evidently a solution of the equation, and 
from it the differential equation can be deduced at once ; for on 
differentiating we obtain 

P = c, 
and eliminating c we have 

y=p!e-\-f{p). 
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If now we turn to the other relation between x and y, which 
will he that derived from the elimiDation oip between 

it IB at once evident that it contains no arbitrary constant and so is 
not a general solution. Yet it may be a solution of the equation ; 
for differentiating the first equation we have 

=p 
by the second equation unless -^ be infinite; eliminating p from the 

equations y=px +f{p) and ■■^=pwe obt^n 

which is the original equation. 

21. The relation between the two solutions, when both exist, is 
easily indicated by geometrical considerations. The first solution 

y = ox+f(c) 
represents a family of straight lines ; if they have an envelope, it is 
found by dififerentiating the equation with respect to c (in fact, 
this is equivalent to giving c a pair of equal values for the same 
values of x and y) and then we have 

= x+f{c). 
The result of the elimination of c between these equations will be 
the sanie as that of eliminating p between the two 

y=pxArf(^), 

= x+f(p). 
and therefore the curve represented by the latter is the envelope 
of the family of lines represented by the first solution, should these 
lines have an envelope. 

Such a solution of the equation, which is not included in the 
primitive (but which may be derived from it in the above manner), 
is called a Singular Solution, We shall shortly return to a more 
detailed discussion of singular solutions. 

* It shonld be noticed that for porposea of elimination p la merely a quantity 



likely to depend upon y and x ; 



dy 
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Ex. 1. Solvfl y^xp-V-- 

The first eolation is 

The second is given by the elimination of jj between 

and the original equation ; eliminating p we have 

The latter is the eingular solntioo ; the curve repreaented is touched by all 
the lines indnded in the primitive. 

Ex.Z. Solve (i) y-j«; + (l+y«)*; 

(ii) g-=px+p-p^; 

(iii) ayf? + {2x-b)p=y; 

(iv) !^(s-xp)=yp»i 

(v) y~^+sY- 

22. There is an extended form of the equation, which can be 
solved in a similcu' manner, viz. : 

To solve this, let the equation be differentiated with regard to 
fT ; then 

P-/0>) + ["/(?) + *■(?)] J, 

dp*'f(p)-p-p-/ip)' 
which is linear in x and comes under Standard IT. 
Ijet the integral be 

F(a!,p, c)=0. 
The result of eliminating p between this and the original 
equation will be the primitive. 

or y=«i>-|. 

IKfferentiating with regard to x, we have 

dp 1 a; dg 
" 3x p j^dx' 

c,q,t,=cdbvGoogle 



30 EQUATIO^lS OF THE FIRST ORDEB. [22. 

and therefore 

the iiit«gTHl of which is 

^f2'.C+alosO.+ {l+^ll. 

ajid this combined with th« equation is the primitive. 

The equation could also have been solved by differentiating with re- 
gard toy. 

E±: 2. Solve (i) x=i/p + aj^; 

(ii) y^xp^cur{l+p')^; 

(iii) y=map+n(l+p')^; 

(iv) s=yp^-\-2px: 

(V) y{\+p^)''^n{x+sp). 



Singular Solutions. 

23. From the investigation of § 21 it is clear thatasolution of 
a differential equation can sometimes be found, wliich is not included 
in the primitive ; such a solution does not involve in its expression 
any arbitrary constant. The limitation of not being included in 
the primitive ia most important ; for in the latter a particular 
value, say zero, could be assigned to the arbitrary constant and this 
would furnish a solution hut not of the nature indicated. 

We proceed now to consider the theory of these Singular 
Solutions of the general differential equation of the first order, 
which will be written 

(x, y, p) = 0. 

If the differential equation either be linear or be resoluble 
into a set of rational linear equations (as in the case of Standard 
V.) then it has no singular solution ; any solution of it apparently 
of this nature is merely a particular integral derived from the 
primitive by giving a particular value to the arbitrary constant 
therein contained. For the present purpose therefore the equation 
in p may be considered irresoluble : if it can be resolved into 
factors which are not linear and not resoluble into linear factors, 
then we should consider in turn each of these irresoluble ^tors. 



:,q,t,=cdbvCoOgli: 
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We may thus consider ^ = as a rational ajid irresoluble equa- 
tion of degree n. Moreover we shall assume that ^ is a one-Talued 
function, and that it contains no factor, which is independent off, 
such a factor, if it were retained and equated to zero, would satisfy 
the equation, but would not involve the differential coefficients. 
If in any case these factors occurred, we should suppose them 
removed. 

24. The considerations adduced in the Introduction furnish 
the inference that, if x and y be the coordinates of a point in 
a plane, the differential equation determines a system of curves 
in that plane, which depend upon a single independent variable 
parameter; and as the differential equation determines at any 
point a direction through that point, there will be n directions, 
given by the values of p there, and therefore n curves will pass 
through any point in the plane. To represent this system alge- 
braically we need an algebraical equation of the form 

/(j^, y, c.. c„ ,0 = 0, 

which is rational and algebraical and the constants in which are 
also rational and algebraical; but as only a single independent 
parameter is needed, there will be among these m constants m — 1 
algebraical relations. Further this function / will be one-valued, 
and any factor involving x and y (or either of them) but none of 
the constants would be rejected for the same reason as led to the 
rejection of similar factors from the differential equation. As the 
differential equation cannot be resolved into simpler equations 
of a lower degree, the algebraical equation is not so resoluble ; if it 
were, to each algebraical equation of lower degree there would be 
& correaponding differential equation of lower degree — a result 
excluded by hypothesis. And the reason that in constants con- 
nected by m— 1 relations are inserted instead of a single constant 
is this ; the equation in the latter case would be the same as 
that derived from the former with all the constants eliminated 
except one, and as this elimination would usually imply operations 
(such as squaring, &c.) which introduce equations other than that 
wanted, the result would be that the final equation would represent 
more than the single equation desired. For example, suppose that 
by any process an integral is obtained in the form 

{a^ + y - o (a: C03 a + y sin a))' = a' (a.' + y'). 
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or changing to algebraical conataats 

{a* + y - a (ia; + my)}' - o* (x* + y'), 
with the coDditioD 

I' + m* = 1, 
then the equivalent equation contaiuing one of these constants, 
as m, alone would represent not only this equation but also 

{a^ + y* - a (- ia: + my)]* = a' (ic* + f). 
■with the swne limiting condition, and therefore would not be 
equivalent solely to the first of these. 

Further we have n curves passing through every point in the 
plane ; hence the equation /= 0, with the ni — 1 equations between 
the Constanta, muat give at every point n seta of valuea for these 
constants. Let the a^regate of the constanta be denoted by C, so 
that for any point in the plane C will have n valuea. 

25. Consider now the formation of the differential equation 
from the primitive 

f{_x.y, C) = 0. 

It is obtained by eliminating the constants between the m — 1 
relations, this equation and the equation 

dx dy dx 

But suppose the quantities C replaced by functions of x; the 
deduction of the differential equation will be the same as before, 
except that for the last equation we must substitute 
¥.Vdy.ifdC_f, 

The result will be actually the same as before, if 

3(7 dx "• 
To satisfy this equation we must have either -r- zero, which 
leaves C constant ; or C must be determined by 

C,q,t,=cdbvC00g[C 
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Let the value of C so determined be substituted in the fuDCtion /. 
We may thus in general as a solution of the same difTerential 
equation equate the discriminant of f with regard to (7 to zero ; 
let this be written 

J)iscif,f{x, y, C) = 0. 

26. This locus is the locus of all points in the plane at which 
the parametric constants G have two or more equal values; and 
in it there will therefore be included 

(i) the locus of all the nodal points (double, treble, etc.) of 
the system of curves ; for at auch a point there are two or more 
values of G, depending on the number of branches, equal to each 
other, since the branches belong to the saine curve; 

(ii) the locus of all the cusps of the system for similar 
reasons; 

(iii) the envelope of the system of curves, which may he either 
a single curve or several; for any point on the envelope may be 
considered as belonging to two separate but consecutive curves of 
the system, the constants of these consecutive curves being ulti- 
mately equal. [In the case, when the envelope can be decomposed 
into several curves, it may happen that one of these is merely a 
particular curve of the system / (x, t/, C) = 0; its equation will 
he excluded as being a particular integral] 

Let these three respectively be called the rwdal locus, the cus- 
pidal locus, and the envelope locus. 

27. If we now consider the dififerential equation 

<f>{x,y,p)=0 
in connection wiLh the system of curves, whose equation constitutes 
its general integral, it is evident that the envelope of the system is a 
solution of the equation; for at any point on the envelope (which 
is a point on two consecutive curves) the direction of the tangent 
is the same as that of the tangent to either of these curves at that 
point ; and since the differential equation is satisfied by the quan- 
tities, which are connected with theelementof the system of curves, 
it must be satisfied by these (unaltered) quantities, which are con- 
nected with the element of the envelope. 
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But the nodal locua is not a solution of the equation; if it were, 
the differential equation would, for the values of x and y at any 
node, be satiafied by the corresponding value of p for this point 
on the nodal locua. RemembeiiDg that the nodal locus is formed 
by a series of points oo our system of curves, we know that the 
vfthies of p at any auch point which satisfy the differential 
equation are those given by that curve of the system which passes 
through the point. But as the tangent to the nodal locus at such 
a point will not in general be a tangent to any of the branches of 
the curve of the system at the point, it follows that the value of p 
for the nodal locus differs from those values of p for the curve of 
the system which satisfy the equation when substituted in it with 
the coordimriiea of the point. And it would only be by accident 
ihat the value of p for the nodal locus could coincide with any of 
the remaining values of p, which do not belong to the curve on 
which the node lies, but are furnished by other curves of the 
system through tliat point. Hence the value of p for the nodal 
locus will be such as not to satisfy the differential equation at the 
point; and the nodal locus vfill therefore not be a solution of the 
differential equation. 

Exactly similar considerations applied to the cuspidal locus 
lead to a similar conclusion : — the cuspidal locus is not a 3oluti(m of 
the differential equation. 

28. Now the envelope of the system can be derived from a 
knowledge of the differential equation alone, i.e. without a know- 
ledge of the primitive. At any point on the envelope at least 
two of the branches of the different curves coincide in direction ; 
and therefore for such a point we shall have equal values of p 
belonging to different but consecutive curves. 

If now we express the condition that two values of p shall be 
equal, by means of the equation 



and eliminate p between this and the original differential equation 
(in fact, equate the discriminant of ^ to zero) then the locus 

Disctp 4>{x,j/,p) = 0, 
will be one at points along which two values of p will be equal, 
and will obviously include the envelope. 

,■■:■,■, Googk 
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But besides including the envelope this equation will also give 
the locus of all points 

(i) at which two branches of the saTue curve touch, i.e. will 
give all the cusps; this therefore as before is the cuspidal locus. 

(ii) at which two curves which are different but not consecu- 
tive touch; this locus is called a tac-looiis. Thus, for instance, if we 
have two infinite series of concentric circles one round each of two 
points, the straight line joining the centres (and produced both 
ways) is the locus of points of contact of two circles, one belong- 
ing to each system. 

As before the cuspidal locus is rejected, not beii^ a solution ; 
and reasoning exactly similar to that which led to the rejection of 
the nodal locus indicates that the tac-Iocus is not a solution. 

29. Hence of all these the only solution of the differential 
equation is the envelope-locus; and this, and this alone, we call 
the " Singular Solution " of the differential equation. Either 
method of obtaining the envelope-locua may introduce some of 
the other loci, which have just been shewn not to be solutions; 
and therefore in any particular case, unless the equation derived 
obviously represents the envelope and nothing but the envelope, 
it is necessary to try whether the result satisfies the differential 
equation. Should it not do so, it may happen that tho equation 
can be resolved into others that are simpler; and one or more than 
one of these may satisfy the equation ; these will then constitute 
the Singular Solution. And those which do not satisfy the 
differential equation will be found to be loci, which according to 
the principles above explained ought to be rejected. 

30. It is to be understood that an irreducible differential 
equation has not necessarily a singular solution. Thus let the 
discriminant with regard to ^ of 

^ K 3-- P) = 
be denoted by U, where 17 is a function of the variable coefficients 
of p in this equation, and suppose that U cannot be resolved into 
simple factors. 

If the equation U= be a solution of the differential equation, 
then the value of p is given by 

du du . 

a- -f- -K- » = 0, 
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and we must have the equation 






identically satisfied for values of x and y connected by V= 0. In 
other words there must be a relation between the coefBcienta of 
j> in ^ and their differential coefficients with regard to x and y\ 
but this will not in general be the case. 

If we consider in particular the equation of the second degree 
in the form 

ip'+SJl/jp + jy-.O, 
then the singular solution, when one exists, is S = 0, where S 
is either LN — Jf or a factor of this. In general LN — M* cannot 
be resolved into factors; and it is not itself a solution, unless 

where LN = iP; and these in general would be two independent 
simultaneous equations determining x and y as independent quan- 
tities. Yet, from what we have seen, the primitive of the differ- 
ential equation is of the form 

L'c*+2M'c+N'=Q, 
and if this be an algebraical equation, it will have a general 
envelope contained in 

L-N'-M" = 0, 
which will be a singular solution. The explanation of the ap- 
parent contradiction lies in the fact that this integral equation is 
usually of a transcendental form, and so has not in general an 
envelope ; and the exceptions in the first case — when the differ- 
ential equation has a singular solution — are the exceptions in the 
other — when the transcendental equation represents a system of 
curves with a genuine envelope*. 

We now proceed to consider some general examples of the 
theory. 

* Cf. Cajley, aieu. of Math, Vol. vi. pp. 23—37. The theory of eiDgDlar soln- 
tiona of difFerentlal eqaationa of the first order, aa at present accepted, vae first 
given by Cayley in the Meu. of Malh. Vol. ii. (1872) pp. 6—13. 
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Ex. 1. ^+p{x-y)-i^—(S. 

The condition that^ should have equal values is 
(a;-y)S+4jy=0, 
i.e. («+y)'=0, 

or y= -^, 

whioh is not a solution. Now the equation maj be written 

C^-l)(j)y+i-)=0, 
the solutions of which are 

y~x=c and y'+a^=e. 
The different curves represented are obvious. 

Thia is an example of the remark (§ 23) that, if the equation be reducible 
to linear and rationti fectors, it has no singular solution. 
In each case the correspoading figure should be drawn. 

Ex. S. j)ycos''a-2;wysin2a+3'^-^Bin"a=0. 

The condition that ji should have equ^ roots is 

j^'sin^a = y'cos*a (y* — ^c'sin'o), 
that is (x=Bin=B-y co8'a)y' = 0, 

80 that y=0, 

and y= ±x tan a. 

The primitive is 

a* +y' - 2&C+C* cos' o =0 ; 
and the condition that c should have equal roots is 

^ = (aJ'+yi)co9=o, 
or y=±a;tana. 

The curves represented are a series of circles, the envelopes of which are 
the two straight lines ^= ±:i:tana, which constitute the singular solution. 
The line y=0 is a tac-locus. 

Ex. 3. ij?x{js-a){x-b) = {:ia?-^{a + h) + ab)*. 

The condition that^ should have equal roots is 

xi^-a){x-h){Zx^-%cia + h) + abf=0. 
The primitive is 

and the condition that c shall have equal roots is 

The differential equation is satisfied b^ x=(i, x=a, ie=b (and the cor- 
responding infinite values of p) ; and these are singular solutions. The 
remaining &ctor in the p discriminant givos 

Sa; = a + b±{a^ -ab + b'')\ 
and these lines are tac-Ioci. 
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88 EQUATIONS OP THE FIK3T OBDER. [30. 

Thecuire },*=xix-a){a-b), 

(0 < a < 6) coDsiBts of on oral cuttjog the axis of x at the origin and at a 
distance a and of a curve like a parabola cutting the axis of :c at a distance b ; 
the tangents at aU these points are parallel to the axis of t/. The system 
of curves is obtained bj moving this curve parallel to the axis of y. The 
strught lines x=0, x=a, x=b are envelopes of the system; the line 
aj'=a+6-(a'-ai+fc*)* ifl a tao-Iocus of real pointo of contact, the line 
3j;=a+6+(g*— aft+fc*)' ia a tac-locuH of imaginary pointa of contact. 

Sx. 4. In the foregoing make a=&; and remove (see § 23) the factor 
(x—a)'; the difi^reutial equation is 

the condition that p should have equal roots is 
x{dx-af=0. 
The int^ral equation is 

(j, + c)'^x(x-a)', 
and the condition that c should have equal roots is 

Commofi to these we have x^O, which (with the corresponding infinite 
value of p) is a solution of the equation, and therefore a singular solution. 
Every curve of the system has a double point; the locus of theae is x^a, 
which is a nodal locus ; the line ^ =3a is a tac-locus. 

Ex. 5. In the foregoing let a^O and remove the factor j;; the difilbrential 
equation is 

4p' = 9x; 

the condition that j) should have equal values is 
x=0. 
The primitive is 

(y + «)*=««, 

and the condition that e should have equal values is 

The difierential equation is not satisfied hy si=0 (with the corresponding 
infinite value of ^). 

The a\iTve^=3^ is the semi-cubical parabola having a cusp at the origin; 
and the system is obtained by moving the curve parallel to the axis of y, so 
that ^=0 is the locus of cusps, and therefore is not a singular solution. 

Em. 6. j)»-4Eyp+V=0; 

the condition thaip shall have equal values is 

The primitive is 

C,q,t,=cdbvG00glC 
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and the condition that e shall have equal values :a obtained hj eliminating e 
between this and 

{x-c)(,3;-3e)=0, 
so that either 

agreeing with the former. Both of these aatiafj the differential equation ; bnt 
the first of them ta a particular integral (corresponding to c— 0) and we there- 
fore consider the latt«r alone as the singular .Bolutioo. 

£r. 7. Obtain the primitives and the singular eolations (where these 
exist} of the following equations ; and specify the nature of the loci which 
are not solutions but which are obtained with the singular Bolutioo. 

(a) ief?-iffp+4x = 0; 

Primitive ^ = e(if — c) ; 

Singular solutions y—±2x. 

09) (x'-a^)p^_-2jyp-^=0; 

Primitive c*+2(y-(-a*=«" ; 

Singular solution a^+y* = a* ; 

Tao-locus ir=0. 

(y) p»+£Tp=y ; 

Primitive {ac*+3ay+c)*=4 (**+y)' ; 

No singular solution ; 

Cusp-locus jr*+y=0. 

(f) p'(l-^) = l-/; 

Further examples occur in the paper bj Caylej, Met*, of Math. Vol VJ. {I.e.), 
and in one by J. W. L. Qlaisher, 2fe*i. of Math. Vol. xii. <1882) pp. 1—14. 



MISCELLANEOUS EXAMPLES. 

1 , Solve the equations : 



(1) 


y-xp=!t+yp; 


(U) o(;^+!y).<w.i 


(iii) 


^+!,-l>; 


(iv) aOT(l+icy»)=l: 


w 


my-My=SP*; 


(Yi) p>=i/*!^+^); 


(vii) 


l^+3^=cuep; 


(mi) l>V+l^ + a'-l); 


w 


«ryp+y=aip; 


(x) ^«4-2yjicotx=y"! 


(-i) 


y-S^-/(;.|p'); 









HISCELLAIfEOnS EXAMPLES OF 

ii) (1 -p^-(ri._,>V* ; (liv) ()w+j/^)»^(l+p^ (y^'+M^) ; 

■) (l + 6y»-3i^)f = aiy»-«»; {»ri) Cl-p')^=^(«*-/-e^; 
[ivii) ay+6;cp=«7y"(cy+ar/>); 

;) (^-y)'=i^-2|j>+l; (XI) (riJ-y)'=a(l+p*)(^+y^I; 

:ni) (a»+**)tj)+y=(ffl'+«")*-x; 
[ixii) y=par+(l+^)* ^ (a^+y«) ; 

[mil) (*c«.|+yBm|)y-(Vain^-*oos|)^; 

(«y+aV+'^+i)y+(^-A*-^+i)^=''i 

= a«y sin a - («" -3/*) COB a + :»: (i* +«fl*, 
S. Shew that, if 

u=l + A,x+^A^^j^A^+ ... 
where the qoantities A are coDiiected bj the relation 

J„=mJ__i-l(m-l)(m-2)^„_j, 
then log{«(l-a:)*)=ix+l;r» 

3. Integrate the equation 

ixied(co8d-stnaBiii^)i^+coe^(cos^-8iDa8in0)<^=O. 
Shew that if the arbitrary constant be determined by the condition that 
the equation muat be satisfied by the values (0, a) of {0, ip), the equation 
is satisfied by putting 6+<p=a. 

4. Prove that if the differential equation 

cydx-(^+a+bx)cly-nx(xdy-)fdx)=0 
be transformed into an equation between u and x by the substitution 

then the variables are separat«d, and reduce the equation to the form 

by the further substitution v=a'u+ff, a and p being suitably determined. 

5. Reduce the equation 

ax2/j^+{3^ -ay' -h)p- xt/^O 
to Clairaut's form, and hence solve the equation. 
Solve the equation 
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6. Shew that, if ^, and y^ be eolutiona of the equation 

where P and Q are functions of x alone, and y^=y^z, then 

where a is an arbitrary constant. 

7. Prove that the variables in the equation 

may be separated by the eubetitution x^v+v and y=ku-v, provided k be 
properly choeen ; and integrate the equation. 

8. Shew that the equations 

y-xp=a{y^+p) and 1/ - xp=b (1 + 3^p) 
are derivable from a common primitive, and determine it. 
Are the pair 

so derivable t Also the pair 

j/p=cu: axtd 1/^ {1 -pfj^bl 

9. Integrate the differential equation 

^{ay' + (,ay + bxy}+y'^{bx^+ {ay + bxf]=0. 

A tangent to a curve at any point P cuts the tangent and the normal at a 
fixed point in the points Jf and JV and the rectangle OMF'S is completed. 
Find the curve which ia such that the triangle formed by the tangents at any 
three points i*, §, iE is equal to the triangle formed by the corresponding 
points F, ©", R. 

10. Determine the system of curves which satisfies the differential equa- 

and shew that the curve which passes through the point r=0 and y=n con- 
tains aa part of itself the conic 

11. lut^rate the equation 

^ I y°-., "-^ ^-yp 

a h 0+6 Ji-Vyp'' 
e the nature of the solution 

c,q,t,=cdbvGoogle 
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12. DigcusB the qiiestioa nhether y=0 ia a particular integral i 
singular solution of the equatioi 



<'l 



13. Ohtain the primitive and the singular Bolutioa (if there be one) of 
the equation 

Also of ai/p''-ixp+y = 0; 

and of jyj'-2yp+x+23/=0. 

14. Find and interpret the primitive and the singular aolntion of each 
of the equations 

y{l+p«)=£rp; 
p'=(4y+l)(p-y); 
. (ai -6y)»(6> + aV) -c* (6 + «?')'■ 

15. Obtain the primitive of the differential equation 

Sy.q, + ?, 

end shew that exactly the same equation ia obtained by expressing the condi- 
tion that^ should have equal roots in the differential equation as by express- 
ing the condition that c (the arbitrary constant) should have equal roots ia 
the primitive ; and determioe the geometrical meaning of this equation. 
Is it a singular solution 1 

16. The primitive of the differential equation 

(ar»-H)/>'-H(a^+a«y+/+2)p+S!y'+l=0 
is i?+c(x+if)+l-:e^=0. Verify this and obtain the singular solution both 
from the equation in^ and from the equation in c, explaining the geometrical 
signification of the irrelevant factore that present themselves. 

17. Shew that the solution of the equation 

is cS-H2M;(3«iy-atS)_3jBS„y+aY=0. 

Is ar= ±ay a singular solution 1 

Trace the curve and the locus given by the equation independent of an 
arbitrary constant. (Woolsey Johnson.) 

18. Shew that the differential equation 

Zp*+2Jfy+iV=0 
which has no singular solution does not admit of a primitive representing a 

system of algebraic curves. (Cayley.) 
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CHAPTER III. 

The General Linear Differential Equation with 
Constant Coefficients. 

Preliminary Formul<e. 

31. Before proceeding to the discussion of the liaear equation 
of the »"■ order with constant coefficients it is convenient to formu- 
late and prove certain theorems in differentiation and integration, 
■which will be required in that diacussion. 

Let D stand for -j- ; I? for 5-5 ; and so on. Then this symbol 

D obviously is subject to the fundamental laws of algebra ; for 
evidently 

ir.Eru = ir.iyu = D"*'u; 

D(u+v)=Du + Ih. 
It is necessary to deal with negative indices; thus if we have 
Du = v 
and, after the algebraical analogy, we write 

« = D-' V, 
we have v = Du=D . />""' v, 

so that D.D-^ = \. 

Thus Z*"' represents such an operation on any quantity that, if 
the operation represented by D be subsequently performed, the 
quantity is left unaltered. It at once follows that these symbols 
with n^ative indices also follow the laws of algebra; and an 
operation with a negative index is equivalent to an integration. 
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But it is important to point out that the special ohject of these 
inverse operations is to find an integral but not the complete 
integral; and the arbitrary constant which arises in integration is 
therefore omitted. 

In what follows ^ denotes a functional symbol ; and -^ (x) 
everywhere denotes an algebraical rational function of a; which can 
be expanded in ascending or descending integral powers (or both) 
of the variable. 

32. Theorem I. 

For since D stands for -;- 
ax 

When each side is operated on with D~', the equation becomes 
I}-\Der' = aD-'e"; 
or transposing the sides of the equation and dividing by o we have 

Repeating these operations we obtain the equations 

Now as ^is an algebraical function which can be expanded in 
powers we may write 
■<^{D) ^ '=[A^+A^D+ ...+A^iy+ ... + B^D-' + B^D-' + ...^e" 
= [A, + Afl + ...+A^^+... + B^a~^ +£.»"* +...]«" 

33. Theorem II. If X denote any function whatever of x, then 

^(D){e"Z} = 6"i^(i> + a)X. 
A single operation with D gives 

D{^X]=e"(D + a)X 
from which, if both sides be multiplied by e'", 

(e-"De'^X = {I> + a)X 
so that the effect of operating on X with e"" 2>c°' is to give D + a 
operating on X. Let the operation be repeated ; then 
(e— De-^ («-" De") X= {D + a) (D + a) X 
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or (e'" D' e") X = {D+ a)' X. 

Operate again with e'" JJt" : then 

(e-" De") (e-" If e") X= (D +a){D + a)' X 
or (e-'"I/e'^X='iD + ayX. 

and so on. If the operation be performed n times, tho resulting 
equation nil] be 

e-''D'{e"X\ = iD + a)'X 
which multiplied by e" gives 

jy{^X} = e'-'{D + a)'X 
in which n denotes a positive integer. 

Consider now the case of negative indices ; write 

so that X=(D + ay'X^. 

Then the result just obtained may be written 

Operate on each side with D~* and the result is 

Now no limitations were assigned to the form of X and there 
are therefore none on that of X^, which can thus represent any 
function of ic ; replacing it therefore by X we have 
D-"(e"ZJ = e"(D + a)-"X 

Let -yp- (D) be expanded in integral powers positive and negative 
(if necessary) of D ; and let ^ Xbe operated on by these integral 
powers in succession, the equivalent values derived from the fore- 
going equations being substituted and the terms collected as 
before ; then the result is 

t {D) {e" X] = e" -^ (D + a) X. 

CortMary. If we write 

6"X=Y 
so that F is a functioo of x, then 

^ {D) Y=e"^{D 4 a) ( I' e""}, 
a theorem which is useful. For example, let it be required to find 
a particular value of y to satisfy the equation 



+ki, = r. 
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With the notation adopted this will be 
or choosing a so that a + it=0, this is 

34. Theorem III. If ^ (**) be ao even function of a: then 

+ (in sin (fl^c + a) = ^ ( - a*) sin (a* + a). 
For iJ*8in((M: + a) = ( - a*) sin (oai + a), 

and the theorem follows as before. 

Corollary. If i^ (ai) be not an even function of x it can be 
expressed in the fonn 

where ^ and x *"% ^^o functions of z ; in this case 
^ (Z>) sin {tw + o) = [^ (JD^ + i)x (2>0} sin (oa; + a) 

= (- (*») sin ((M + a) + ax (- o*) cos {a^ + o). 

If the function to be operated upon be the coEdne instead of the 
sine, the corresponding changes are obvious. 

35. Theorem IV. This is really an extension of Leibnitz's 
theorem for the successive differentiation of the product of two 
<]uantities whose differential coefEcients are known. 

If -^ {x) as before denote any algebraical rational function ex- 
pansible in integral powers of x, and ■^' {x), •^" [x), ^"' (x), ... 
denote its first, second, third, ... differential coefficients with 
regard to x, then the extended theorem is 

^uir(D)v + I>u^^' (D)v + ^ ^- iD)v + ^^"' {D)v+ ... 

The proof depends on Leibnitz's theorem and is similar to that 
of the preceding propositions. 
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The advant^e of this theorem arisea in cases where ooe of the 
two quantities u and ti is a power of x, or is the sum of powers of x. 
If, for instance, u=ar, the series on the right-hand side need only 
be written as far as the m* term ; and such inverse operations as 
are to be carried out will be performed on a single quantity v. 
-Ex. Shew that, if 

{i)+*)'y=a.->F, 
where F JB a function of a; only, y is given by 

e-^(a^ j j^Vtl^-4sj j j t*-Vd^+6 j j j j^VdA. 

36. Another important operator which sometimes occurs is 
a: J- or, with the previous notation, xD; and similar theorems 
concerning this can be enunciated. 

Let JF{z) denote a rational algebraical function of z expansi- 
ble in powers of «; then in F{xD) we shall have terms of the form 

(icD)" which means, not x" -^ , but x-j- .x-j- ... operating n times. 

The relation between these will shortly be proved. 

Theorem J. F(aiD)x'' = F(m) sT. 

For {xD)ar=7nar, 

(xD)' ic" = (xD) Tiia;" = m*af, 
and so for all integral powers positive and negative. Hence the 
theorem. 

fie. Prove that if f be a function of x of the form 
A+Bx+C^+I>:ii>+ ... 

FixD) F{f}y F{\)'''*' F\2y'^ FiS)"^'^ ■•• 
Theorem II F {xD) x"'V=arF(xD+m)V. 
We have xD (x'^V) =sr{xD + m) V, 

or {x^ .xD.aT) V= {xD + m) V, 

so that the operators oT^ . xD . of and xD + m are equivalent. The 
course of proof lies on lines exactly similar to those for the corre- 
sponding theorem with F{D] ; and the result is in the enunciated 
form. 
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37. The relation betweOD the operator i)" and xD is given by 
the formula 

^D*-xD {xD -\){xD-2)...{xD-n-^ 1). 

The theorem can be established directly; for if u the subject of 
operation be expanded in a series of terms of the form Ajif, the 
result of operating on this with /)" and multiplying by a^ ia zero 
if wK w, and is 

m{m-\){v,-t)...im-n + l)A.,r. 
if m > n ; but this is also the result of operating with the right- 
hand side. Hence the operators are equivalent for each term of u 
and BO for the sum of all the terms of u, i.e. for u itself 

The theorem can also be established by induction; for suppose 
x'D'u = xD {xD -\){xD ~2) ... {xD -n-\-l)u, 
and write w = {xD — n) w ; 

then D'u = xD"*' v, 

and so x"' IT*' v = xD {xD - 1) (xD - 2) ... (xD-n)v. 

Now II is any general function; hence v is also a general 
function. The theorem, if true for n, is thus true for n + 1 ; it is 
obviously true for the values 1 and 2 and so is true generally. 



Some Priypertiea of tlie General Linear Differential Equation. 

38. The general type of linear' differential equation of the n* 
order is 

in which X„ X,, ..., X^, Fare functions of a; (or constants) but 
do not contain «/; for the sake of shortness let it be written 
<^{D)y=V. 

If this equation be integrated step by step so that each 
integration reduces the order of the equation by unity, every 
time such a reduction is effected an arbitrary constant enters, 
and therefore, when ultimately the integral equation is ob- 
tained, n arbitrary constants in all will have entered; or we 
shall expect the primitive of a given linear differential equation 
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to contain a aumber of arbitrary constants equal to thft order of 
the equation. 

There are certain properties appertaining to all linear equa- 
tions in common which simplify to some extent their integration; 
(he most important of these are the following. 

39. I. Let t) be any particular value of y, which satisfies 
the equation; and let 

y=v+y- 

Then substituting this value of y in the equation we have 

*(i))7+*(D)i)=F. 
But since ij is some solution of 

*(Z))y=F, 
tluB equation now becomes 

O(D)7 = 0, 
80 that to solve our original equation we must solve generally this 
equation, which is the same as the original equation except that 
the right-hand side is now zero. When the primitive of this 
equation, which will contain n arbitrary constants, as the equation 
is of the n"* order, has been obtained, it must be added to ij and 
the result equated to y will be the primitive of the given equation. 
This then consists of two parts : 

Firgt, the quantity ij, which is called the Particular Integral 
and is any solution whatever (the simpler the better) of the origi- 
nal equation ; 

Second, the quantity Y, which is called the Complementary 
Function; this is the primitive of the equation, when the right- 
hand side is made zero. 

The sum of these two parts is the primitive of the equation. 
If in any particular case the right-hand side should already be 
zero, the former of these parts will not occur. 

The various methods available for the deduction of the 
Particular Integral occur later in § 46 ; the remaining properties 
are useful in the investigation of the Complementary Function, 



40. II. If r= Y^ be a solution of the equation 
*(D)r=0, 
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then Ysf G^ Y^ is also a Bolution, vfaere £^, is a constant ; and if 

Y^, y,, , Y^ be particular solutions, then 

Y~C,Y^+C,Y^ + + C,Y, 

is also a solution, where C,, (7, , C, are constants. 

For *(i))7 = *(i))(7,r,+*(J>)C,7.+ 

and each term on the light-hand side ia zero. No restriction 
whatever bos been laid on the values of the constants C, and these 
therefore are completely arbitrary ; the above value of F is thus 
the primitive of the equation 

*(C)y = 0, 
and BO is the complementary function in the integral of the 
equation 

4»(D)y=K 
Hence the determination of the complementary function is 
redaced to that of particular integrals of the subsidiary equation. 

41. III. If a single particular integral of the subsidiary 
equation be known, the order of the given differential equation 
can be lowered by unity. 

Let F, be a solution of 

* (7?) F= 0, 
and let the substitution of the value Y^e be made in the equation 

then, by | 35, the left-hand side becomes 

ptiD)7, + D.^Y, + -^.^Y, + ...+—^Y,, 

o ^ , . . . are derived from 4> by temporarily 

considering Z> as a magnitude and obtaining the partial dif- 
ferential coefficients with regard to D. 

^ ="■• 

S""*!!* n\ Cn - 1 1 1 

35=^ = 2!^+ l!^'^ + f''-2)'-^r 

C,q,t,=cdbvC00glC - 
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and so on; so that re-writing our equation we obtain 

r,z)-«+(jr,F, + ni>r,)i)"-^ + +i)^g*r,+a4'(D)r.= v. 

But by hypothesis 

*(i))F, = 0, 
so that the last term on the left-hand side is removed ; the quantity 
F, is supposed known and therefore all the functions of it on the 
left-hand side may be considered known. Let Z be written for 
Dz; then the equation becomes 

l\I)'-'Z + (X,Y, + rtDY,)D'-'Z+...+Z^^Y,= r, 

an equation of order n — 1. 

Ex. As a corollary prove that, if m particular iutegrala of the aubsidiarj 
equation be known, the order of the original differential equation can be 
reduced by m. 

42. IV. The given equation may be transformed into an 
equation, from which the second term (Le. the term involving the 
differential coefficient of order one less than the order of the 
equation) shall be absent. 

The substitution of F,z for if gives for the coefficient of If^z 

X,7, + nDY^, 

(and up to this point in the last section the assumed value of F, 

was not used, so that the equation there was perfectly general); 

since the term in i)""'z is to be absent we have 

j:,F, + nZ>F, = 0, 
and therefore 

logF, — i/x.d., 

or F.-c "■' , 

no arbitrary constant being inserted as the differential equation 
remains linear and of the n"" order. If this value of F, be substi- 
tuted, the differential equation in z is freed from the term in D'~'z. 
Of these properties I. and II. will be immediately useful. 
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General Linear Equation tmth Constant Goefficierits. 

43. If ID the general linear equation the coefficients of i/ and 
its diEferential coefficients be constants, it may be written 

or say f{D)y= V, 

in which fip) is a rational algebraical integral function of D alone, 
and V is any function of x. It has already been proved that the 
solution of the equation consists of two part« which can be obtwned 
separately; these will be taken in turn. 

44. To find the Complementary Function. 

Tbe complementary function is the primitive of 

AD)s-o. 

Now it has been proved tliat 

/(i>)«--/(a)e-, 
80 that y = e" will be a particular solution of the equation, if a be 
such as to make 

/W-o. 

But f(z) is a rational, algebrucal and integral function of 
degree n and therefore there are n roots of the equation 

/W-o. 

Let these n roote be a, ^, ..., X; then e", e*, ..., e** are n 
particular integrals of the equation 

and the primitive is therefore 

y = Ae~' + B^+...+L^, 
in which .il, .S, ..., ij are n arbitrary constants. This then is the 
complementary function of tbe original equation; and if the roots 
be all real and different from one another, it is complete. 

If however two roots be equal to one another, say a and yS, then 
this value of y becomes 

y={A + B)0-'+Ce» + ...+L^, 
= A^e"+ Cei^+.-. + ieW, 

C,q,t,=cdbvC00g[C 
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A^ being a single arbitrary constant (equal to the sum of two 
arbitraty constants). There are now only n — 1 arbitrary constants 
in y, and tbis is therefore not the primitive. In order to obtain the 
primitive we may suppose that the roots are not equal but differ 
by some quantity h which will ultimately be made zero; the part 
depending on the roots a and ^ will then be 



= ^1{A + B) + Bhx + Bh^^^ + ..\ . 

As the quantities A and B are arbitrary, we may assume them 
infinite in such a way that, as k approaches zero, Bk is finite 
and equal to B^, while A and B are of opposite sign and their 
numerical difference (or algebraical sum) is finite and equal to A^ ; 
thus the sum of the two terms Ae^ + B^ becomes 

e^L^ + BJic +^^a^ + ^\a?-i- ...^\ = {A, + £^a!)e-' 

ultimately when k is made zero. 

Similarly if r roots be equal the corresponding r terms in the 
complementary function will apparently coalesce into a single 
term j but it is easy to shew, by reasoning similar to that adopted 
for the case of two equal roots, that the r terms will be replaced 
by 

e^[A^ + A^ + A^" + ... +A^'^], 
a denoting the common value of the r equal roots ; and the com- 
plementary function will then be 

2/ = e"[A^ + A^+ ... +A^ar^] + +Ze^. 

If now the roots be not aU real, those which are imaginary 
must occur in pturs; let such a pair be 0±ipi*. The corre- 
sponding terms of the complementary function will be 

^{A'e^' + B'e-'*'], 

which it is sometimes necessary to express in a form free from 

■ Thtoaghont ths book. ./^ will b« replaced by i. 
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imi^Bary quantities. If cosiDe and sine values be substituted 
for tbe exponentials, tbis expresdon will become 

c*= {(A' + J?) cos ^ + 1 (A' - B') sin <^}. 

Since A' and S are arbitraiy constants, we may write 

A'+B'=F, 

i{A'-B')^G. 

and' J* and G will be arbitraiy; and tbe corresponding terms in 

tbe complementary function therefore become 

c*» (Fcos ^ + G sin <^). 

Lastly, if an imaginary root he repeated tbe conjugate 
imaginary root will also be repeated and the corresponding 
terms in y will be 

e«(»+**)(4' + A"x) + e^»-w {W + B"a:). 
Using the same method as before and writing 

A' + B^F, A'+B'=F, 

i{A'-K) = G, i(A'-B')=CF, 

we obtain as the corresponding part of the complementary function 
e*" {(F + J"ar) cos ^ + (G + G'x) sin ^J. 

Results analogous to those in the case of multiple repetition 
of real roots are obtained in the case of multiple repetition of 
imi^inary roots. 

45. In some cases of the general linear equation, when tbe 
coefficients are not constants but are some functions of x, a method 
somewhat similar to this will apply. Thus, it might happen that, 
when for y in the equation 

there be substituted -^ (m, x), where ^ is a function of definite 
form, the resulting equation had a factor independent of X such 
as ij> (m) ; if this were so the factor would usually be of the degree 
n, and so equated to zero would satisfy the differential equation 
and would furnish n values of m which may be denoted by nt,, 
nip ..., m^; the primitive would then be 

y = J ,A/r (m^, a;) + ^,^ (m,. «) + ...+ ^,^ (m,, x). 
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If two roots were equal, aa m, and m,, then writing m, ■ », + ft 
we have for the corresponding part of y 

on changing the contitaats and making k ultimately zero as before. 
A similar process holds for the case of a multiple repetition of 
a root nij ; and in the case of imaginary roots the corresponding 
parts of y should usually have the constants changed in the 
modiGed expression, so as to leave the latter free from imaginary 
symbols. 

This process was adopted in the case of constant coefficients, 
the special form of -^ used heing e*"; when the equation is 
homogeneous (§ 55), that is, when it takes the form 

in which the quantities A are constants, the proper form of 
^ (see § 36) to be substituted is of. Occasionally by a suitable 
change of variable a given equation can be reduced to the above 
shape. 

Ex. I. Solve g+3g+^=0. 

When we substitute y=e™', the equation for m is 
(™+I)(m+2)=0, 
80 that y=Aer'+Bs-*: 

£r.i. SoivB ^_2X^+(X'+ft')y=0. 

The equation for m is 

(m-X)*+^«=0, 
so that tf=t^Cco8ljix+a), 

or e*'(^coB/i*+£Bin^). 

Cor. The solution of 



y=^cos^+£siu^. 
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The equation for m ia (m-l)»-0, 

Mid therefore y=«" {A +Bx). 

■Ex.4. Solve ^"'"^"'^"''"^■"''■ 

The eqiutiort for m ia 

and the value of; ie 

{A + Bx) 008 nx + (C+ Dx) sin nx. 

JE..5. Solv. ^g+.*-,.0. 

When we Hubatituta x" for y, the equation for m ia 
m(m-l) + m-l = 0, 
•o that m— +1 or - 1 aod the value of y is therefore 



Ji.6. Sol™ '■S-3*'5a+'»?- 



g-^g"'|- 



With the same substitution as in Ex. 6, the equation for m is 
mCn»-l)(m-2}-3m(m-l)+7m-8=0, 
or m'-6m' + 12nt-8 = 0, 

giving m=2 thric«. Hence the value of jr is 

ffi being put equal to 2 after differentiation ; and thus the int^ral ia 

a;»U+JIog*+C(logj;)'}. 

Ex.r Solve (a + &r)s^+J(o + 6*)£+%=0. 

Let a+&r><i; the equation will then be similar in form to the laat two. 



£r.8. 


Solve 
(!) 


(i)*+6i)'+6)y-0; 




(ii) 
(iif) 

(i») 


(fl'+o<),.Oi 
(i)"-««),-Oi 




W 


»'2+3»*+,.0i 




H 


(i+.j-g+d+xj-g+sd+^jg-ey-ft 
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46, Keturaing now to the linear equation, in which the 
coefficients of the diETerentials of ^ are constants, it is necessary to 
find a Particular Integral of the equation 

in vhich F is a function of x. Solving by the method of sym- 
bolical operators, we have 

and the evaluation of the right-hand side will furnish a satisfactory 
value of y. 

In some particular cases the form of V renders evaluation eaE^ ; 
we will proceed to mention some of these which occur most fre- 
quently. 

I. Let F be a rational, algebraical, integral function of w; 
suppose the highest power of a; in F to be the n"'. To find the 

particular integral, >7t^x must be expanded in ascending powers of 

D ; and as D'*' and operators of a higher order would reduce to 
zero all the terms of V, all t3rms in this expansion beyond D' 
may be omitted. Further, if the lowest power of D in /{D) 
he D^ then the expansion will b^n with ZT* and it does not 
need to be carried on beyond IP, i.e. ir*+i**"' ; hence in f{D) all 
terms of order higher than D"** may in this case at once be 
omitted before expansion. 

££. 1. Solva (Jfi'4D+i)!/=^. 



^'D 






-4+2 + 9' 
and the oomplemeDtaij function ia ^{A+£x) ; hence the primitive ia 

&!.i. Solve (Z)'-o')y=«». 

The primitive is evidently 

y= -^+A«"+Sr*'+Ccoa(aJC+a). 

C,q,t,=cdbvC00gle 
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£x.X SolvB (,D*-iD*+D^y-}fl. 

1 . 

terms up to the fifth being retained (§ 46). Now l-i-2D+ ... and ^ laaj 

be conBidared separate operators ; operating with the former first and remem- 
bering that only a ptutioulor value is wanted so that constants need not be 
inMTted with -^ , the value for y ia 

Now if j^ had operated first (or if the seoood opemtor bad been taken dia- 



tributively, each term with 



2?'' 



^+3+4i)+5D»+6i)»), 



then the value for ^ would have become 



5-+ar'+12i*+3ftr+36. 



and the apparentlj additional port of the particular integral obtained, 
when the operators are taken in the second method, is seen to be included 
in the oomplementaij function, since C and D are arbitrary constants. 

It in easy to see that in general not merely the terms of on order higher 
than D*** may be at once removed from /{!)), but in the expaasioa 
itself all terms of an order higher than i>" may be ne^ected whether the sub- 
sequent operater D~* be of on order greater or less than n. In particular, 
if X be a constant, only the lowest power need be retained. 

Ex. 4. Solve 

(i) lI>*+SI^+30>+W+l)y=l+x+a!»i 

(ii) (Z>>+i)*-Z)+16)y=^. 

II. This method may be applied to evaluate y, when F is an 
exponential, and to simplify the process and so render the evalua- 
tion more proximate, when V contains an exponential £actor. Id 
this case we may write 

r=trx, 



dbvCoogIc; 
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and then 



If X be a constant, the value of y is now at once obtainable by the 
preceding method. The quantity a may or may not be a root of 
f{z) = 0. Suppose it to be a root r times repeated, so that for a 
single root r = 1, If a be not a root, r = 0. Then expanding 
_/"(/> + a) we have 

/(i)+»)-^/"(<.)+(-;f^ /""(«)+■.■, 

in which /W (a) means the /t* differential coefficient of /(«) with 
respect to z, when a is substituted for * ; then for y we have {by 
attending to the remark at the end of Ex. 3 on the last page) 



■ C 



In particular, if r = 0, then 

Ex. 1. Solve (iJ* + i>+l)y = e^. 

Here 2 ia not a root of f*+«+l=0, and therefore 

and the primitive is 

?=<-*- (jcoa^+5sin^)+|^. 
Ex.% Solve (fl'-4»+3)y = 2e*'. 



nud the primitive is 






^ = A^ + B^ + x^. 



^:,.,Googlc 
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Ex.3. Solva (i) C/)-a)'y-'«-; 

(ii) {D>-6D+8)tf~^+^. 
Ex. 4. The roots of the equation f(i)=0 are n ia number, being 
OiiOt, ■ ■ ■ ) On ; obtain the particular integral of the equatjon 

Discuss the (use when two of the roots (a^ and a^) are equal. 

If X be a ratinual algebraical integral function of x and so 
expansible in powers of x, then the quantity 



must be evaluated 


as before in I. 


^.1. Solve 


(i)'-!D+I)jr.jV. 


Her*' 


'-jsh)-'^ 


and the primitive is 




Et!.S. Solve 


(B-Sj-y-A*. 


Here 


--(T^-^ 


and the primitive is 

Ee.3. Solve 


(ii) (fl'-i)v-«v. 



IIL Suppose that V contains a sine or a cosine as a factor, so 
that 

F = X cos (nx + a), 

in which r and a are constants. Then we have to evaluate 

1 
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Let 
then j, + ,j,.__^^J.'<"*-l 

_-*("«+■) I Y 

It DOW remains to evaluate 

I y 

f{D + in)^' 

which may come under one or other of the given rules; if ita 
value be u + iv, then equating real and imEtginaiy parts we have 
y = u COS (nw + a) — v sin {nx + a). 
In the case when X is a constant and cos no; is not part of the 
complementary function, so that in ia not a root of / (t) — 0, the 
evaluation is immediate ; for then 

If however costu; should be a part of the complementary 
function, so that in is a root r~l times repeated, then since 

/(fl + in) -^/" H + (^^/" (») + 

we have 

then we separate and equate the real and imaginary parts as 
before. 

£r. 1. Solve ^+nV=^co9«:. 



•^reai part of «"** 






c,q,t,=cdbv Google 
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Ex. S. Solra 
Then 



=nal put of «^. 



1 1 



and tli« primitive is 

^=AQi»x+3ainx+^xaiux. 

Ex. 3. Solve ^ (fl) y = COB n^, 

COS Kc not being a part of the complementarf ftmction. 

Let 0(2))=,^, (Z)')+7>^ (/)*); 



0,(-«*)+i>*,(-n')™'" 



{*i(-'>')+-0*,(-«*)}{*iC- 
^(-«*)««7u;+n^(-n*)rii 

If however coaiu; be a part of the complementary function, then the 



denominator will vanish and apparent!; render the particular integral infinite. I 

But it IB merely a part of the complementary funotion, multiplied by an in- i 
finite constant, which may be absorbed into the arbitrary constant ; to 

evaluate the particular int^pral it would be sufficient to evaluate | 

^-^^-p^^-^jCos(»+A)^, I 

assigning the infinite part (when h is made zero) to the oompleroeatary fimc- I 
tion and retaining the finite part as the particular integral It is however , 
better in such cases to use the former method ; in tact, this method is prefer- 
able only in the case of examples like that just treated. 

£x. 4. Solve I 

(i) ^-fy=-sin nx (both when n is, and when it is not, unil^) ; > 



dbvCoogIc 
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(iii) 






(^ 



(iv) ^+2-^+y=a^cosar(whena is, and when it is not, unity); 

w §+*■'"'''''■ 

(rii) (2)'-!i)+4)',-«»'oo.(3l»+.)i 

(x) ■ ^+n*y=miXx+p'^+3fi: 

(xi) {D*+(ni» + «*)i)' + mV)y = cOHi(m+»)xoc«J(w-«)«; 

,^i) g+,.™i..ini.. 



lY. If T^ contain a power of x aa & factor, so that we may 
write 

V=arT, 

then for the determination of the particular integral we may use 
the extended form (§ 35) of Leibnitz's theorem. 



-m-'^ 



.Jrf 1 ] mfm-l) _,r d- 11 



where the series must be carried to the (m + l)*" term ; each of 
these terms still leaves a quantity to be evaluated which may 
he done by the methods of one of the preceding divisions ; if it 
does not, it may he obt^ed hy the next method, which is of 
universal application. The success of this general method depends 
solely on the solution of an equation, the solution of which is 
re^iuisite to ohtiun the complementary function, and on the in> 
tegration of resulting expressions. 
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V. Suppose that all the factors, vhich occur in V and can be 
dealt with by one or other of the foregoing methods, have been 
taken outside the operator and that the quantity remaining comes 
under none of these heads, so that we have to evaluate ex- 
pressions of the form 

I— IT 

Let ■ = - be expressed in partial fractions, each having for its 

denominator a linear factor of '^(D), the constant quantities 
occurring not being necessarily real ; then the fractions will be of 
the form 

^. 
{D-a}- 
where n is an integer, A^ and a constants, and a a root of 
ifr (r) = 0. Hence 



iA.e- e-"ra»-. 



A.^jj. 



If imaginary quantities enter into any expression the conjugate 
imaginary quantities will enter into another; such a pair of ex- 
pressions must in general be combined so as to leave no imaginary 
quantity in the explicit expression of the particular integral. 



^. 1. 


(ifi-ij)+6)s-ioe^. 










1 1 1 








e ve 


i)'-5i>+6 D-3 D-% 




Hence the 


particular integral is 








1 


'»«'-53!l»«'-"/'-"'»8'<^- 


-/• 


*'\agxix 


d the comp] 


mentOTj fiiDctioQ ia 









Ex. 2. Let the right-hand aide in the preceding example be ^logx in- 
' etead of log :c i then we may either integrate bj parts or use the extensioQ of 
Leibnitz's theorbo. The latter gives 
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.Ec. S. Solve 
where f ia a function of x. We have 

''-^■'' 

or, cliaDging the variable tinder the sign of the integral, 

in which Cj is the same ftinction of | as Uiaot x. 

There is another method of integratii^ thia equation which proceeda on 
different lines. Multiply throughout bj sin nx : then 

— /"^ai 
(for \(ic 

and therefcffe 






Similarly, multiplying by coa tw and writing the equatioi 
spending form, we find an int^ral 



-^co8n*+»t^sinn,);=Sra+ / V.il 



y=Jco8Ju;+£sin»*+i fVjBinn(:K-^)rf{, 
agreeing with the former result. 



(1) JJ+.V«-ee.<„, 

when Jt^a and when n'=a', 
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CO g-^-". 

where U ie any funotioa of x ; 

(.m 3-2J-4A-. 

Ex. 6. By meauB of (iii) in Ex. 4 prove that 

47. Owing to the close similarity between the linear equation 
with constant coefficieats and the homogeneous linear equation, 
the latter may be dealt with here ; it may be written in the form 

where F is a functioa of x alone and may he a constant C. In the 
latter case the particular integral is at once obtainable ; it is 
evidently 



If the operator ic 3- ha denoted by % then (§ 37) 

■^^ = ^(^-1) {^-™ + l); 

and the ditferential equation may be written 

Consider the two parts of the primitive separately ; the com- 
plementary function is the primitive of 

Now we have already seen that 

Hence, if j) be so chosen that 

then fli'' is a solution of the equation; and ^ p,, p^, ■■•, p^^ the 
roots of F{z) = 0, the complementary function is 
y = Ay^ + A^>+ +Ay': 



47.] THE HOMOGENEOUS LINEAR EQUATION, 67 

The case of equal roots has been disctiased alread; (§ 4<5] ; if 
two roots be imagiDary, say p^ and p,, so that 

p^ = a + i0 and p^ = a — iyS, 
then the coTresponding part of y will be 

ic- {J,' cos (^ log 3!) + ^,' sin 0? log x)]. 
the arbitrary constants having been changed. 

£x. If the imaginary roota a±iff be repeated r times, the correapooding 
part of the complementary function will be 

+ {£i'+£s'l(^a:+£j'(log*)*+ ... +B,'(logj;)'-»}ain{i3log«)]. 
48, The particular integral is the value of 

and the evaluation may be effected in two ways, which are really 
equivalent save for the difference in operators employed. 

If V either be a power or contain as a factor a power of x, 
SAj x", then 



oTT 



"FW 



In the case when T' is a constant, the evaluation is easy. If tn 
be not a root of F(z) = 0, then we may expand {^(S' + m)}"' in 
ascending powers of % and neglect all but the first term, which is 
independent of ^ and in fact gives 

_ Ci^ 

The same method [of expansion) will apply when 7* is a rational 
integral algebraical function of log a;; and since 

S^ 1<^ « = 1, 
the espansion does not need to be carried beyond V, where n is 
the index of the highest power of log x in T. 



If however m be a root r times repeated in F(z) = 0, then 

,,Gi5ofc 



f(a + m).^Ji 
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and we have to evaluate 





,2jf"(m)+... 


If T be a constant G, then since 




il.log«, 


the value of 


yis 

C(log»)' 



if it be a function of log x as before, the operator should be ex- 
panded in ascending powers of ^ up to 5^ (y being retained in the 
denominator), and the value of y will be given as the sum of a 
number of terms of the form 

yGoga;)', 

that is, of a number of terms of the form 

« I /I VrtT 

A general espressiou can be given for the particular integral iu 
the case when F" takes none of these forms. Let -py^^ be expanded 
in partial fractions and suppose some term to be 
A 

then y will be the sum of terms of the form 

which is equivalent to 

Ax-^rx-, or AifjVx-'-'dt!. 

Another method of proceeding is to change the independent 

I -« 

:,q,t,=cdbvCoOg[c 
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aDd all the methods of § 46 will ^pplj- It is easy to see that all 
the cases indicated for ^ are strict aaalogues of cases indicated 
fori). 



t. Solva 




(i) 


'■S-*'s+*-'' 


(il) 


'"S-i+*-''«'i 


(iii) 


"S-'S-^^J-''-'--^''^ 


(") 


''g+'^3+'^S+»'S+!'-<'+'»«')' 


w 


:^^-3«^+4y = 2:ca; 


(ri) 


^S"*-'+-."i 



(vii) *«g-C2»*-l)rg+(m'+«»)y=„«^log;., 



MISCELLANEOUS EXAMPLES. 

1. If there be two linear equations of degrees m and n {n > m) satisfied 
bf the same dependent variable, a third linear equation of degree n-m 
can without an; int^ration be derived &oi(i the first two ; and the equations 
of degree m and n—m (when integrated) will suffice to furnish the integral 
of the equation of order n. (Liou^dlIe.) 

S. Solve the equations 



i-il= ("■-!■)- 



3. Prove that the solution of 

(fl+c)"y=cos an 
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4. Obtain the general solution of the equation 





g+"I«V-^ 


foim 




,-,-W(^„ 


>.»'l+^«n«'<)+jf>"'"" 



tjy»-"-''dn»'(,-0™ 



where W ie the same function of i that JJ is of t, and n' ia given by 
5. Solve the equations 

(ill) g + 3!g+48j,.>,->.+.»«.2'. 



w, (i+.y... 



6. Obtain the complementary function of the equation 



S-^-/« 



in the form 



,.C^+i).-"+'T'.""-^{j,o=.(«x^^)+a,d.(„«n»^)}, 

and ehew that the part of the particular integral oorrespondii^ to the typical 
terms under the summation sign ia 



sr^ I" ,•<"-' 



•0<«]^ + <.(«-i)OI.^/tf)d{. 



7. Prove that the solution of the equation 

, J,. "J" U.<i'+l>"+B.,-<"+t)")+?^. 

U,q-,:..D,C00g[c 
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Prove that, if % denote x 



3S' 



where A^, A^, ... , A^i are arbitrary constante. 

9. IS P, Q, R be commutative sjmbob of operation the solution of 
P.g.B.u=Oa 

«=P-'.0+e-i.O+£-".0. 

10. Prove that 

(ii) I)^3f*'-L'ar<<'D'-'4,{a)=3fI)^*'4i(j:); 
(ui) D-i-i-nYy^y-By. 
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CHAPTER IV. 
Miscellaneous Methods. 

49. Befobe we discuss the linear equation of the second order 
with variable coefficients there are several misceUaneoiis methods 
which it is advisable to consider ; these apply to systems of equa- 
tions which admit either of complete solutioa or of approach to a 
solution in the shape of a first integral It is to be understood 
that the equations hereafter g^ven are typical and not merely 
isolated equations which can be integrated; it is frequently possible 
to include others under some one of the following classes by means 
of well-selected substitutions for either the dependent or the 
independent variable. Such substitutions point out however the 
limits within which the methods are for the most part effective, 
so that it must be borne in mind that the methods are not of 
general application to all linear equations of the second order. 

50. The simplest case of all is that, in which the equation 
ia of the form 

where Z w a function of x aloae. It is immediately integrable 
and the result of integration is 

dx' 



I 
A^ denoting an arbitrary constant. A second integration gives ' 

^-? ^jdxjXdx + A^x + J^, , 

C,q,t,=cdbvC00glC 
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J^ being another arbitrary constant. Proceeding in this way we 
shall have after n integrations as the general solution 

y=ll X((ic)"+B,a;"-' + 5,a!"-* + +fi,_,a:+5„ 



in which B, replaces , _'' . . and is therefore an arbitraiy con- 
stant. 

51, Another very simple equation to be considered is 

in which F is a function of ^ alone; but in general it is integrable 
only when n is either 1 or 2. In the case when n is 2, let the 



and we have 

suppose ; in this the variables can be separated and finally the 
general solution of the equation 



f ^L_-« + B. 



A finit integral is 

(|)V.y=.=.v, 

wbere c is an arbitrary constant ; separation of the variablee gives 

and therefore arc8in-=<M!+a, 

oc y=cam{cu!+a). 
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52. Any differential equation which merely expressea a rela- 
tion between two differential coefficients, whose orders differ by 
either 1 or 2, admits of solution. As a type of the differential 
equation, when the orders differ by 1, we may write 

Let ,-ii?= Y ; then the equation becomea 
the integral of which is 



+ (F).J. 



jy__ 
F^rr 



Suppose this equation can be solved for F and that the solu- 
tion is 

that is 

Then this ia one of the cases already discussed (§ 50), and the 
general integral can be obtained. 

Or after obtaining the equation ■<lr{Y)=x + A,ve may proceed 

thus: since 






Similarly 



and so on, until 



- r{Ty 
!f(X)!1 



dx"^ 

d7_l7N_ 



-JFmlF(Y) J: 



F^Y)- 
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an arbitrary constant being introduced after every one of the inte- 
grations, which must be taken io order from right to left. Then 
we have two e(\uatioD3 between x, y, Y, from which Y can bo 
eliminated ; and the eliminant will be the primitive. 

It ia evident that by this method the equation 







can be solved. 




&,.!. Solve 





■).. 



of which the integral ie 



where A, B, C are arbitrary constants. 
Ex. 2. Integrate 






(iii) 



£i£=-t"''(S)T- 



53. Aa a type of the differential equations which connect 
differential coefficients, whose orders differ by 2, we may write 

d^ •'{dor-')' 

Let -Tj^ = ^ ; then the equation becomes 

c,q,t,=cdbvGoogle 
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the Bolution of which has heen obtabed in the form 

If, after the integrations have heen carried out, the equation 
can he algebraically solved for z in terms of x, say 

(where the function 9 (x) will involve the constants A and B), 
then n — 2 direct integrations will furnish the primitive. But 
if it should be impossible to effect this algebraical resolution, 
then we have 



^.{A + i}/(z)dz]>. 



Q/ 



'Z-t'dx.j 



■fa-" ' JlATumd^f 

dr'*y f ilz f zdx 

and so on ; ultimately we shall obtain y as a function of e, and the 
primitive will be the eliminaut with regaid to z of the equation 
between y and z and the equation between w and e, 

Es.l. Soh. •■ft-S. 



When we wri(« z for -^ the equation bacomes 



«that 



z=Ci« +Cjtf 



andtherefOTe ^=Ae"+Be '*+Cx+D, 

in which A and S replace c^a\ and c^a' respectively, 
Fa. 2. Solve 



(i) 



^_ dV. 



«> -S=I^(I)T- 
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54. In some particular cases the general differential equation 
of tbe second order can be, by substituUou, depressed so as to 
become a differential equation of the first order; these cases 
f>GCur when one of the variables is explicitly absent from the 
equation. 

First, consider an equation in which x does not occur, so that 
it may be written in the form 

Let ^ = i>. and then -j^ =p -^ ; the equation thus becomes 

a differential equation of the first order to find p in terms of y. 
Let the solution be 

in which f(y) will include an arbitrary constant. Then the 
variables are separable, since we may write 

fiy) 

and integration of this equation will lead to the primitive. 

Next, consider an equation in which y does not occur, so that 
it may be written in the form 

*{'■%%)-<>■ 

Let -=^ = p ; then -j^ = ^ ; the equation is transformed into 

an equation of the first order to find p in terms of x. Let the 
solution be 

where F includes an arbitrary constant. Integrating this, we 
obtain as the primitive 
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E..-L. m„ .(2.-,)g.,+(|)'. 

When we write ^=p tie equation is transformed into 

^ dy 1 
1+p* 2a -y' 
the integral of which is 

where ^ is an arbitral^ constant ; the primitive is given by the evaluation of 






The substitution ■-j=p transfonns the equation into 



(l+p')*''* 



integration this gives 



o that the primitive is 
Ex. 3. Integrate 

« »3M(S'"'(S)T=(i)'^ 

C,q,t,=cdbvG00g[C 
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(viii) y(l-logy)g + (l + logy)(jy = 0. 



Homogeneous Equations. 

55. There are certain classes of dififerential equations in 
which a biud of homogeneity subsists ; and the solution of these 
by suitable transformatioDs can be made to depend upon that of 
equations of lower orders. The homogeneity is constituted as 
follows : if y be considered to be of » dimensions, while a; is of one 

dimeinsion, then -r , since it is the limit of ^^ , is of n - 1 dimen- 
ox Ax 

sions ; -r^ , being the limit of ~- , is of n — 2 dimensions, and so 

on ; and the equation is said to be homogeneous when, if these 
dimensions be assigned to the corresponding quantities, the terms 
are all of the same dimensions. The simplest case is, of course, 
that iu which n is unity. 

First, let n be unity so that w and y may both be considered of 
one dimension, Let y = xz and x = e*; then 

%_^ , , 

dx de^ ' 

and so on ; and the resulting differential equation will be one be- 
tween z and $. Now it will be noticed that the coefficient of 5 in 
the index of the exponential wherever it occurs in any differential 
coefficient is the number representing the dimensions of that dif- 
ferential coefficient; and therefore, when substitution takes place 
in the differential equation, supposed homogeneous, the index of 
in the exponential will be the same for each term of the equa- 
tion, and this exponential will therefore be a factor which may be 
removed. The new independent variable 8 will no longer occur 
explicitly in the equation, which will therefore be of the class 
already discussed in § 54 and can have its degree depressed. 



HOHOOENEOUS EQUATIONS. [55. 



Mokiog the BubatitutioDs of § 55 we have 
When we write ^3=^1 the equation becomes 



.amnion. («(i+,).+,)l_^_r"' 

The variableB ttre separated and the equation can be integrated. 
£x. S. Solve 



« '•S=(^-l)' 



Passing dow to the general case la which homogeneity is con- 
stituted on the assumption of n dimensions for y, we write 
01 = ^, y= afz = ee"*. 
We now have 

and so on. It is obvious that the coefficient of 8 in the index of 
the exponential, which occurs in the expression of every differential 
coefficient, exactly measures the dimensions of that differential 
coefficient; and as before, when substitution takes place, the 
exponential will disappear and the differential equation, having 
been thus tmnsformed into one from which the independent 
variable is explicitly absent, can have its degree lowered by unity. 
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Kn.l. Solva >f^^{^ + ^)^-As*. 

Thia is hamogBneous if jf be considered to be of two dimeuaione while x ii 
of one. Hence we substitute 

utd the equation becomea 

A first integral is given by 
and in this the variablea can be separated in the form 



the integral of which will vary (being either an inverse oiroular function or a 
logarithm) according h> the sign of A.. 

Ex. 2. Solve 

A particular set of cases arises when n is made infinite ; the 

quantities y,-^, have then all the same dimeDsions, The 

simplest method of solution is to adopt the subatitutiou 

and the resulting equation between u and x will be of an order 
lower by unity than the given equatioD. 

Ex. 3. Solve 
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Eaxtct JHfferetdial Eqimtiona. 
. $6.. A differential equation of the form 

jW' dor' 'd^- S''^J-" 

is said to be exact when, on representing the left-hand member by 
V, the expression Vdx is the exact differential of some function 
F, which is necessarily of the form 



xp I..4 



Consider first a linear exact differential equation, which may 
be represented by 

'oar ■ 'dar ' 'etc "■' 

where the coefficients are all functions of « ; an equation of this 
form will not in general be an exact differential equation, but we 
proceed to shew that, if a certain relation be satisfied by these 
quantities P, the equation can be integrated once. 

Indicating for convenience differentiation with regard to ic by 
means of dashes we have on direct integration 

{P^ydx = \p^ydx, 
^P,^dx=-jp;ydx + P^, 
fp,^dx=jp;-ydx-P:y + P^', 
JP. g da? = - JP;" yda; + P," y - P^i + P^", 

and therefore 

/Pda;=/(P,-P,'+P;'-P."' + )ydx 

+ (P,-P.' + P."- )y 

^{P^-P'^.Pl'~ )y' 

+ <P,-P;-I-P,"- )/ + 



-/' 
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where the law of formation of the Buccessive coefficients Q^ Q^, $,,... 
is the same and, in particular, 

Kow the conditioD of integrahility evidently Is that there shall 
be no term remaining which involves an integral of y ; and the 
necessary and sufficient condition for this is that 

that is, 

When this equation is satisfied, the first integral is 

<?■£?+ «.-.^+ +«,../p^.A, 

where j4, is an arhitrary constant. 

If now the coefficients Q satisfy the corresponding condition, viz. : 

the equation is ag£un integrable; and the process can he continued 
so long as the coefficients of each successive equation thus derived 
satisfy the condition of integrahility. 

Ex. 1. The equation 

is an exact equation ; for we have 

and so the coDdition ia Batiafied. Integrating each Bide we have 



equatit 



In practice it is BometimeB easy to see that a given equation is into- 
grable. In many cases the quantities P are either of the form we" or sums of 



[56. 



.tz 



eiprassiona of this Conn ; and jf -r^ is a perfect differential coefficient, if ia 
be lesB than n ; for integrating it by parts we have 

x-^^-mX-^ ^_^+m{m 1)*- ^_, ... +( I) m.^^_„_,. 

If«=m+1 the last term is (-l)".m!y. 

When we appl; this to the present example, the terms involving -^ , -^ 

are seen to bo perfect differential ooefficionta, and ^rA+y i" -j- (^), so that 
the left-hand side is a perfect diSbrential coefficient and the equation is there- 
fore exact, 

Ex. 2. Prove that the equation in Ex. 1 cannot be further integrated by 
the foregoing method. 
£x. 3. Solve 

and shew that the equation 

becomes integrable on being multiplied by some power of «. Obtain ita 



67. The method which ia used for integrating exact equations 
which are not Uneai' maybe illustrated by considering an example. 

Ex. 1. Solve 

On the auppoaition that this is an exact differential equation we may write 

where p stands for -^ . Let U^ denote what would be the value ot U il p 
were the only variable, so that 

Let all restrictions be removed, so that 

dUi=(2xp+2^)dx+{a^+2y*p) dp, 
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which gives on integration 
that IB, 

'"'i^'ii)'*"-'-' ■ ■ ■ 

and therefore the fiiBt integral is 

The preceding method will be seen to lead to the folloving 
general rule for the integration of an exact differential equation of 
the n"" order. The equation, being derivable from one of order 

« — 1 by direct differentiation, will contain -j^ only in the first 

degree; if this condition be not satisfied, the equation is not exact. 

Let the equation be -written in the form V=0, and integrate 

V^dx as if i.-i were the only variable occurring in V and -r^ its 

differential coefficient; let the result be 0",. Then Vdx — dU, 
involves differential coefficients of y of the order n - 1 at the 
utmost; as it is an exact differential coefficient the highest differ- 
ential coefficient of y which occurs can enter only in the first 
d^;ree. Repeating the process as often as necessary, we shall 
ultimately have 

Then a first integral of the given equation is 



' ' Hd^ ^^ dx 



Ex. 3. Shew that the equation 

becomes integreble on multiplication bj the factor %^-^ — ixy. Hen 
deduce a first integral and the primitive. 
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Ex. 4. Integrate the equatioi 



btLTing giren that then ia an integratiDg factor of the form Xi-r+ X^. 



Linear Equation of the Second Order. 

58. We sLall Lere prove some of the leading properties of tbe 
linear equation of the second order; but the present investigation 
will not for the most part anticipate the discussion of the general 
linear equation, for the properties here established belong Solely 
to the equation of tbe second order. 

The general form of the equation is 

in which P, Q and R are functions of x tbey may be merely 
constant quantities. 

Substitute in the equation for y a value vw, where ti and w are 
both functions of a; ; as yet tbe only limitation on them is that 
their product must be equal to ^, We then have 

As we may choose a relation arbitrarily between v and w or 
make either of them satisfy some condition, we will suppose it 
possible to determine w so that the coefficient of v may vanish, 
that is, 

which, it will be noticed, is the same as the original equation with 
the right-hand side equated to zero. The quantity w being now 
considered known, the modified equation becomes 

dx" \w djs Jdx w' 
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SO that 



' ^^^'^^■^+f^^e!^^<^' 



and therefore 

It therefore follows that, if any soluti&n whatever of the onginal 
equation with the right-hand side equated to zero can be found, the 
complete primitive of the original equation in its general form can 
also be found. The problem of deducing this complete primitive 
ia therefore resolved into that of fiadiiig some single aohition of 
the simpler equation. This, in the most general case of P and Q 
unrestricted to particular functions of x, has not yet been effected; 
but in special instances it ia possible to determine such a solution 
as ia desired, sometimes by inspection, sometimes by means of a 
converging series, sometimes by means of a definite integral; but 
in the two latter cases (which are usually closely connected) the 
explicit evaluation of the form obtained for v is difficult or impos- 
sible, though this form (§ 5) still remains the solution. 

£!x. 1. Solve 

A particular aolution of 



is evidently y=x; bence writing ^ = ^i:!' in the original equation we get 



cPv „dv „f da \ 



Kl 



-)£= 



id therefore 
If m=0, this can be simplified. 
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Ex. 2. Solve 

59. If hnwever a BolatioB of the equation when B. has been 
put zero cannot be obtained, then it is sometimes useful to remove 

from the transformed differential equation the term involving -j- . 

That this may he the case w must satisfy 

ax 
from which we find 

there is no neces^ty for adding a constant in the integration as it 
will afterwards disappear. Insert this value of w in the equation 
and write 

then the equation becomes 



In some particular cases this equation admits of immediate 
solution, hut these cases occur much less frequently than those to 
which the preceding method applies; and the advantage of this 
form, which will he indicated shortly, lies in an altogether different 
direction. Now we know that if a solution of this equation with 
the right-hand side equated to zero can he obtuned, the primitive 
of the general equation is obtainable; and we may therefore quote 
our equation in the form 



Es!. 1. Solve 



^_i-^ + JL f_8 + r» + «l-0 



Herei'=~^,aiidthereforew=e-W^'^=«**. . 
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ao that the equation giving v is 

The solution of this is 
and therefore the general integral of the first equation is 

Ex. 2. Solve 

(i, ^-^%*^^.,: 



60. The advantage of using the form 

instead of 

as typical of the linear differential equation of the second order, lies 
in the fact that for all substitutions such as zf{x) fori/ in the latter 
equation 7 is a function of P and Q of such a form that, when the 
new equation 

has its second term removed hy the substitution 
it takes the form 

Thus / is exactly the same function of P, and Q^ as it is of P 
and Q', and we may therefore call /an invariant of the coefficients 
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of tte differential equatioa* The equation so reduced may be 
Baid to be izL its 'normal form'; and any two linear equations such 
as tbe equationa in y and z can be transformed into one another, if 
the normal form of each be the same. 

If it be known that two given equations are bo tranaforaiable and the equa- 
tion of Bubstitution between the dependent variablea be desired, thda can easily 
be obtained by using the Dormal form as an intermediate transformed equa- 
tion. Thus in the general example the equation in y becomes transformed to 
that in v by writing 

and the equation inn passes into that in z by writing 

and therefore the relation which transforms directly the ^-equation into the 
ii-e<iuation is 

Ex. 1, Prove that the equations 

can be transformed into one another; and find the relation between i, ( 
Ex. 2. Find the value of Q which is such that the equation 

may be transformed by a substitution y=zf{x) into 

Obtain the value of/(^). 
61. Let J, and y, be two particular integrals of the equatioa 

and v^ and v, the corresponding particular integrals of 

oar 

• Ct. MaUt. PMI. Tram. (1882), p. 7E1. 



61.] ■ OF LINEAR EQUATION. 91 

then 

v^ = r/^^l^^ and v, == y^e*^^"^, 
and therefore 

^ = 1^' = ., 

so that s is the quotient of two different solutions of either diffe- 
tential equation. We now proceed to find the equation which is 
satisfied by s; since each of the quantities y (or i;) may consist of two 
terma eacli containing an arbitrary constant factor, the quotient of 
one by the other may contain three arbitrary constants (not four, 
since without altering the value or generality of such a quotient any 
constant may be made unity) ; therefore the diiferential equation 
satisfied by s, a function involving three arbitrary constants, must 
he of the third order. 

Indicating differentiation with regard to a; by dashes, we may 
write 

<' + 7t), = 0, 

Taking logarithms of 

"a 
and differentiating it, we have 



s V, u, 
which on being diiferentiated gives 



j-(^)'=¥-©"-^0'- 



But 
that the equation is 



^:,.,C00glc 
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and therefore 

S S \P, Vj/ 

Differentiating this again, we have 

and the transpositioD of the last term gives 

This is the differential equation satisfied hy s; and it is of the 
third order, as was indicated. 

The function of the differential coeflScients of s with regard to x, 
which occurs on the left-hand side of the equation, has been called 
by Cayley the Schwarzian Derivative* and is denoted by him by 
{3, x]; it is so called because its properties are discussed and it is 
of fundamental importance in a memoir by Schwarz in Crelle's 
Journal (t. lxxv), though the function is not originally due to him-f*. 

62. If now any solution of this equation can be obtained, then 
a solution of the original differential equation can be immediately 
deduced. For let such a solution of the new equation be denoted 
by a; then since 

we have, on integratiug this, 

where G is arbitrary. This is one solution ; another is 

• Cayley, Camh. Phil. Trara. (1S80), vol. xiii. p. 6. 

-f- It occnrs implicitly in Jacobi's Fund/imenta Nova, and explicitly for the fiist 
time in Kummei's memoir on the hypergeometric Bej-ies in CrelU, t. XV., which is 
.referred to in Chapter ti. ; «ee also Cayley. I. e. 
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and from these tte corresponding solutions of the equation in y 
are derived by inserting the exponential factor. When any one 
solution of a linear equation of the second order is known, we can 
obtain the general solution; and hence any particular value of s 
satisfying its differential equation will lead to the complete solution 
of the first of the differential equations. 

This theorem holds in regard to the general linear equation of 
the second order; but its chief application arises when the linear 
equation is that satisfied by the hjpergeometric series ; this will 
be discussed in Chapter vi. 

Ex. 1. Prove that, if 

t{ax+h)=cx+d, 
the Schwarzian derivative of « vanishes. 
Ex. 2. Find the general value of a when 

where a is a constant. 
£x. 3. Prove that 

(..'i=-(S)'('.'). 
m {S^- '}'<-■'>■■ 

(iii) h.l-(|)'[(.,!,>-(-,yl]i . 

(iv, h.,.(|y ,„)-(*)•(„ .)+(j)V.i. 

(Cayley.) 

63. Another method which is sometimes effective is that of 
changing the independent variable. 

Take z as the new independent variable ; then 
dy __dy dz 
dx dz dx' 

d*y _ (i*,v /^Y , ^ ^ . 
d7? ~ dz^ \dai} dz da? ' 

and the original equation becomes 
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As yet z is quite arbitrary and it may therefore be cboseu to 
satisfy any assignable condition. Thus we may choose to make 



and therefore z is given in terms of x by the equation 



z^idi 



.■J* + .,.o, 



The eliminant of this relation between z and x and the (trans- 
formed equation may furnish a differential equation which proves 
integrable. 

One integrable case occurs when the value of z is* Buch as to 
satisfy the relation 

where ^ is a constant ; and then the equation takes the form 

of which the integral is 

y = A^ + Bz», 
a and /3 being the roots of 

nt (m — 1) + /* = ; 

and it is not difficult to prove that the relation which must exist 
between P and Q in order that this may be the case is 

5+^(«')+p«'.o. 

Another integrable case would be furnished by 



'©■-«■ 



and so for other ca^es; and it will be noticed that in each case the 
equation is reduced to what may be called a known form, that is, 
one of which the primitive can be obtained. 

C,q,t,=cdbvC00g[C 
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INDEPENDENT VAHUB: 


&.l. 


Solve 


(--)S-S-v. 


Here 




P(l^x^)=-x, 


so that 




txdx 



When the independent variable is changed to 2, the equation becomes 



« (--»S«i-"*> 






g+|i. 



(v) (1+^)^ 

64 The property used in §60 to obtain the relations between 
the dependent variables in two equations, which are mutually trans- 
formable into one another — viz. that the equations have the same 
normal form — can be used to obtain the relations between the 
dependent variables in two equations, the independent variables in 
which are different, on the hypothesis that the equations ultimately 
determine the same function; the process adopted will be similar 
to the former one, as both equationswillbe reduced to their normal 
forms in the same variable and these, being assumed identical, will 
give the conditions necessary for the justification of the hypothesis. 

Let the two equations, which are to be thus transformable into 
one another by changing both the dependent and the independent 
variables, be 
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3+2f|+«*-<' ffl. 

»'' S + ^^S+^'-o •("). 

ID which Pand C are functioDS of x, and ii and 8 functions of e. . 
Writing in (i) 

and z=Q-^-I>; 

we have -^ + /y, = (iii) ; 

and writing in (ii), 

and J=8-^-E', 

dz 

we have --j-J + /u, = (iv). 

In (iii) changing the independent variable from x to z, we 
obtain 

3? UJ +-££■■ + *.-"■ 

in which dashes indicate differentiation with regard to x. To 
reduce this to its normal form we write 

or, on the evaluation of the integral in the exponent, 
the equation then becomes 

^*oy,-o- w. 

C,q,t,=cdbvC00g[C 
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where 

and {2, arj is the Schwarzian derivative of ». 

If, then, the equations be mutually transformable into one 
another, the normal forms will be the same when expressed in 
terms of the same independent variable; hence comparing (iv) and 
(v), which are the normal forms, we have 

and G = J. 

Substituting for G in the last equation we have 



ii-i-(S)"(--f-^)-(«- 



dx 



and substituting their values for y^ and w, in the former equations 
we have 

These two equations are the conditions that the differential 
equations (i) and (ii) should have the given property; the first of 
them gives the relation which must exist between the independent 
variables, and, when the first is satisfied, the second gives the 
relation which must exist between the dependent variables. 

The foregoing equations enable us to obtain the general form 
of all differential equations into which (i) is transformable, and 
also to obtain the connexion between two given related equations. 
Thus, for instance, the equation in a given independent variable 
a equivalent to (i) would have a* its normal form 



J + ii,/ = 0, 



db, Google; 
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where 


».-.©'»-. 


and 


J-'-.-i^: 



[C4,. 



and since z and / are known in terms of a;, 7 is aJso known in 
terms of x and can therefore be expressed in terms of z. Every 
differential equation, which is equivalent to (i) and has z for its 
independent variahle, must have the foregoing equation in v^ for 
its normal form. 

Ex. 1. Prove that the equations 



and (i.i^^+^p-^ = |l+^-^/)>. 

are transformable into one another bj the relation 

and find the relation betveen t and v. 

{O. H. Stuart.) 

Ex. 2. Prove that the equations 

are transformable into one another by the relation 
and find the relation between y and v. 



Method of Variation of Parameters. 
65. It was proved (§ 58) that if a solution of the equation 

puld be obt^ned, the primitive of the equation 
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could be obtfuned ; but the following method is effective io giv- 
ing for this (and other linear equations) what was called in the 
last chapter the Particular Integral, and it can be applied where the 
methods formerly indicated cease to be applicable. 

Let y, be a solution of the equation 
so that 

Eliminating Q we have 
and therefore 
of which the integral is 

Let 1/j stand for the quantity of which A is the coefficient, so 
that the primitive is 

ff = Sy, + jly,, 

and 1/, is a particular solution of the differential equation. Then 
the preceding analysis shews that any two particular solutions y, 
and y, are connected by the equation 

where the value of C is no longer arbitrary but depends on the 
forms of y, and y^ the two particular solutions of the equation. 

66. Let us now take the above value of the primitive and 
substitute it in the equation 



S+^£+«*-^. 



:,,,... .vGJo^C 
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OD the Bupposition that A and B are no longer constants bat 
fuQCtiona of a; to be bo chosen that the equation shall be satisfied. 
Thus the form of ^ is the same for the two equations, but tbe 
constants which occur in the former case are changed in the latter 
into functioDS of the independent variable ; to this process is 
applied the name Vajiation of Parametera. 

We have now two unknown quantities A and B, in terms of 
which y, a single unknown, is expressed ; and we are therefore at 
liberty to choose any relation between them that may be most 
convenient for our purpose. When we differentiate j we obtain 



■provided 



we shall take this last equation as the relation between A and B. 
Again, if we differentiate -^ , so that 

da^ ttc" dx" dx dx dx dx' 

and substitute these values in the original equation, then, since y, 
and y, are particular solutions of the equation when fl = 0, we have 
as the result 



-"t 


^^S-^. 


dB 


dA 

•dx 


dx 


+ ^t. 






Vi 


dB dA 


-0; 





dx dx dx dx 



Thus 


dA dB 

dx dx R R tpox 




"• -"• ^.4-^.4 '" ' 


and therefore 






A-E + ^JBs,e'"'dx, 




£- f- J,/ %■«"''■ i!, 
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where E and F are arbitrary constants and C' is an absolute con- 
stant depending upon the forms of y^ and y^. 

If now in the differential equation we write ^ (a;) for P and 
■^ {x) for B ; /, {x) for y^ and /, (ir) for y, ; then the general in- 
tegral of 

luiU be 

j,=jE/,W+jy,W+i,/'+(f)/*<->'^ (/,(«)/, ({)-/,(«)/,(f)W{ 

where f (x) and/^ (x) are particular iviegrals of 



and are therefore connected by the reloHon 

■''da; •''rfic 

It may be noticed that we may make G unity without loss of 
generality ; for if it be not unity we may substitute for^ {x) the 

quantity y^f^ {x) which, while still a particular solution, will render 

the constant unity. 

Ex. 1. Solve 

Arranged in the ordioaiy form this is 

•^ ^ rfj' . 1 . 



Partioulftr solutions of the equation without the right-hand member an 
and e* ; hence, if we take 

we may proceed as above, and have as the primitive 
y=A^+Bx. 
As in the general case A and B are connected by 

dA^ dB „ 

^-e»+ j-Jt=0, 

dx dx ^1 

c,q,t,=cdbvL.oogle 
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Tbm 






^r-w^uid 


B— ■• 


audtharaf. 


,™ 




— /■ 


i,-s,if 


and 






B.F-,. 


■(*+i), 




.fgnJ 


iitbarafon 


;»>+!+ 1). 


Ex. 2. Integrate by this method the 


equAtion 


£i.a 


Solve 


(i) 


^+»V=8ec»w 





67. The method of variatioa of parameters may be applied 
in a mannei, different in regard to the terms neglected, to obtiun 
a subsidiary integral, the constaots in which are subsequently 
made variable parameters. Thus consider the equation 

Neglect the term involving F{y) in order to obtain a subsidiary 
integral ; it will be that of 

which is ^e^/f^'^v^C. 

dx 

Suppose now that G instead of being a constant is a function 
of o; and let this be differentiated ; then 
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da ^^' da;' 

and 8o 

A first iDtegral of the original equation therefore is 

This cau be again integrated since the variables are separable. 

&!. 1. Solve in thia maimer tbe equation 

Shew also that the integral of this equation taa,y be derived bj the method 
of § 5i 

By changing the independent variable in this example &om a: to y obtain 
the integral of the equation 



S+/WS+*W(*)'=0. 



Ex. 2. Int«grate the general equatic 



+/w|+^w(l)'-». 



tiridy, bj neglecting the laat term to obtain a subeidiary equation and then 

vailing the parameters ; 
sMotuUy, bj af^ljiog the same method to the integral derived from neglecting 

the second term ; 

thirdly, by multiplying by f^l and then integratii^ each term. 
It thus appears from these examples that 

is integrable in the caaea : — 

(o) when both P and Q ate functions of x, 
(ff) when both P and Q are functions of y, 
(y) when P is a function of x and Q a. function of y. 
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Twft particular methods. 
fi8. When in the equation ^-^ + /» = the qaantity / is a 

ratiooal algebraical fQDctioD of a fractiona] form such that the 
litronniinator is (rf* a higher degree in l^e variable than the nume- 
rator, the following method is sometimes of use. 
Let a qnantitv 

be substituted for v; then the equation becomes 
(Pi 

where 

* ' ax 

On integrating the equation as if the left-hand side were a 
complete integral, we Lave 

Since the quantities P, and P, are connected as yet by only a 
single relation, we may assign as a further condition to determine 
them 

■ da; 

and this gives as the equation for P, 

'-f'-p;-!. 

dm ' 
while, if any value of P, satisfying this be obtained, an integral of 
the original equation is obtained in the shape 

ax ' 

It should be pointed out that the utility of this method depends 
on the form of the equation which gives P,; this would be lost by 
the substitution 

p 1 dw 

'~ w dx' 
"■tv tlion tho oquatiou giving P, becomes changed to the original. 



8-1 
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With tLe assumption which was made as to the form of / we 
may write 

V _ VU _UV 

say, where T, IT and V are rational integral and algebraical func- 
tions of X. Then we may assume 

leaving the constants in/(ar) as the quantities to be determined from 
the equation ; but in general there are not sufficient disposable 
constants arising in / to allow the equation to be satisfied. Hence 
this method, like the other methods which have been proposed for 
the solution of the linear equation of the second order, is not one 
of universal application, but is effective only ia particular cases, 

^.1. Solve a!(l-*)*g-j = 2ii. 

Here the equation for /*, ia 

^,_p^, " 



Let Pt = - + ;-— and substitute ; the equatio: 
E= /= — 1, and therefore a first integral is 



will be satisfied by 



<k 



X)- 



where 


■-I-/?-/^. 




M 


vx=z(\-x). 




The primitive c, 

order. 


an easily be deduced, for the eqtiatioi 


a is linear of the first 


Ex.i. Solve 


W a-^*S+''='>; 





(ii) (2*: + l)'C^+*+l)^ = lft'; 



dbvCoogIc; 
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If a term involviog -^should occur in the equation, this term 
should be removed before applying the above method. 

Ex. 3. Solve 

rfy y-(a + 2):r rfy ay 

W da^+ a(l-jr) dm m(^-x) "' 

^"'' ^"^ x{\-x) dx *a-*) 

£r. 4 Shew that this method will apply to the equation 

provided there be a single relation between A', B and C ; and find this 
relation. 

69. A certfuu class of linear differential equations can be 
solved by the resolution of the operator on y into the product of 
operatOTB. Thus consider the equation 

U T-^ + »^ + Wtf=0, 

dor dx " 
in which u, v and w are functions of x ; then if the operator 



be resoluble into the product 

(4-')('i-). 

p, q, r and s being functions of x, then the equation can be 
integrated. For, if we write 

we have P j~ + ?^ ~ *'- 

and therefore z = Ae'' p , 



dbvGoogIc 
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and we must now iotegrate 

which is linear of the first order. In order that this resolution 
may take place, we have the three equations 
pr = u, 

i^+^d +»)='■ 
, <*• 

to determine four quantities p, q, r and s ; but we may consider 
p and r as known factors of u and treat the two remaining equa- 
tions to determine q and s. 

But these cannot be solved in general, and thus the method will 
apply only in particular cases. 

Hx. 1. Solve 

Here W6 may write p"* + 2 and r—ai-l. 
lIg=Ex+Fand »=Bx+F, we have 

-E-^F-triE'-irF'--^ E'F-itEF'+E'=-lV, 

F-2F'=2 ' FF'+2E'=0 ' 

which are satisfied bj 

^=3; ^'=-3; F=i; F'=l. 
Hence the equation may be written 

{(,+2)^+a.+4}{(«-l);|-(&-X)),.0 

A first integral is 

(a:-l)^-(ac-l)y=JC*+2)'e-^ 

and the primitive is 

,■■:■,■, Googk 
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Kt. 3. Solve 

(i) ax3+(3a + te)£+3i,.0i 

(II) («-l)(i-!)§-(»«-3)^+2jr-0i 

(III) (K-l)g-(3«-4)* + (.-3)j.-0i 

(iv) (^+3n-2)g+(I»:'+¥.+4)g+(««'+¥«+4)y-0i 

(.) (x--l)g-(3l+l)£-(^-«)),.0i 

(.1) ;r'(«-fa)g-SI.{»-I.)* + 2(3o-fa)y.|ia> 



70. There is a particular form into which the ordinary linear 
differential equation of the second order may be changed ; multi- 
plying 

throughout by e^^"**, we may write it 

Let a new independent variable e be taken such that 
then the equation becomes 

Now Q^' ia a definite function of x and therefore of z; 
let it be denoted by y^, where U is & function of z. Then the 
equation is 

which ia the form referred to. 

Sir William Thomson has indicated a method of approximating 
to a aolution of this equation by mechanical means *. 
• See Proc. Soy. Soc. Vol. mv. (1876), p. 369. 
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v=Sa-Si+S,-... where 

expresses the solution of this in a series neceasanly cODyei^ent for all values 
of x, provided fi remains finite. 

Work out the case when /i=af. 



General Lin&ir Equation. 

71. The general linear equation with variable coeflicients is of 
the form 

^.S-^.£^-^.p- .x„|.x.,=K..,i,, 

in which .y„, Xj, X,, , X, and F are functions of a; alone ; the 

class in which the coefficienta of the differential coefficients of 
y are constants has been already considered. The coefficients 

X„ X„ , -.T^ may be taken to be integral funotions of a:; if 

in any equation they were not actually so, the equation could be 
transformed so that its coefficients would be integral functions of 
z by multiplication throughout by the least common multiple of 
the denominators of such fi-actions as occurred in the ^ven form. 

The solution of the differential equation consists, as before, 
of two parts: 

First. The ParHcular Integral which is any value of y (the 
mmpler the better) satisfyii^ the equation ; 

Second. The Complementary Function which is the complete 
integral of the equation without the second member, that is, of the 
equation 

^.S-'.p- -^.-.|+^-»='' (")• 

The equation (ii), being of the w"' order, will have iu its primi- 
tive n arbitrary constants — the necessary number for the complete 
solution of (i) ; and the primitive is the sum of these two parts. 
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72. If y, be a Bolution of (ii), then A^^ is also a solution 

eicce the equation ia linear ; and therefore, if y,, y, , y_ be n 

different partictilar solutions of (ii), 

y = J^, + ^^,+ +-4^„ 

where A^, A^, A^ are arbitrary constants, is also a solution. 

If now the solutions y,, y, , y, be independent of one another 

so that no one of them can be expressed by means of a linear 
function of all, or of any of, the others, then the foregoing value of 
y is a solution involving n arbitrary constants ; it is therefore the 
Complementary Function. In order that this may be the case 
there must be no equation of the form 

\y.+Vj + + ^.J'.-0 

for any values whatever of the constants \, \, , X, other than 

zero for each of them. If all the constants \ be not zero, we have 
the derived equatious 









■+\ 






doT' 



= 0, 



x,^ + x.f.+ +x,^-. 

' aa> ' ax da: 

and, since the X'a do not all vanish, the determinant obtained 
by eliminating the X's must vanish, that is, 



A- 









d^— 



dx ' 



dx ' 



dw 



= 0. 



Hence the condition that the y's should be independent or, 
in other words, that the foregoing value of y should be the Com- 
plementary Function is that A should not vanish. 



73.] EQUATION. m 

73. It is easily proved that, if A be zero, then some equatioD 
of the form 

must exist. For otherwise let the value of the left-hand side be 
denoted by u; multiply the columns in A by X,, \, ..., X_ respect- 
ively and add them together, replacing some one column — as the 
first — by their sum. Then we have 



rfaT" daT' 
doT* 



Q. 






an equation of order n—\ which determines w. Now this is satis- 
fied by M = yi, y ?/,,that is, it has n particular solutions which 

are supposed independent. But the number of independent par- 
ticular solutions which an equation can have is equal to its order, 
a property which is violated by the preceding result. The fore- 
going equation in u must therefore be an identity so that u is zero 
and therefore, on the supposition that A is zero, there is a relation 
between the n quantities y. 



74i. The value of A when different from zero can be found as 

follows. Let the values y = yi,yj y« be substituted in (ii) and 

from the n resulting equations let the coefficients X^, X,, -.., X, 
be eliminated ; then we have 



&. 


&• 


■■■ & 


cfa" 


£&■■ 


■■& 


p 


£*. 


■■& 
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TLe dftenninant wtiich b multiplied by A, is , - , aod therefore 
this ei'i'iati'iD is 

• de ' 

wbich when integrated gives 

Since A u)d jX^X,'*^Lc are determinate functions of x, the 

constant C must be delermined bj some other method ; compari- 
son of particular terms is often effective. The value of C will 
evidently change with a change in the set of fundamental integrals 
y.. yf •-'?-■ 

£r. Let y, be a particular int^ral of the eqoation 

wheo we write yjarf* for^ *he equation determiuiDg 2 is (§ 76, pott) of order 
171-1. Let Zi be a particular intend of this, so that y Jz,(^ is a second parti- 
cular integral of the y-equation ; and let i^iidx be substituted for z. Thus 
the equation in u is of order m~2. Let Ui be a particular integral of this 
equation ; then i/Jz,dxiu,dx is a third particular integral of the original equa- 
tion. Proceeding in this waj by m— 1 succeBsive substitutions we shall 
arrive at an equation of the form 

of which an integral can be found ; and there will be, in all, m particular 
integrals y. 

Prove that these particular int^rals y are independent of one another ; 
and shew that for this set of particular iut^rals 



(Fuohs.) 

75. The Particular Integral may now be deduced by means of 
the method of the variation of parameters; this is the most sym- 
metrical method, but. another will be indicated in the next section. 
Ill tho equation 

y = -^lyi + '^.y. + + -^.y^ 

• Soott'a Detrrminanti, p. S6. 
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let the A'b he supposed fuoctions of x instead of constants; then 
the value of -^ is given by 



'■^+A 



^^^ _^^^ __^ _^^ 

dm 'da: ' dx ' dx 

dA, dA„ dA_ 

*y'Ti*i'^* ■;+i-^- 

Now as we have n functions A, while the only condition as yet 
attached to them is that they axe such as to make the preceding 
value of y satisfy the differential equation (i), we may make them 
satisfy n—1 other conditions assigned at pleasure, provided these 
are not inconsietent. Let us assume as one of these conditions 

dA^ dA^ dA^ „ 

3'-d^ + 3'. ^' + +^-^=0, 

and we then have 

^y-A ^A-A ^y^i. 4- A ^^' 

ax ' ax * dx * dx 

Differentiating this again we have 

^ = A ^'+^ ^■+ A-A ^ 

dx* ' a~er ^ ax ' dar 

provided we assign as another condition 

dy^ dA^ ^ dA^ dy^ dA^ ^ ^ 

dx dx dx dx dx dx 

^oceeding in this way and assuming that the .^'s are such as 
to satisfy 



tfy, dj4, J*y^ dA^ d^y^ dA^ _ 

da? dx dx* dx etc' dx ' 

d'y ^ dA d^ dAj d'y^ dA^ _ 

da? ^''"d> d^"*" '^d^ "SF""' 

d^l^, d^ d^, d^, ^'*y, dA^ _ 

da^'' dx d*""" dx da:""* dx ' 

(which with the previous two make up the assignable n — 1 con- 
ditions, not inconsistent) we have 
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C?_J ^^^.A Ql+ +A ^>- 



The last of tbeee, when differentiated, gives 

(for""' da; da:""' (tc die*"' da; ' 

hut, as all the conditions which were assignable hare heen used, the 
second part of the right-haod side does not vanish. If we multiply 

the differential coefficients of y thus expressed by the ^gehraical 
coefficients which are attached to them in the equation (i) of § 71 

and add the results, since y is a solution of (i), and y„ y,, , y^ 

are solutions of (ii) of § 71, we shall have 

• Vdir""' dx dj^ ' dx dx""" d« / 

Let A, be the minor of j_.L|' ' in A for the vduear=l, 2, ..., n; 

then the n equations giving the values of -r—' , -t-*, , j-" 

have as their solution the equation 

dx 
for all the values of r. Hence 

d4,^FA, 

diF X,A' 
and therefore 

where C, is an arbitrary constant. The value of y is therefore 

the Particular Integral being 

|TA , /TA rFA 

y.J^d- + y.jj^d^+ + y.Jx^'^- 
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Ex. 1. Shew that, if/, (^i^), /, («), /, (x) be three particular solutions of the 

in which Q and S are ftinctions of x onl j, th«t the oompiete integral of 
i» given by 



+^«>>"'"4F. ^-f • ^f 



/,<i), /.{«), /■(«) 

/,(•), /.w. /,w 

where (7,, <4, C, an axiAlrary conatanta and a ia a determinate constant. 
£:f. 2. Solve the eqoatiotia 

(fl) (x' + 2)g-tog+(^+ii)*-i,.>:' + !. 

76. When we know one or several particular integrals of the 
equation (ii) of § 71, the order of the equation can be depressed by a 
number equal to the number of particular iut^^raU known. Thus 
suppose we know that y, is a particular integral of the equation ; 
when we change the variable &om y to y^u the equation becomes 

"'" ax ' <M!" ' ' 'ax 

-(^.S+^.£*- H.z..,|..z^,)=«, 

or, what is the same thing, 

j^*S+^,'S+ +^'..P''>. 

'^' daf ' daf ^ • ■ dx 

in which J,', X,', ,X',_, are functions of X„Z„ ,Z,_,and 

differential coe£Bcients of y,. If now for -r- we substitute v, the 

resulting eqaation is of order n - 1 and the original equation has 
therefore had its order depressed by unity. 
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If y, be anothet particular integral of (li), then yjy^ is a value 

of u, and therefore ;?-'.( ^J is a eolution of the equation in v; and 

this can therefore have its order depressed by unity and the order 
of the new equation will be less by two than that of (ii). It will 
be seen to be possible by proceeding in this way to diminish the 
order of an equation by m when m particular int^rals are known. 
Each depressed equation remains linear. 

77. When n — 1 particular int^;rals of an equation of the «"* 
order are known, the equation can be depressed so as to be a linear 
equation of the first order, and as the latter can be solved, it 
foUows that we can obtain the general solution of an equation of the 
n* order when n— 1 particular integrals are kntywn. The following 
method of obtaining the general integral avoids the process of 
successive depressions of the differential equation. 

Let the n— 1 particular integrals of the equation (ii) be repre- 
sented by y,, </,, jy,-t! ^^^ Is* ^1. ^t '^»-\ ^® n — 1 

functions of w such that 

y=C^^+C^,-|- +Cf._iy.-, 

is a solution of (ii) ; as this is the only relation between the n — 1 
functions, we may assign at pleasure n— 2 other relations, provided 
they are not inconsistent. Let these be 



da dO, dC , 

d^dC, d^dCj rfy.,.dC,. 

dx dx dx da dx dx 



* = 0, 



d^~*y^dG, dr-'y ^dG, fr'~V._,(jg,_, _ 

daf~' dx daf'" dx dx'^ dx ' 

then the values of the successive differential coeSicients of y are 

given by 

''JL.af^-^cJp+ +c.,%-, 

dx * ax ^dx "-' ax 

d^ ^^d^^^'dx'^ ^^"-' d^ • 

■^"'g _ p <^">. , p <^"y, , .p ^"Vn-l 

da? ' dx' * ' doT ' *V daf ' 
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OBDER OF THE EQUATION. 



rf* '.V 



, *l:>,j.„*::^. 






g.o.g+o,^ + + 0..,%. 

"^^^fi d^d^^"^ ,r, d?"daj— ' 
The substitution of these values in the equation (ii) gives 

X. rr (^^'+ 2 ^Ssil + xr't' ^Qi' -0, 

( r-i Vda!* da," * da: da^ 'J) ^ r=i das da^ * ' 
since y,, y,, iy,_, are particular solutions. 



Let A denote the determinant 

d'~'j/^ ^'*y , <r''y,., 

daT-'" dor-*' ' daf * 

t^~V. d'"V, t^"'y,-i 

daf^' ' daf~" ' da;''* 



and let the nunor of . ^-i in this be denoted by d, for the values 
»' = 1, 2, ,n-l. Then we have 



dG, dC^ 
dx ^da> _ 

a7~ a, ~ ' 

and therefore for these values of r 
dC 



dx 



•■=|-> d^ d'''y, _ '-4-1 d"''y, ^ dA 
r^i da; dfl^"' r-i ' daT'^ dx' 
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aod 

2 -J- -rji.; = * 2 A, . .17 = zA. 
r-1 <wj oar • r-I <» 

Also 



,_i dx cb^ ' 
80 that 

r-i dar* tic" ' dx ,.i 'etc""' da:' 
the transformed equation therefore is 



dx * dx 
Dividing bj -f^A we have 

dS+U^ + Xy' = «' 
the integral of which is 

The corresponding value of (7, is derivable from 

dx or 

and therefore 

0,.A, + AJ^,e~ii''dw 

for the valuea r=l, 2, ,n— 1. Hence we have n arbitrary 

constants, viz. A, A^, A^, ... -^,-ti ^^^ ^^^ primitive of (ii) 

is thus 

Sf= 2 A,y^ + A 2 y,\x*^ ' ^• 
Ex. Solve completely 

where F and Q are any functions of x, 
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Oeometrkal Application : l^ajectories. 

78. It has already been noticed tbat a difiEeiential equation ia 
the appropriate analytical expression of any property of a curve 
which is connected with its direction and its curvature ; and it there- 
fore follows that the investigation of many geometrical questions 
ultimately depends upon the solution of a differential equation. 
In the higher parts of mathematics differential equations are of 
almost universal occurrence ; but in other subjects it is less pos- 
sible than it is in geometry to give examples, as there is no neces- 
sarily general method of arriving at the differential equation, 
whUe its deduction in geometrical problems is obtained almost 
immediately by the use of the formuUe of the diSerential calculus. 
There wiU be no attempt to give here any complete classification 
of applications to geometry ; there will be only a single general 
problem discussed, that of Trajectories. 

A Trajectory is defined to be a line ■which, at its points of 
intersection with the members of a family of curves expressed by 
one equation, cuts them according to some given law. 

79. As the most genend form possible, let 

denote a family of curves of which a is the parameter ; through 
any point on one curve a trajectory will pass and there will thus 
be a second system of curves representing these trajectories. Let 
f and ^ be the current coordinates of this second system ; and 
suppose the analytical expresaion of the law which holds at each 
point of intersection be 

^HS.S f-l'l- )=»• 

In this equation at a point of intersection f and ij are respectively 
the same as x and y, being the coordinates of that point ; but 

z5 orf> Tint, thfi Hsme as -i- . 

dr 

direction and the curvature of the two mtersectmg curves. 
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We proceed as follows. 
From the equation 

/(«,y,a).o 

we obtain the values of all the differential coefficients of y, which 
occur in the relation ^=0, as functions of x, y and a; and in 
each of these expressions we substitute the value of a as a function 
of X and y derived from the equation of the curve. This will be 
equivalent to eliminating a between /^^ and the equation giving 
each differential coefficient. Let these values of the differential 
coefficients of y he substituted in i^=0; it then becomes an 
equation which involves x, y, ^, t) and differential coefficients of 17 
with respect to ^. But we have seen that x and y are the same as 
f and 7f, since both sets are the coordinates of the same point ; 
therefore ^=0 becomes a differential equation in ii and f only. 

80. The most frequent example of trajectories is that in 
which a system of curves is to be obtained cutting a given system 
at a constant angle. If this angle be a right angle, the trajectory 
is called orthogotiai; if other than a right angle, the trajectory is 
called (MiqM. 

In the case of orthogonal trajectories the tangents at a common 
point are to be perpendicular, and therefore 

which is for this case the form of J* = 0. For the ^ven system 
of curves we have 

/(»,S,a)-0, 

dx dy dx ' 

fri}m which we eliminate a and obtain a relation between tc, y and 

dy 



■.s ; lot this relation be 
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Now for the trajectory we have 

dy^_ 1 

dx OTl' 

3f 

and therefore the differential equation of the trajectory is 



t'i)="- 



The eliminatioQ of the parameter is immediate when the equa- 
tion of the given family of curves occurs in the form 

For we then have 

^ + ^^ = 

dx dy dx ' 

which at once gives -j^ independent of a, and is the form of '^ = 6 



81. When the equation of the curve is given in polar co- 
ordinates the same method may be applied. For we then have 
X{r,0,c) = Q 

as the equation of the family of curves ; if be the angle between 
the radius vector and the part of the tangent to the curve drawn 
from the point back towards the line from which B is measured, 
we have 

while, if O be the same quantity for the trajectory, and jB and © 
be the polar coordinates of a point on it, 



Since the tangents are at right angles. 



dbvGoogle 
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&ai therefore 

where R and r, B and d (but not their derivatives) are the 
same. 



Now 






eliminatiDg c between this equation and the equation of the 
curve, we find a relation of the form 

For the trajectory 

ii=r. B = fl. and g ^ = -iS; 

^dJR 
the differential equation of the trajectory ia therefore 

This, when integrated, gives the equation of the system of 
curves possessing the required property. 

£x. I, Find the orthogonal tmjectory of the series of straight lines 



and therefore the differential equation of tiieae lines ia 

Hence, by our rule, the differential equaUoo of the system of orthogonal 

tn^^ctories is 

* — '3s' 

which on in1«gration gives 



a aeries of concentric circles having for oonunon centre the conunoo point of 

the lines. 
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jSx. 8. Find the ortliogotial trajeotoiy of 



Taking logwithms and differentiating, we bave 
ndr wmng 

which is the differential oquation of tiie fiunilj of curves. For the tr^ootory 
Irfr -de 



and therefore the difierential equation (J tiie tnyectory is 

dR Bmne 
The variables m&y he separated and 

R coene ' 

80 that Ii*~A'^ooatie, 

the familj required. 

Ex. 3. Prove QisX whatever be the value (tf » the orthogonal tnqaetory 
of the curvee included in 

is a family of conies, 

Ex. 4. Shew that the orthogonal tny'ectory of a system of oonfocal 
ellipses is a sjstom of hjperbdaa oonfocal with the ellipees. 

Ec, 5. Obtain the orthogonal trtgectoi? of the syatem of curves 

(i) r"ginn(?=a"; 

(ii) r*=(»'Iog((;tan^,e being arbitrary. 

Ex. 6. Shew that, itf(s+iy) be denoted by u+iv, where « and v an real, 
then the &niiUes of curvea 

K^coDst., v— const, 
are the orthogonal trajectories of each other. 

In particular shew that, if v, so obtained, be homogeneous of order n, ihen 
the value of u is 

01) dv 

— '%-»s- 

How may the value of « be found when n is zero ? 

Ex. 7. Find a system of curves cutting at a constant angle other than 
right a aystem of concentric circlea. 
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82. If one of the variabtes be given as an explicit function of 
the other and the parameter, the equation will be of the form 

y-0(a!, o); 
instead of eliminating a we may proceed as follows. Let the 
equation of the orthogonal trajectory be 

where in the last a ia to be considered an unknown function of ^ 
to be determined so that the curve ma; be the orthogonal trajec- 
tory. We now have 

^ = ?* 

dm dx ' 

dtf _d4> dip da 
rff~3f "'"Sadf* 



dffd^ 



fd^.S±da\, 
\dS da d^J '* 



Now, as I 
write A? in pi 



further differentiations are to take place, we may 
ce of s^, since x is equal to {; hence we have 

This is an equation between two variables a and ^; when 
integrated it will determine the value of a, which, when substi- 
tuted in 

gives the orthogonal trajectory. 



Ex. Obtain the orthogoiuil tr^sctory of the etlipsaa represented by 
H«re ||=-«f(I-P)-', 

and the equation detemunmg a is 
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which gives 

do' 2$ 2 

This on integration leads to the equation 

. therefore the orthogonal tr^eotory required is 
,s=J-{<+logf!. 

MISCELLANEOUS EXAMPLES. 
1. Solve the equations : 



(vi) 






(«) a+2.co.„2^.(™.-».,,.0, 



<'^) (l)'-S"((iy-(3)T^ 



2. ABSiuaing that the integral of 

is of the form y=u + -, prove that the general primitive is given bj 
Obtain the complete primitive of 

c,q,t,=cdbvL.oogle 



126 HlfiCELLANEOnS 

3. By the mrthod of variatitai of parametora deduce the integral o( 

g-s(.-i)|.(.-|),.o. 

4. Prove that the equation 

haa a particular aolutdtm of the form e^, provided 

(oA - a,i,) (^N - oA) -{«A - »A))' ; 

aad tmtce solve the equation. 

(Schlitaoiloh.) 

ft. Integrate 

. „ tPu dti 

If w=Ovhen;;=OandK— 1 when «=^, then m=n'2-1 when«=7. 
Also solve the diflerential equaUoa 

detemdniug the arbitrary oonstiuits by the conditiona that y=a and ^=0 
when :i:=0. 

6. The equations 

have a solution in common ; find the complete solution of each and the 
oecesBary rehition between P, F, Q, ^ supposed to be fimctions of x. 

7. Prore that the equation 

can be integrated by the method 4^ § 68, provided the relation 

(a+J)*+(H-i)*+(t+l)*=i 
be satisSed for some one set of signs given to the radicals. 
Find the int^^al when this condition is satisfied. 
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a. Solve the equation 
where a, 6, it are constants, hy assuming 

and obtain the general integral. 
Solve Bimilarly the equation 

(«+:.) (6+*)3+i{a+86+3*)g+i^y=0: 
also £r. 1 in § 68. 

9. Prove that^ if ^ (d;) be a particular integral of the equation 
then j^ (-^ is a particnlar int^ral of the equation 
Hence solve the equation 



10. Prove that if z—^ (x) be a sdution of 

then ^"'(cE+d) ift { ■ - . 1 is a solution of 

the constants a,b,e,d being connected bj the relation 
ad-be^l. 
Uenoe solve the first equation in question 8. 

11. Shew bow to solve the equation 

(fy Ai (f-'y A^ d'~h/ A^ 

where X is a function of « only and Ai, ..., i4, are constants. 
IS. Integrate the equation 

X being any function of x. 
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13. Shew that, if a particular solution of the eqiiatiou 

he Imown, X, and X^ being functions of x, the solution cai 
Henoe solve the equation 

14. The primitive of 

being y^Hi+Sffi, 

shew that the differential equation which has for ita primitive 



cb:fdx 
+„{i(«_l)g+i(™_l)^g'+^FW|._0, 



(Spitzer.) 
IS. Prove that, if y^ and y, be two pariiicular integrals of the equatioi 






the roots of yi=0 and y^-^O separate each other bo long as both <rf these 
integrals remain continuous. 

(Sturm.) 



16. Solve Uie differential equatioi 



«fix 



-y=g-siaS; 



-J-'' 



(|+log»)i 



(iii) <lW)g^„|-»^, 

(1.) ^(^ + ,)3 + .(2^ + <,)|-,V, 



w 






.>*_»,*_ 



(vil) (3-i)g-(9^4»)*t(6-a.)j.O. 

C,q,t,=cdbvCOOgle 



IT. Solve the equation 

where Q and R satisfy the relation 

When this relation is not satisfied, can the equation be solved by the intro- 
duction of a factor /i so chosen that the new coefficients satisfy the relation 1 

18. Solve the equation 

(Stokes.) 

19. Find the form of ^ such that, if :r=ift (a) be aubstitutod in the equa- 



it will become 




and thence solve the former equation 




20. Prove that the . 
can be transformed into 


nqiiation 


■t*"*-" 



when the relation between z and x is given by 
and * (x) is given by 

Hence reduce the equation 



21. Solve the equation 
where A and B are conetonta. 
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Verif)' that the equation 









is btuufbrmable into the foregoing equatioir hj the Hubstitution 

2 = ain (arc tan z*), 
provided B^=4B'-4A+n; 

and find the relation between y and d. Hence solve the second equation, 

23. By tntDsfbrming the dependent variable from jr to e* solve the 
equation 

eii» dxdx ^ 

Hence solve the equation 

£.,.z=i.Kif)'-i('S)..<..-z,-.g}, 

(Sparre.) 
23. Prove that the complete int^ral of the equation 

where a is the Schwarzian derivative of y with regard to x^ ia 

24 The arc of a plane curve measured from a fixed point J. up to a point 
P whose rectangular co-ordinates are x and y ia denoted bj i ; obtain the 
general Cartesian equations of the curves for which the following equations 
respectively hold : 

(i) —(f!'*ff: 



(il) 



•©■ 



(iv) ..o*; 

(vi) t=(;i" + S!fi:r)*! 
(vii) . = (/+»»«»)*. 

25. Find the general differential equation of all parabolas touching the 
aiea and having their chord of contact of conatant length. Solve the equa- 
tion obtiuned. 

Obtain also the differential equation of all parabolas touching the axes. 

C,q,t,=cdbvC00g[C 



EXAMPLES. 131 

26. Int^rate completely the equation of the curve in which the radioB 
of curvature is proportional to the arc meaaured from a fixed point. 

37. Find the curve in which the produot of the perpendiculare from two 
fixed points on the tangent b constant. 

29. Find the curve which has an evolute similar to itBol£ 

29. Find a difibrential equation of the first order of the curve, whoM 
radius of curvature is equal to n times the normal ; and shew that it is always 
integrable when n is an integer. 

In particular shew that when n=2 the curve is a cycloid, when n=l a 
circle, when n~ - 1 a catenary. 

30. Obtain a system of curves cutting at a constant angle other than 
right a system of confocal ellipses. (Mainardi) 

31. Obtain tlie orthogonal trajectories of the curves 

(i) ^+y'=cx; 

(ii) 3fl+g*+<^=l + Zcxffi 

(iii) 3^+^=30^; 

(iv) Tf'=<^; 
in the last r and / are the distances from two fixed points. 

3S. The curve for which the ordinate and the abscissa of the centre of 
gravity of the area included between the ordinates x^a and x^x are in the 
same ratio as the bounding ordinate ^ and the abscissa x is given by the 
equation 

33. The curve whose polar equation is r™coBmd=a'" roUs on a fixed 
strai^t line. Aasnmii^ that straight line to be the axis of x, shew that the 
locus of the curve described by the pole in the rolling curve will have for 
its equation 



-m 



Wirs 



In particular shew that, when 2m=l, the described curve is a catenary; 
when m=S the described curve is an elastica. 

(Frenet.) 

34. Shew that^ when a first integral of the equation ^ =f(,x, g) is given 

in the form -f =^(x,^, c), then the pr'mitive is 

{Jacobi.) 
A first integral of ^=y (1+2 tan»^) is of the form ^=y^(a;)+c+'(a;)i 
determine the primitive. 



CHAPTER V. 
Integration in Series, 



83. It may happen that a differential equation, the solution of 
which is required, comes under none of the preceding classes which 
are all of some particular form, and therefore that the methods 
applicable to these fail ; recourse is then had to approximation to 
obtain the value of the dependent variable. The form of approxi- 
mation which is most frequently adopted is that derived from 
converging series ; by retaining a large number of terms the error 
can be made small, and the series may be considered to be the 
value of the variable. That this method is d 'prion justifiable 
may be seen as follows. 

The given equation is a relation between the successive diffe- 
rential coefiicienta of y and may be considered as giving the one 
of highest order in terms of those of lower orders ; thus if it were 

of the second order it would give tJ, in terms of ^ and y. When 

differentiated once it would give -r. in terms of -j^, -^ and y, 
* da? d^ dx "' 

that is, in terms of -^ and y, siace t^ is expressible in terms 

of these two, and so for each of the differential coefficients of 

higher order, which can thus be expressed in terms of ~ and y ; 

but the differential equation will not give any relation between 
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■j- and y, which are thus independent of one another. Suppose 

now that a value a be assigned to a; and that for this value of x we 

make y = A and -^ = B, which constants are, in general, arbitrary ; 

then the equations derived by successive differentiation furnish the 
values for a; = o of the differential coefficients of y of successive 
orders. Let these be denoted by C, D, E,.... Now if the value 
of y be (x), which we assume is a function expansible by Taylor's 
theorem in a con veiling series of ascending powers of a — a, we 
have 

where , . stands for the value of , , ■- when a is written 

da OJC 

for X after differentiation. Inserting now for the various coefficients 
their values, we obtain 



y = 4.{:r) = A + B{x-a.)^C'-^^^^ + D 



ix - tt)' , n ^^ " "'' 



31 



and this, if a converging series, is a solution of the given equation, 

lb should be remarked that for some particular value of oc the 
differential equation may determine not the coefficient of highest 
order but one of lower order ; thus the equation 

d^^ X d^ ""^ " 

would for values of x other than zero determine -j^, but for a; = 

ax 

would give -]=^, if we consider infinite values of any coefficient 

excluded. 

The foregoing method and another, which is in practice substi- 
tuted for it and which will be explained in the next article, is 
almost impracticable in the case of equations which neither are 
linear nor can be transfprmed so as to become linear ; for such 
equations the determination of more than the first few terms of 
the expansion would entail great labour. 
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Ex. 1. Let UB apply the foregoisg method to the equation 

When diSerentiated n timee the equation gives 

imd thereftne when «=0 

Now the given equation leaves yarbitra7,3a7= J, and? orbitrarj, saj=B, 
when:r=0: but^^^O. 
Hence we bare 



-(-!)» 3p(3p-3).. .8.3 



.2^ 

-(-l)»(3f.-l)(3p-4)....6.2.«; 
^-(-l).(%.-2)(i!(>-iS)....4.1.,, 



■ -(-l)»(3f.-il)(%.-5)....4.1.J. 
The expanuon of y is, by Maclaurin's Uieorem, 

.nfi 2. .2. 6. 2.5.8.. 1 

Thia is the sum of two converging series and conbiina two arbitrary conErtants, 
and is thus the primitdve of the equation. 



£k. 2. Solve 



-d^"S' 



(ii) g+«^-0. 
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IN SERIES. 


Ex. 3. Obtain a 


□ integral of the equation 




^^ + -^ + my=0 


in the form 




'<- 


mx , mV w?^ . n»«:H 


i>+l,.2i 1'.2*.3*' l'.t'.3'.4> 



84. The preceding investigation shews that, by means of the 
differential equation and the expansion of a function in terms of 
the independent variable as given in Taylor's or Maclaurin's 
theorem, an expression in the form of a series can be obtained for 
the dependent variable; but, instead of working through what is 
sometimes a troublesome process, it is convenient to accept the 
principle that a series can be obtained and so to assume for y 
some series arranged according to powers of x with indeterminate 
coefficients and indices. This series is then to be substituted for 
the dependent variable in the differential equation, and aa it is a 
solution of that equation it must make the equation an identity ; 
the comparison of the indices of the independent variable will 
shew the law of their progression, and the comparison of the 
coefficients of the different terms involving the same powers of 
the variable will give the required relations between the coefficients 
in the expression assumed. The latter will then for such values of 
the independent variable as leave the series converging be a 
solution. 

85. As the method just indicated is really equivalent to the 
earlier one, it is not better suited to the solution of non-linear 
equations ; but much labour La saved by it when the differential 
equation to be solved is linear. One of the most important forms 
to which it is specially applicable is that which may be written 



H' 



+-+ »j 



where ^ and -^ are rational algebraical integral functions. To 
solve this, assume 

y = A^x"' + A^' + A^* + ..., 
where m,, m,, m,, ... are exponents in ascending order of magni- 
tude; since 
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the equation, with the value of y substituted in it, gives 

+ jl, ■^ (m,)*^'"* + A^-f{m^af'~' + ... = 0. 

In this m, — 1 is the lowest exponent and it occurs in only a 
single term; as the left-hand side of the equation just vritten 
down is to vanish identically, this term must disappear, and therefore 

or, since >1, is a coefficient of a term actually occurring and so is 
not zero, we must have 

A comparison of the indices of the remaining terms shews that 
m, = m, — 1 and therefore w, = m, + 1, 
m, = m, - 1 „ „ m, = m, + 2, 

and so on; while a comparison of the coeEBcients of terms involv- 
ing the same indices gives 

A^ ^ (m,) + j4,^ (m,) = 0, 

and so on. Take now any value of m^ as given by the equation 
■^ (m,) = 0, say m, =o; then as .i4, is quite arbitrary denote it by 
A. The remaining coefficients are given by 






^. = + 



and so for the higher coefiGcients; the corresponding value of v is 

thus 
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The expressions connected with the other roots may be simi- 
larly obtained ; and as the equation is linear the sum of all these 
values of y ifl a solutioii. 

Of this general form the most important example ia that equa- 
tion which has for a solution the series known as the hypergeome- 
tric aeries; it is discussed in full detail in the next chapter. 

Ex. 1, Prove that the primitive of the equation 
rf% 2rt dy n 

cb? X dx ' 
ia giren by 

. r. m^ m'.c* 1 

* L 2(211+1) 2. 4(2ji + 1)(2jj+3)~"'J 

L 2(3-2n) 2.4(3-2n)(5-3n) 'J 

Ex. 2. In the case when 2n.= 1, the separate parts involving the arbitrary 
conatants in Ex. 1 become the same, each being 



If this be denoted by v, and y - mh = w, where m and m are to be determined, 
we have on substituting, since u is a aolution of the original equation, 



1 rfw /d*u 1 dit\ .a^'^^ 

xdx \d3? xdx) dxdx 



0. 



As we have two arbitrary quantities v, and w, we may assign any one condition 
we please ; let this be 

rf^ 1 du_ 

The ralue of u hence derived \s A+B logx, and thua 



da^ xdx^ \i 2S.4^2a.4«.6 2^4'. 6'. 8 /' 

The value of y is now 

viA+B\ogx)+w, 
and therefore contains two arbitrary constants, the total number necessary to 
a complete integral ; hence we require only a particular integral of the equa- 
tion in W. To obtain this write 
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Substituting and equating coefficients at different powere of x, we have 
from the 

coefficient of x'l ^i— 0; 

of mB' + S'Bt = Bm; 

jJ 3'fl,+m5,=-0; 

a*--' {2n+l)»Stati+»»^-,-0i 

:fi 4*B,+mB,~-p^^; 

^-^ <^)'J>.+'^>-»H-I^- 3,,..e'..^2^-2)^2n - 

These equations give 

B,=.0-5,-... =^.,-..., 

BO that no terms involving odd powere of x occur in vi. For the coefficients 
of eveu powera we have 

B.-jB^-B'j; 

and generally 

^■•-'-■)-"^ g.i..ffl'..(a.). (;+jpri+-+Hi)+(-i)- ;.,4fa"'(a,). - 

Hence the value of y ia 






+ 2n'"2'.4'.6' 



+I{p!i^£g^,(;*«4, --!+*+■; 



Ab £* is undetermined, tiiere are apparently three arbitnuy conetanta ; but 
it will be seen that the expression multiplied bj ^ is the same as that multi- 
plied by A and therefore theee two oonatanta coaleece into one new arbitral^ 
Gcnatant A' which may replace A + B". 



85.] 

Jfc. 3, Obtain the complete integral of the equation 






£r. 4. Intagnte in series, and espreBS in a finite fonn the integrals of, 
the following equationa ; — 



« <'-)S-'l+''V.o, 



86. There are two special points which arise in the integration 
of some differential equations ; they owe their origin to the same 
cause, but they require to he dealt with separately. 

As an example of the one, let us recur to the aeries ohtained as 
a solution of tiie equation 



{K4)-i^(4))^-'>. 



which was 

^"'L t(«+i)'*+(«+i)t(«+2)'^'^ J' 

the constant a being some root of the equation 
^(m)=0. 

This equation will usually have more than one root; let some 
other root be denoted by &. Then, in the case when h is greater 
than a by some integer k, the solution in the form above adopted 
ceases to be available; for in the denominator of the coefficient of 
^ within the bracket there occurs the factor -^ (o + i) or ^ (6) 
which is zero, so that, unless there be a zero factor in the namera- 
tor, the coefficient apparently becomes infinite. 

In the case when such a zero factor does not occur in the 
numerator we must have recourse to the fundamental equations 
from which the series was derived, and these are 
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A,^ (o + 1) + ^,A^ {« + 2) = 0, 

A,<l,(a + k-l) + A^^^ia + k) = 0. 

Now Bince >fr(a + k) vanishes and A,,, is not infinite, being a 
coefficient in a series supposed converging, it follows that either 
A^ or 0(a + A~l) is zero. Rejecting the latter on account 
of the hypothesis that no zero factor occurs in the numerator 
we have A^ = 0, and thence irom the preceding equations we 
find that the coefficienta A^, A^, .... A^^ are all zero. Hence the 
part of the series which precedes the term ar* inside the bracket ia, 
on account of its coefficients, evanescent, and the series actually 
must begin with the term Cixf*\ that ia, with CV; and this will be 
the series derived from the root 6 of the equation ^ (m) = 0. One 
of the particular integrals has thus disappeared, but to obtain one 
in its place we may proceed as in Ex. 2 in § 83. Denoting by v 
the one which remains and has absorbed the other, we may write 

y = uv + v>, 
and, after substitution, assign some one relation which shall serve 
to determine u and vi and render the differential equation easier 
to solve; this relation will usually be determined by the special 
form of the equation. 

£z. 1. Consider the differential equation 

Substituting i/=A^+A^al"*'+A^**+... 

(this is easily seen to be the neceesarj form), we find as the equation deter- 

miniog m 

m(m-l)-4m+4=0, 
i.e. (m-l)(m-4)^0. 
Hence a -• 1 and 6 - 4, ao that the roots differ bf an integer. It will be found 
that, on t^ng the root m= 1, the equation is of the form discussed and that 
the terms up to, but exclusive of, x* disappear; while the series derived ttom 
the root m— 4 is Ax*^. 
Complete the eolutiou. 



■■S+-<'+-> £+<=--')*-»■ 
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87. We now proceed to consider the other special poiut. 
Hitherto it has been assumed that no vanishing factor occurred in 
the numerator; and the result of the necessary alternative was 
indicated. But a vanishing factor may occur in the numerator of 
some of the coefficients of the terms within the bracket, either in 
that term in which there was a vanishing factor in the denomina- 
tor or in an earlier term. In the latter case all the terms which 
do not have a vanishing factor in the denominators of the respective 
coefficients disappear; and if such a factor never occurs in a later 
term the series will end at the term nest before the first which 
contains that vanishing factor in the numerator, and the solution 
will thus be expressed in a finite form. But some vanishing 
factor may appear in the denominator of a later term and the co- 
efficient of this term will then take the indeterminate form 0/0, 
while the intervening terms will disappear; and all the terms after 
thia will contain this indeterminate coefficient. The series will 
then be of the form 

Ax'' + Bx''*^+ ... + Fx'^f + -{Kaf* + Lx"**' + ,..), 

where i — 1 is not less than /. This may be written 

^(.■+|.™+...+|."')+^(^-.4^-+....), 

where A is arbitrary and B/A, .... FjA are determinate; M, being 
equal to Ky. 0/0, is arbitrary (on account of the indeterminateness 
of 0/0) and LjK, ... are determinate. This series is a solution 
of the corresponding differential equation and therefore will be a 
solution when a particular value is substituted for the arbitrary 
constant; hence 



A 



(- 



F 



obtained by writing M= 0, is a solution. In such a case there is 
tlierefore a solution of the equation expressible in a finite form. 



Ex. 1. Consider a 
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When we write y= J3"+&:"+>+..., 

the equation to det«niuiie m is 

w'-ft-O, 
and therefore m— -3 or -1-3. 

For the loot -~ 3 it is not difficult to obtain the Beriee 



Ax'*\ 1 -f = a; -f j-^ **+t«mia in **,;r*,a^ which vanish 

. .-.r -g.-1.0.1.2.3 ^ -2. -1.0.1. 2.3.4 - "I 
+^^'L -6.-8.-9.-8.-a.0 ^~ -5.^8.-9.-a.-6.Q.7 ^-^-J- 



Write Jf instead of 



and then the eeries Ie 



-2. -1.0.1. 2. 3 
S. -8.-9,-8. -5.0 



thtiB rerifying the theorem that one solution of the equation is expressible in 
a finite form. 

Ex. 2. Verify the general theorem in the case of the equation 
Ex. 3. Solve the equation 

S+ <»-'">£+ ("''-9"-l)»-»- 

88. Further illuatratioDB of these special points will occur later 
and they need not therefore now be considered in greater detail ; 
various other points arise which will be discussed in connexion with 
special equations. Thus it has not been stated that a series must 
always proceed in ascending or in descending powers of the inde- 
pendent variable, but the comparison of the terms in the difFerential 
equation after the expression for the dependent variable has been 
therein substituted will indicate the nature of the series. In the 
case when one of the solutions becomes evanescent one method has 
been pointed out, which will be useful for supplying the deficiency 
thus caused; another will be indicated below. In fact the diflScul- 
ties that arise are usually connected with special equations and not 
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with the general equation; and therefore some special equations 
will be considered. Of equations of a particular form there are 
four which are more important than the others included in the class 
soluble in series; these are 

First, the differential equation of the hjpei^eometric series 
which will be discussed separately in the next chapter; 

Second, Legendre's equation; 

Third, Bessel'a equation; 

Fourth, Biccati's equation ; 
the last three of these will now be discussed in order. It must 
of course be understood that what is carried out here is merely the 
complete solution of the differential equations and that there is no 
attempt at an exhaustive investigation of the properties of the 
respective functions determined by the dependent variables. 



Leqendre's Equation. 
89, This differential equation is 

(i-.og-2-|+»{» + i)y-o, 

or, what is the same equation, 

in which the quantity n is a constant. The equation is one which 
frequently occurs in investigations connected with questions in 
most of the branches of applied mathematics ; in these cases n is 
usually, but not always, a positive integer. The equation is one 
of the second order and has therefore two independent particular 
integrals, and every other particular integral can be expressed in 
terms of these two; but it will be found that the form of these 
fundamental particular int^rals is different in the two cases when 
n is, and when n is not, a positive integer. 

We proceed to obtain these integrals. In accordance with the 
general method of integration by series we write 
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and substitute; then we have 

n {n + 1) (A,ar^ + A^' + A^' + ...) 

= ^{(<l!*-l)(m,^,ar.-'+OT,^^.-> + m.^^.-'4....)] 

= m, (m, + 1) A.x'- - m, (m, - 1} A^aT'" 

+ m,(m^+l)A^'-m,{m,-l)A^'''-'+.... 



and this must be an identity. An inspection of the equation shews 
that, so far as powers of x are concerned, we have 



or the series must be one in descendirig powers of x; we there- 
fore now assume that m^, m,, m,, ... are arranged in descending 
order of m^nitude, their common difference being 2. The com- 
parison of coefficients of the same powers of a; gives, for those of aj"', 

[m,(m,+ l)~n{n+l)\A, = 0, 
or (m, - )i) (iMj + n + 1) A, = 0. 

Now A, is not zero, being the coefficient of the highest term in 
y; hence either 

or «i, = — (n + 1). 

The relation between the coelBcients of consecutive terms arises 
from equating the coefficients of aT'"*^ on the two aides; it is, for 
values of r greater than unity, 

n (n + 1) ^,= K - 2r + 2) {m, - 2r + 3) A, 

- (m. - 2r + 4) (m, - 2r + 3) A^„ 
and this gives 

(«-m, + 2r-2)(w + m,-2r + 3)A, 

_= _ (m, - 2r + 4) (m, - 2r + 3) A^^. 

90. Consider first the solution corresponding to 
wi, =n. 
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The highest term is then A^w"; and the relation hetween the suc- 
cesaive A'a is 

(2r-2)(2M-2r + 3)^, = -(ft-2r + 4)(n-2r + 3).4,^, 

so that 

A (n-2r+4)(n-2r + 3) ■ 

'~ 2{r-l)(2n-2»-+3) -' 

_ ,_ , ,_. «(w-I)( ra-2) .^{n -2r+4 )(w-2r + 3) 

(. i; 2^M.2.3...(r-l)(2»-l)(2n-3)...(2»-2r + 3) " 
aod therefore the series becomes 

^'f "2(2«-l)'" "^"2.4(2»-l)(2„-3) '^ "-r 

Let the aeries within the bracket be denoted byy,, which ia 
therefore a particular solution. When n ia a positive integer, the 
series is finite; the last term is, when n is even, 

„ «(n-l)(.-2) 2.1 

' •' 2. l...(ii-2)ii(2n-l)(2o-3). ..(» + !)' 

or, what is the same thing, 

^ ' 1»!J»I2»1' 
while, when n is UDeyeD, the last term is 
nin-\)(n-t,.. 



(-X)' 



2. 1. ..(n-3)(»-l)(2»-l)(2«-3). ..{» + *){» + 2) 
what is the same thing, 

(_ !)«•-» » ! » I (n - 1) I 



i(«-i)iH»-i)i(2»-i)i ' 

the numbers of terms in the two caaea are respectively in+ 1 and 
i <" + !)■ 

When ft is an integer, 2n is an even integer, and therefore a 
zero factor can never enter into the denominator in thia case; thua 
the series considered will never come under the class considered in 
6 87 which yields two integrals. ,- \ 
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Tbe Beriea y^, multiplied by 

2b! 
2" . n I n ! 

n being a positive integer, is usually denoted by P, ; this function 
is an extremely important one in phydcal applications. 

Ex. 1. Verify that 
and that /"« ia the coefficieot of «" iu the expanaion in ascending powers of a 

ot[\-ixi-\-z*)-\ 

Henceahew that ii=(l-2a3+i")~* ia a eolation of the equation 



■^-4{<-'l}- 



"e^'^ssr 



Ex. S. Prove that the roots of the equation^ioO are all real and numeri- 
cally lees than unity. 

Ex. 3. Prove that the eum of the coefficients in /*. with their proper 
signs is nnity. 

Ex. 4, Obtain the equations 

(i) «P,= (2n-l)xi',.i-(n-l)P,.j; 



(ii) (^-l) 



dx 



In the case when n is not a positive integer the aeries y, pro- 
ceeds to infinity; and for convei^ence it is necessary that x ^6uld 
be greater than unity. But in particular when 2n ia equal to some 
positive odd integer, say 2r— 1, then the coefiEcient of a:""*' has a 
zero factor in the denominator, and no zero factor occurs in the 
numerator either of that term or of any subsequent term; hence 
(by § 86) the terms whose indices are higher than n — 2r do not 
exist in this solution of the diffei-ential equation, which will there- 
fore begin with aj""*" multiplied by some new arbitrary constant. 
But since 2n = 2r — 1, therefore n - 2i- = - (n + 1), or the int^ral 
is an infinite series of descending powers of x beginning with a;"'"*". 
To the consideration of this integral we shall now proceed. 
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91. We take now the second solution of the equation deter- 
mining the value of m^; this is ~{n+ 1), so that the term with 
highest index may be taken to be .4,a!""*". The relation between 
the successive coefficients is 

(2n + 2r-l)(2r-2)4, = (n+2r-3)(n + 2»— 2)^^, 

for values of r greater than unity, and therefore 

J ^ (B+l)(« + 2) (n+2r-2) 

' 2^M.2.3... (r-l)(2n+3)(2n + 5)...(2n + 2r-l) " 

so that the series is 

^'f ^ 2(2« + 3) '^ 

(n + l)(n + 2){n + S)(n + i) ) 

"^ 2.4(2« + 3){27i + 5) '' +-r 

Let the series within the bracket be denoted by y,, which is a par- 
ticular solution; the series y, multiplied by 

2".n!«I 



(2«-H)! 

(n being a positive integer), is usually denoted by Q^; for con- 
vergence it is necessary that x should be greater than unity. This 
series y,, or the equivalent function Q^, is also of great importance 
in physical investigations. 

When n is a positive integer, the series proceeds to infinity. 

When n is a negative int^er, y, is a finite series; if n= — 2p, 
the series begins with ar"^' and proceeds for^ terms; if n = — (2p + 1), 
the series begins with a^' and proceeds for p + 1 terms. 

When 2n is equal to an odd negative integer other than — 1, 
say — (2r + 1), then the coefficient of a:""**^' has a zero factor in 
the denominator, and no zero factor occurs in the numerator of any 
term in the series; hence as before the preceding terms do not 
exist and the aeries begins with a;""**^'> multiplied by some 
new arbitrary constant. But since 2n = — (2r + 1), therefore 
— (w + 2r + 1) = n, or the integral y, becomes an infinite series of 
descending powers of x beginning with ic", i.e. y, becomes y,. 

10—2 
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92. We tbuB hare the following results. 

L When n is a positive integer, there are two independent 
Bolutions of the differential equation ; (1) y,, a finite series, (2) jr, 
an infinite serieB; and the primitive is 
y = ^y, + Bt/^. 
II. When n 19 a negative integer, there are two independent 
solutions; (1) y,, an infinite series, (2) y^ a finite series; and the 
primitive is 

y-^y. + By,. 

IIL When n is not integral and 2n is not equal to some odd 
positive or negative integer, there are two independent solutionB ; 
(1) y,, an infinite series, (2) y,, an infinite series; and the primi- 
tive is 

IV. When 2n ts equal to a positive odd integer, there is only 
one solution of the differential equation, for y, becomes y,, thb 
Solution being an infinite series^ the primitive is thus not expressi- 
ble in terms of y, and y, alone. 

y. When 2» is equal to a, negative odd integer, there is only 
one solution of the differential equation, for y, becomes y,, this 
solution being an infinite series; the primitive again is not expressi- 
ble in terms of y, and y, alone. 



93, It therefore remains to obtain the complete integral in 
the last two cases. Let v denote the single particular integral ob- 
tained, so that V stands for y^ in IV. and for y, in V.; and let 

y = ""-«'. 
where u and w are, as yet, indeterminate. When this is sub- 
stituted in the differential equation, we have 

But since v is a solution the last term disappears; and aa the 
only condition imposed on u and w is that y must satisfy the equa- 



tion, we may arbitrarily assign another, which will be so chosen 
that the coefficient of v may vanish; hence 



so that (a;' ~^) J' ~ constant. 

As we are seeking a second particular solution it will be con- 
venient to make it as simple as possible; hence we may give a 
definite value to this constant and write 

and therefore a suitable value of u is given by 
/x+ r 



'Mi^) 



If the constant had been made — A, the value of u would in 
its most general form have been 

Jx+1\ 



«=Miog(:4i)+^- 



The equation to determine w now becomes 

of which we want the Particular Integral. Hitherto the equations 
have been quite general ; tbe two coses must now be considered 
separately. 

94. Consider firet the case of 2n equal to a positive odd inte- 
ger; then 

° " + 2.(2» + 3) ' 

(.+ l)(» + 2)(. + 3)(« + 4) „., 
"^ 2.1.(2» + 3)(2»+6) ' 

and therefore 



{<l-«')£} + »(» + l). 



d f/, ji*^^! 
dx 
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Let w = B^x-^' + B^-"^' + B^-""' + . . . ; 

then Hubatituting and equating the coefficients of correspondiDg 
terms in a; we have from the terms involving a;"'"** 

5.{n(n + l)-(n + l)(n + 2)l = -2(n + l), 
80 that B, = 1 ; 

while from the terms involving a;"'"**^ we have 
B,{n(n+l)-(7i + 2r)(n + 2r- !)] + (« + 27— 2)(n + 2r-l)B^, 

(7H-l)(n + 2) (n + 2r-l) 

" 2.4...(2r-2)(2rt + 3)(2n + 5)...{2w+2r-l)' 

or, what ia the same thing, 

B,{2r-l)2Cn + r) = {n + 2r-2)(7H-2r-l}B^, 

,2 [n + 1) (n+ 2) (» + 2r-l) 

■^ 2.4...(2r- 2) (2/H-3) (2n + 5) ... (2?i + 2r - ij ■ 

The general value of B^, deducible from this, is complicated; 
the values of the earlier coefficients are 

„^ (ft+2)(n + 3)(3« + 4) 
' 3 (2ft + 3) (271 + 4) ' 

B = (»+2) (w + 3) {n + 4) (w+ 5) (30m' + llOw + 92) 
' 3 . 4". 5 (2« + 3) (2n + 4) (2n + 5) (2n + 6) ' 

and 80 on ; but there is no advantt^e in writing down more of the 
coefficients, as the expression will soon be put into a different form. 
Let the value of w with these coefficients substituted be denoted 
by w^ ; then the new solution of the original differential equation 
in the case when 2n is equal to an odd positive integer is 

is-, log 5^1)+".; 
and the primitive of Legendre's equation is 

y = ^y, + £«;, + jBy, log (1^) . 

95. Consider now the case of 2« equal to an odd negative 
integer; then 

„-^. njn-l ) «(n-l)(n-2 )(«-3) .^ 

2(2n-i)'^ ^ 2.4(2«-l)(2n-3) 
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and the equation deteroiiniDg w is 

Let M- = C,a!-' + (7^— + Cy* + ...; 

then substituting and equating the coefficients of the highest 
term, we have 

C,{n(n + l)-n{n-l)]^U, 
or C. = l; 

and equating the coefficients of the terms involving x""*'" we have 
Cj7i(n + l)-(n-2r + l)Cn-2r+2)} + (n-2r + 3)(n-2r+2}(?^, 
/_ 1 jr-. g n(n-l){n-2)...in-2r+2) 
^ ' 2.4...(2r-2)C2n-l)... (2n-2r + 3r 

As in the preceding case, the coefficients soon become compli- 
cated; a different form will be given to the solution, but the 
values of the earlier coefficients are 



.. (n-l)(.-2)(3»-l) 
' 3(2»-l)(2m-2) ' 

(»- 1) (»- 2) (n - 3) (» - 1)(30»' - 50» + 12) 
■~ 3.4.5(2»-l)(2»-2)(2»-3)(2>i-4) " 

and so on. Let tbe value of w with these coefficients be denoted 
by w,; then the new solution of the original differential equation 
in the case when 2n is equal to an odd negative integer is 

H'Mii^) ■'•'•■■ 

and the primitive of Legendre's equation is 

y=Ay, + Bw, + J %, log (^) ■ 
Ex, Prove that the Particular Integral of the equation 

isXi'H'i^''B'^'Li^^'^°'^^'>^i and that the Particular Integral of the equation 

is X'Qb+, where X' is a oouBtant. 

c,q,t,=cdbvGoogle 
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Relation between the particiilar solutions. 

96. We have now obtained the complete integral of Legendre'a 
equation in all caees when n is a real constant, by deducing two 
intends which are Unearly independent (§ 72) of one another. 
But we know (§ 65) that when one integral of a differential equa- 
tion of the second order has been found, the primitive can be 
expressed in terms of it and, if necessary, of other functions, and 
therefore any other integral is so expressible; we proceed to 
obtain this relation for the cases — ^viz. I,, II., III. above — in which 
it has not been obtained. The first form in which it may be 
given is derived by means of § 65. We may define P, and Q^ by 
the generalised equations 

p .... n(2«) f n(n-l) I 

■^" ~ 2-n (7i) n (n) r 2(2n-l)^ *■")' 
2-n(«}n(n) f ,... (n+l)(» + 2) .,.. 1 
""* ^"- nC2n + l) r 2(271 + 3) '^ +-f' 

whether n be integral or not; 11 (n) is Gauss's II function and is 
T(n + 1), and in the case of » integral is nl (see next chapter, § 125); 
and P, and Q^ are still integrals of the Legendre's equation, since 
they are respectively constant multiples of y^ aud y,. We there- 
fore have 



(1- 






mnltiplying the former by Q, and subtracting the latter multiplied 
by P^, we have 

where j1 is a constant, which is definite and not arbitrary since Q, 
and P^ are definite functions. To find A we consider the terms 
containing the highest powers of x; these are 



in g. 



n(2n+l) 



^:,.,C00g[c 
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''"'"= ^ = n"i?i) '"+'" + '>!-'■ 

since IT (2n + l) = (2n + l) 11 (2n); and therefore 

nilP._^dQ, 1_ 

' dx ' dx a^ — 1 * 
Thia gives 



or, ita equivalent 

d /Q.\ _ 1 

a^W~{l-^}-P-" 
and therefore 






no constant being needed, as may be seen by comparing the coeffi- 
cients of the highest powers of a; in the expansion of the two sides 
in descending powers of x. 

97. This result may be written in a different form ; but it is first neces- 
sary to prove two relations between the fimctions given by Legeodre's equation 
for different values of ji. 

From the expressions given in the preceding article we find that the 
coefficient of x"+»-«^ in P,*t-^*-i •» 

., n(2,^-2) («^l)( «-2).-(^-2r + 2) 

^ ' 2"-»nfji-l)n(»-l)2.4...2r(2ra + l)(2»-l)...(2»-2f+l) 

- rt(i+y.'»:f) -F^<'+''"''"-'-"'+"-'^+""--'} > 

the last factor is easilj' simplified into 

(2K+l)*(2n-l), 
and therefore the coefficient is 



n(Zn) «(n-l)(w-a)...(«-2r+2) 

2-n(n)n(n) 2.4...2r(2m-l)(2»-3)...(2n-ar + 3)(2ii-2r+l)^ 



Hence the coefficient of i^'*" 



^±1 _ ^-1 



(_,l.,2„+n„°M_ ^(^-l)...(^-2r+2)(«-2r+l) 
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that ia, is the coefficient of the same power in (2n + 1) P^. These two es- 
preasions are thus equal term by term ; and theKf*^^ 



dx dx 

In the case when n ia a positive integer this leads to a finite series for 
■ i^, via.: 

the last term of the series (n + l)Pi or »Pfl(i.e. n), according as it is even 

If m be not a positive integer, the series will proceed to infinity and will 
still be the value of —r^ , provided x be greater than unit;. 

98. Now by § 95 we see that 



4^.'^(S) 



is a solution of the differential equation, if w be determined as the 
Particular Integral of 

= 2{(2n~l)P„, + (2n-6)P,_+...}, 

by the formula just obtained. To obtain this Particular Integral 
we write 

w = ffl, J'r, + a^P^ + ■ ■ +a»-.^»*t, + — 
aud substitute; since 

£{<>-»" S'}—"<» + '>'^- 

the left-hand side has, as the coefficient of a^.,P,.tr+,. 
n {n + 1) - (ji - 2r + 1) (n - 2r + 2) 
= 2{2r-l)(w-r + l); 
and therefore 

a^ ,(2r-l)(n-r + X) = 2n-4r + 8. -, , 
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The value of w ia therefore now definite ; and the correspond- 
ing solution of Legendre's equation ia 



the last term being 



3(«-l) 
2"-9 „ 



whea n i^ even, and 



(n-l)i(« + l) •• ■••'(,- I) J (» + l)' ■ 
whean is odd. 

99. We have now to compare this aolution with Q,. Let it 
be supposed expaoded in a series of descending powers of tc ; it 
must theu be of the form 

AP^ + BQ,. 

where A and B are constants. Now in the series the term in- 
volving a:" does not occur, since 

,, /w+l\ 1,11, 

and therefore A must be zero; hence the coefScients of the powers 
between a;" and a:"'"*'' exclusive of the latter disappear; this is 
easily verified for the first few. The above solution is therefore 
a constant multiple of Q,, and thus 



-iP.log 






where 2, stands for the series which, when n is integral, is a func- 
tion of degree n — 1. Hence 



4.i.og^-±l-f, 



^:,.,C00g[c 
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and therefore 



R d fQA 1 U 



where U is aa integral function of tc of degree not higher than 
2n — 2. When ve substitute on the left-hand side from § 96, it 
becomes 



or B = P,* + y-l) V, 

where the right-hand side is a. finite integral function of a;. This 
is true for all values of ce ; writing a; = 1 we have B = value of P^* 
when fl! is unity. Now in Ex. 1 of § 90, P, was indicated as the 
coefficient of «" in the expansion of {1 — 2a;2 + 2')'' in ascending 
powers of e ; and therefore the value of P^ when ic = 1 is the 
coefficient of ^ in tbe expansion of {1 — 2^ + a')"', Le., of (1 —z)~'. 
This coefficient is unity ; so that P^ when a: = 1 is unity ; and thus 
.8 = 1 and the equation becomes 

+ 1\ 



«-=i^-'°8(:4i)-^- 



Ex. 1. The following properties, aualc^us to those of P^, hold for Q. : 

(1) 






.^&±l^,,xn'*U.mi„,^. 



.(2»+i)i:5 



Ex. S. Obtain tbe properties of the integrals Q corresponding to those of 
the integnOs P given in Et 3, § 90. 

The further development of the properties of tbe functions which are the 
particular solutions of Legendre's equations does Dot depend merely upon the 
differential equation ; the student will find most ample investigation of their 
analjtical properties and their applications to mathematical phjsics in the 
excellent treatise by Heine — ffaiidbac/i der Kti^elfunclioneTu The treatises 
by Todhunter, Thsfwnotumi of Laplace, and by FerreiB, Sphm-ioal Sarmonict, 
will prove useful. 

C,q,t,=cdbvC00g[C 
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Bessel's Equation. 
100. This differential equation is 

or, what is the same thing, 

in vhich n is a constant ; it will be Eissumed that n is real 
This equation, like Legendre's, occurs in investigations in applied 
mathematics and there n is usually an integer; but, as in the case 
of the preceding differential equation, this limitation will not be 
imposed on the value of n. 

To solve the equation we write 

y = A,a;"' + Ay^+Ay^+ 

and substitute ; we then have 

(ot,*- «") ^.a:"" + K'-n') J^"- + K'-b') J^"'+ 

■^A^x"'*^ + Ay^^''+ = 0, 

which must be identically satisfied. Hence, from a comparison of 
the indices, we have 

m, = m, + 2, 

or the series is one in ascending powers of x, the common difference 
of the indices of the powers being 2 ; and thus m, = m, + 2 (r — 1). 
Taking the term in x with the lowest index we have 

m* = «' 
since A, is not zero ; and therefore 

m, = + n, OT m^ = — n. 

The coefficient of a"'''"*' on the left-band side must be zero, 
and therefore 

{{m. + 2)-)'-n*} J,„ + ^,= 0, 



^:,.,C00g[c 
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or, since m* = n*, 

A ^' ^ 

101. CoDsider first the solution corresponding to 

m^ = + n, 

The coefiBcienta A are than given by 

A ^- 

■^™ 2'r(n + r)' 

80 that 



^r^i'iy-'n 



(r-l)!2"^-"(n + l)(7i + 2)...(n + r-l) 

for values of r greater than unity; and the series, which ie a 
solution of the differential equation, becomes 

a? a* 



A^x' Tl 



"2'(n+l)'^212'(n+l)(n+2) 



312*(7t + l)(n+2)(»i + 3)"'''"J* 
where A, is an arbitrary constEbnt. When to .d^ is assigned the 



the same as r(n + l), then the expression is denoted by J^, so 
that 




which is usually called the Bessel's function of order n. When n 
is positive, whether integral or not, the series proceeds to infinity 
and, for finite values of the variable, is obviously convei^jing. 
Thus AJ^, where A is an arbitrary constant, is one solution of the 
difTerential equation. Before considering the form of J^, when n 
is a negative integer, it is convenient to obtain the solution 
corresponding to the case 

»», = — «. 
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The work ia the same as before with the change of sign of n, 
and the solution is 



B,x-\: 



1 '^ I »• 

2'(-»+l) 212'(-« + l)(-ii+2) 

"3!2'(-»+l)(-n + 2)(-n + 3 



where £, is aD arbitrary constant. To B^ assign the value 

a-i.-n,_ -. ; then the resulting expression is exactly the same 

fiinction of — n as J"^ is of + n and may therefore be denoted by 
J_^, 80 that 

X _ ^- N ^ , ^ 1 

"- 2-"n{-n)L^ 2'(-7i + l)"^2!2*(-n + l)(-n + 2} "'J 

r-onC-n + r)n(r) W ' 

If now n be negative, whether integral or not, or be positive 

but not integral, this series proceeds to infinity and, for finite 
values of the variable, is converging ; in this case BJ_^ is another 
solution of the differential equation. 

If n 66 noi an integer, then, whether it be a positive or negative 
quantity, J, and /., are two independent and determinate par- 
ticular solutions of the differential equation and the primitive is 
y = AJ^ + BJ^. 

102. linhean integer other than zero, two cases arise. First, 
iSnhea negative integer and equal to -p, a zero factor occurs in 
the coeflGcient of all terms after x^ inclusive within the bracket; 
and therefore by § 86 the terms which precede this disappear, and 
J, becomes 

(-1)' 



le thing, 

,fi n(.)n(s + p) w ■ r~ I 



[102. 

since n.+p = 0. Now this last expreasion is {—VfJ^, that is, is 
(— 1)~*J_^ ; 80 that in the case when n ia a negative integer one of 
the particular solutions, J,, is, in its modified form, only a con- 
stant multiple of the other, J_^. 

Similarly it may be proved, or it may be at once deduced from 
the foregoing, that when n m o positive integer one of the par- 
ticular solutions, J_^, is only a constant multiple of the other, J^. 

When R is zero, the two solutions coincide. Hence in every 
case when n is integral whether positive, zero, or negative, we may 
write 

but that this equation may be valid it must be remembered that 
it refers to the respective limiting forms of the particular solution 
of the differential equation when the superfluous terms of the 
latter for the epecial value of n have been removed from the 
expression in the general case ; and the relation merely gives this 
limiting form. It however shews that when n is integral it is 
sufficient to take the positive square root of n* and to consider, as 
the corresponding particular solution, the function associated with 
that square root. 

It thus remains to find a second particular solution in two 
cases in order to have the primitive ; and these two cases are 

First, when n is zero : 

Second, when n is an integer which (from the above explanation) 
may be considered positive. 

103. To obt^n these particular solutions it is convenient to 
have some fundamental properties proved. 



It may he at once verified that 

(i) f^-=-^.; 

^' dx " 

(ii) A(,.^j = ,v„; 
(iii) 3J (»"'■'.) --«"J'„, 



zDvCoogk' 
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aud from the last two we have 



'■ -^-^ — nx""'^ J. = — a!~"<^.4., 



dx 

Dividing the first of these throughout by a:"^ and the second 
by «"*" and subtracting the latter from the former we have 



./,., + J'„, = -n^,. 



Similarly 



Now it is evident from the general value of J that iT^,, = ; 
hence the preceding equations give 

J"^;= - (n j; - (n + 2) J"„^, + (n + 4)/^ - . . . ad inf.) ; 
this series is converging. 
Ex. Prove that 

5-|{W--('i+2)^»ta+(»H-4)^,,4- ...ad inf.!- 

104. To obtain the desired particular solution in the case 
when n ia zero we substitute 

y — uJ^ + w 
in the differential equation 

and the result is 

(Tw , 1 ^ , J (^ , 1 diA _ o ^ ^ 

da? X da: ' sdo^ x dx) dx dx 

To make the coefficient of J, vanish we have 
(f u 1 t^w . 
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vhich is satiB&ed by 

M = log a; ; 

the equation determiniDg w is now 

(Pw , 1 dw _ 2 A/. 

da^ xdx " xdx 

= h 

Now from the equation 

(PJ. . IdJ, 

xdx 

is the Particular Integral of 

d^y 1 dy \m* - 

The general term in the right-hand side of thfe equation 
determining w ia 

we have therefore for this term 

Hence 

w = 2{/.-i/. + iJ.-i/, + iJ„- 1; 

and therefore a solution of the original equation is 

J.logx -i-ilJ,-^ J^ + i J^- i J,+ ^J„- ]. 

liet this be denoted by F,; then the primitive of the equation 

iB ^ = AJ, + BY^, 

where A and B are arbitrary constants. 
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105. To obtain the second particulax solution in the case when 
n is an integer we write 

y = J„logx — w, 
so that 
(Pw 1 dw /, n\ 2 dJ 

= 5'^--|-K« + 2)/,^-C« + 4)J,^ + (n + 6)/,«-...}. 
Now 

X bcLDg a constant; and therefore a value of w satisfying 

Let Wj he a quantity satisfying 

d^w, 1 dvi, /, w'N 2*1, 

(tt* x dx \ or/ ^ or " 

then a suitable value of w will be 

VFf- ly " + ^'^ J 

The right-hand side of the eqimtion giving le, must be transformed. By 
the geaeral rel&tion hetween three successive BesBel's functions we have 



-Ji-J^=Ji; 



hence 
hence also 



.3.4(|)V.-2.3.4(?)0.-3.4(?)V.-4(?)/,-J-.-24^.-.A..^. 

c,,...,GBbgfc 
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and so oa ; and the general equation ie 

.,„-,0)-^-n,-,.(?)-^-n>^(D-^-'fcf0)-'^ 

or, what is tlie same equation, 

^^.-inw{(j) J,- ^^_^ (-) ^'^l 

Also, b; actual substitution we have 

-i=L""»^ — i> — •''J' 

BO that, on vriting m=n-p, 

X, being a constant Up be not zero, the right-hand side is 

2("-p) . r . 

while Up be zero, the right--hand aide is 

If now we substitute in the equation for w, the value 
P-n-l J 
p-O i"^ 

a comparison of the two sides of the equation gives 

if p be not aero, and givea 

ifjp be zero; and therefore, whatever y may be, 

^2^ _1_ n W 
"" n-pn(j.) 2 ■ 

Hence the value of w, is 

C,q,t,=cdbvC00gle 



105.] EQUATION. 165 

and therefore (^ second particular solviion ofBesaeVs equation in 
the case when nis a positive integer other than zero is 

J,./.l0g«-T(-l)-;H±?r^J-„ 

Let the right-hand aide be denoted by Y^; then the primitive 
is given by 

y^AJ^ + BY^. 

Ex. I. Another method of obtaining a. second particular solution is elQ- 
plojed by Hankel as follows. Any linear fimction of the particular solutions is 
also a particular solution ; hence in the general case such a solution is given \>j 

2)ra"" — ^'T" ■ "" , 
sm 2™r ' 

whicli is then perfectly determinate ; while in the particular case of n an 

integer it takes the form 0/0 since ( — l)"i7'„=.7'.„. Prove that when evaluated 

this assumes the itma. 






and identify this with the solution already obtained. 

{Math. Ann. I. p. 469.) 

Ex. 2. The series for J^ is always a converging series ; but, when i is 
lai^e, the convergence is slow and it is convenient to have a series proceeding 
in descending powers of i. Prove that 

so ttiat the series terminates, if 2» be equal to an odd integer. 

(LommeL) 

106. The relation between the two linearly independent in- 
t^rala / and J may be found as in § 96. We have 
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da? X dx \ s^J -* ' 
aod therefore 

■which givea 

dx " dx ' X 
where A is a. conatant which, however, is not arbitrary since J^ 
and J_^ are definite functions. To obtain the value of A it is 
sufficient to consider the highest terms only in the left-hand side; 
when these are substituted, we find that 

2Tt 

-n(«)n(-«) 





n(n-l)n(-n) 


and therefore 


2siiiM7r 

IT ' 

dx -* dx ' wx 


or, what is the 


same thing. 




d (J_\ 2smmr 





Relation between the equations of Legendre and Bessel. 

107. It is possible to derive Bessel's equation from that of 
Legendre. For, differentiating the equation 

(I-^)g-2«| + n(»+l)3,-0 

m times, and writing 

'~d^' 

ciqiti^cdbvGoogle 
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we have 

(l-a;')g-(2», + 2).g + |»(n + l)-m(».+ l)}y = 0. 

Let the dependent variable be changed to f where 
f = (l-j;^"'3; 
the equation now becomes 

Let the independent variable be changed from a; to ^ where 
then after slight reductions the equation becomes 

When we make n infinite, we have 



which is Bessel's differential equation. 



When all these operations are combined, we have, as the result, 
that the limit of 

when n is infinite, is Beasel's function of order m, ^ being the 
independent variable. 

It would appear from the foregoing process that tf> is infinite ; 
this however is avoided by making cc approach indefinitely closely 
to the value unity. The geometrical analogue of this relation be- 
tween tf) and tv is that whereby any very small portion of a spherical 
(or other) surface in the neighbourhood of a point is studied by 
assuming it ultimately to coincide with the tangent plane of the 
surface at that point and to be magnified in that plane, 

Ex. Verify that the above expression becomes, in the limit, a multiple 
atJ„. 

In this connexion the student m&j consult Heine, Tkeorie der Eugd- 
functwnm, 2nd edition, voL i. p. 182 ; Lord Eayleigh, Proc. Lond. MalL Soe. 
vol. IX. p. 61. 
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The complete iutagntl of Beasel's differential equation has been obtained 
for every ease ; the further development of the properties of the functions 
which occur in that integral cannot be given here. The student will find 
the functions fullj treated b; Lommel in his SCudien Hber die Bemd'tcAe 
Functionen and in several papers by the same writer in the Mathematitche 
AnmUen, \d[a. II. ni. IV. ix. xiv. xvi. ; in particular the paper in vol Xiv. 
deals with differential equations which are integrahle by Beasel's functions. 
Reference shoidd also be made to Neumann's Theorie der BettePsEhsTi, FutiC- 
tionen and ia Heine's Theorie der Kugelfanctionen, 2nd edition, where (vol. i. 
p. 189) a list of memoirs referring to the functions is given ; Todhunter's 
Functions gf Lnplace, LanU and Betiel contains many of the properties. 

For a general property of all linear differential equations similar to those 
which have just been disoussed and which give rise to functions depending 
upon a constant parameter the student may consult, in addition to the fore- 
going, Sturm, LiouviUe, vol. I. ; and Routh, Proo. Lond. Math. Soc. vol. x. 



RicCATi's Eqitatim. 

108. Riccati's differential equation is 

but it is convenient to consider first the more general form 

x-,--~ay + h^ = caf. 

If in the Utter the independent variable be changed from x to 
z, where z = i>f, and the dependent be changed from y to «, where 
y = uz, the equation becomes 

dw , 6 , c ^-s 

dz . a a 
which is Riccati's form. 

109, Consider now the more general form. 

Firstly, it can be integrated in finite terms when n = 2a. 
For assuming i/ = ux' we find on substitution 







«".J + J^„.., 


that 




i'-^ + iu--rf- 


the 01 


sewhenn. 


= 2a this becomes 



dbvGoogle 
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the variables are aepwable and w is expressible in terms of ex- 
ponential, or circular, functions according as b and c have, or have 
not, like signa. 

Secondly, it can be integrated in finite terms when (n ± 2a)/2n is 
a positive integer. 

Let the dependent variable be changed from y to i/^, where 

A +~=y and ^ is a constant the value of which has yet to be 

determined. When substitution takes place and the terms are 
rearranged, the equation becomes 

yi ?! ^i '^ 

We choose A so that the constant term vanishes, and thus A=0 
or a/b. 

Taking the value a/b for A and substituting in this new form 
we have, after a slight change, 

a' -/" — (o + «) y, + c^i* = bx'. 

Now this equation is of the same form as that with which we 
began ; and the changes, that have taken place, are in the coeffi- 
cients — the original a has changed to a + «, and b and c have 
changed places. In this last equation we write 



the foregoing analysis then shews that the equation in y, will be 

And the result of i successive transformatioos will be to reduce the 
given equation either to 

or to 



dx 



-~{a + in) ff, + b 



according as t is odd or even, 

c,q,t,=cdbvGoogle 
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Now, by the case first considered, this equation ia iBtegrsible ia 
finite terms, if 

that is, if ^^ 

is a positive integer. 

Taking next the value zero for A we can easily transform the 
equation into 



- (n — a) y, + cy* = baf. 



an equation which differs from the former in y^ only so far as 
regards the sign of a. Adopting now for this the preceding series 
of transformations we write 



and the equation in y, is 

Hence after i — 1 transformations of this series (and therefore after 
t transformations in all) the given equation is reduced either to 



^'£e~ ^*" ~ ") y* + "i''' ^ ^^ 



dx 

In either case the equation is integrable in finite terms, if 
n = 2 (in — a), 

that IS, II — 5 — 

2n 

. is a positive integer. 

Combining then these two results we have : the equation 

is integrable in finite terms when (n ± 2a)/2n is a positive integer. 

In each case the integral is given in the form of a finite 
continued fraction, the last denominator of which involves either 
exponential or circular functions. 
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110. We can now obtaio conditioDS that Riccati's equation 
shall be integrable in finite terms. From § lOS it follows that 

(^M . 1 1 » 

-J- + ou" = ex 
ax 

is transformed by the substitution u = yjx into 

■where m = n — 2. Now the latter equation iB so integrable when 

)i ± 2 = 2ni, 
where i is a positive integer ; and therefore Riccati's equation is 
integrable in finite terms if 

m + 2 ± 2 = 2i (m + 2). 
Taking the negative sign we have 

while the positive sign gives 

or what is the same thing in the case of the latter 

-a 

" 2» + 1 ■ 
by merely changing the integer i. 

Hence Riccat^s equation ia ititegrahle infinite terms, if 

-a 

i being zero or a positive integer. 
Ex. Prove that the equation 

is iotegrable in finite terms, if 

w+1 -2i+l -2t-I 

T+T~ 2i+l '^^ 2i-l ' 
i being an integer. 

Relation between the equations of Bessel and Riccati. 

111. The equations of § 108 in the form iu which they have 
been discussed are of the first order, but are not linear ; there are 
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some important traosformations which render them linear of the 

Becoud order. 

In Biccati's equation let the dependent variahle be changed 

from u to V where 

, 1 dv 
bu = - -J- , 

V ax 

so that if u is expressible in finite terms, v will be so also ; the 
equation then becomes 

-,— , — icvjf = 0, 

which might be taken aa a standard form, equivalent to Biccati's 
equation. 

If 6 and c have the same sign (in which case exponential func- 
tions occur in u) this equation may be written 

while if their signs be unlike (in which case circular functions 
occur in u) the equation is 

-j-i + a'afv = 0, 
dor 

Both of these are integrable in a finite form for the same value of 

m that renders Riccati's equation integrable. 

Change the independent variable from ic to *, where 
qz = a? 

and 5 = ^m + 1 = - say ; 

the equation then becomes 

d*B n-ldv 

d^ z dz 

This therefore is integrable in a finite form if 

±1 
2i±l 

whence it follows that n must be equal to an odd integer; and so 

if the equation be written 

dV 2pdv , - 
jj ~ — J- - OCT = 0, 
at z dz 
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the condition of integrability in a finite form is that p should be 

an integer. 

This is reducible to its normal form by the substitution 

vz^ = w, 

and the equation for w is 

rf'w , p (p + 1) 

--Tj - how = ^-^^-T — -' w, 

which is integrable in a finite form if ^ be an integer. 

Lastly, let w = zH be substituted; the equation for ( is 

the primitive of which is 

* = AJ^+ i {^ (- 6c)*J + £J,(^ ^ ,, [z (- bc)^}. 

If p + i be an integer, this ceases to be the primitive ; we then 
have for the primitive 

« - M*i I' {- fc)') + iJi;+, (^ (- sc)'i. 

Hence the solution ofRwcatCs equation can be expressed in terms 
of BesseVs functions; and, in particular, the solution of 

is given by 

„ = a,!r^<7_i_(rx')+5J 1 {zX^)\ 
L "+* "-^ J 

L «+a m+a J 

according asm-\-2is not, or is, the reciprocal of an integer. 

This is immediately derivable from a combination of the 
preceding transformations, 

The only case of failure is that in which m + 2 is zero, that is, 
when m is — 2; the equation is then 

which can be solved by the method of § 47, 



174 SYMBOLICAL [111. 

For further information upon this equation a memoir b7 J. W. L. 
Qlaiaber in the Phil. Traiu. IBBl, pp. T59 — B28, should be conBulted, where 
full refereucea to authorities will be found ; and the connexion between 
Riccati'a equation and Bessel'a will be found fiillj discussed in the book and 
papers of Lommel to which reference has already (p. 168) been made. 

Some examples of the solutioa expressed b; series will be found in the 
MiscellaneouB Examples. 

Symbolical Solutions. 

112. In cases when the solution of a difTerential equation in 
series consists of a function in a finite form or when it consists of 
a terminating series together with some function or functions in a 
finite form, it is sometimes possible to obtain a solution of a 
symbolical nature which will, when the operations therein indicated 
are performed, prove equivalent to the solution otherwlBe obtained. 

As an example, consider the differential equation 

^y . m(m + \) 

-T . — ■nry = — ^^—3 '-■ y, 

the solution of which has been proved to be expressible in a finite 
form when m is an integer. When the dependent variable is 
transformed from y to u b; means of the relation 

y = ux"**, 
the equation becomes 

ConBidet now the differential equation 

I*"' . n 
©-"'-<•• 

the general integral of which is 

V = Ae" + Be~", 
and change the independent variable from w U> e, where z stands 
for Jx*; the equation becomes 

2aT-,+ J -n'« = 0. 
ax az 

Let this be differentiated m + 1 times with regard to z and 
let t denote -j-^ti; then we have 

2.g + (2». + 3)§-„-,.0. 

C,q,t,=cdbvC00g[C 
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Let now the independent variable be changed from z back to x; 
the equation then becomes 

^ + ?i!?±i)*_„',.0. 
die* X dx 



the primitive of the original equation iu y therefore is 



A slightly different form may be given to this, for 

nA^~nBe~" 

adx 



•-(Ae~ + B,-~)~- 



on changing the arbitrary constants ; and the primitive may be 

written in the form 



y = ^' 



\xdxj \ 



Since the difierential equation remains unaltered, when for m 
ia substituted — (m + 1), the primitive may be expressed in the 
additional forms 



— eir('^"=^i- 



Ex. 1. From the foregoing it can be at once deduced that the primi- 

(an equation arisiDg in investigatjona connected with the Figure of the Earth) 
iB expressible in the form 
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Ex. 2. Prove that the primitive of the difierential equation 

1 the reciprocal of an odd integer 2t+l, be exhibited 



.«<■>• 



0(..(.;-...-^-)}. 
i)-'-'(..(J-..,-^-)}. 



£r. 3. Prove that the primitive of the equatiu. 
f, given by 






where r ia to be put equal to a' after the petformanoe of the differentiations. 

(Gaskiii-) 

In all these cases when the solution of the equation is thus given symboli- 
cally, it ia not difSeult to identify the solution in this form with that obtained 
in any other form, such as one in series bj the earlier methods of this chapter, 
or as one by means of definite integrals as indicated in chapter vn. 
The student who wishes for fuller information on the subject of these sym- 
bolical solutions and their connexion with solutions in other ibrms will find a 
full discussion in the memoir (Section vi.) by J, W. L. Olaisher already 
(p. 174) quoted. 



MISCELLANEOUS EXAMPLES. 



1. Integrate ii 


1 series, and express in a finite form the 


integrak o^ the 


equations 


(ii) .?g-<^=0. 





:,q,t,=cdbvGoOgle 



MISCELLANEOUS EXAMPLES. 
2. Verify that a root of the equation 
satUfies 



3. Obtain the primitive of the equation 

<>'^.„'^-^ 
in the form 

4. Solve the equations 

(i) j?g+(«"+a^g+(5x'-3<te)* + (4«+30),.O; 

(iii) (:iS+j^)g+{(„+3)j^+(6_e4.i)x}J+l(a+l)j^-fc)y=a 

5. Tranaform the equation 

by assuming 

and m+;r+iw = £(-m)l 



and integrate the last equatiou in serieB. 

6. Integrate in Beries the differential equation 

*(l-.4r)g+{(4p-6)*-p+l}g-(j>-l)«=0; 
and express the integral in the flaite form 

- Jll-a-*^)*!'+-fi{l + a-4a:)'!''. 

(QIaisher.) 

7. Obtain the general integral of the equation 



fLeslie I^Ilis.) 
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8. Prove that the coefficient of >** in Uie ezpuiBion in aBoendiiLg powers 

H the M^utioD of 

^{(.->.,"*'*}+»(»+».)(i-^r^-o. 

9. ProTe that, with the notation need for tiie solution of Legendte's equa- 
tion, (/". (cos i)^ is a solution of the difierential equation 

(l™'')'S+'»'"+'>"»(s"°'')''-°- 

10. Prore that, with tiie notation of {{ 90, 91, 

i'..,«.-e..A-jii. 

(Trinitj Fellowship Esamination, 1884.) 

1 1. Prove that the primitive of the equatiou 

is given by 

provided m be not greater than n. 

What is the primitive when m is greater than n I 

(H«ne.) 

ISl Shew that the sdution of tiio equation 
where £ is an int^^, may be expreesed in the form 

where ^^ is the soIutioB of Legendre'a eqiwtion. 

13. Obtain the primitiTe of the eqaatiim 

(l-*^g+2(«.-l):»J+(n-m+l){»+Wj'-0. 

(HeinB.) 

14. Prove that the equation 

baa, in the case when n is an integer, for its primitive 

(Lommel.) 

C,q,t,=cdbvC00g[C 



16. Obtain the primitive of the equatioo 






16, Verify that the priioitive of 

p-0 

whereii«,ai,...,aH-jare the roots of the equation (i**=l ; and that of 

where ogio,,... , oj. are the roota of a***'— -»^ 

(Lommel.) 

17. The primiti\-e of the equation 

iB y=MCe')+5n(«'); 

andthatof *'^+^y"0 

is y=.j;{A/(|(»i) + Sr,{^)}. (Lominel.) 

(See, for connexion between theee two equations, Ex. 10, p. 187.) 

18. Prore that, with the notation of § 101, 

J»Jl-, + Jm-,J.m= Bin MIT, 

n not being an integer, and that 

(Lommel.) 

19, The differentia equation 

ie intKgrable in finite terms, whatever function of * ia denoted by ft prorided 
m be an integer. ^-. , 
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SO. The eqa&tioii 






ia integnble in finite terms, if 



8{(l-'-)*+4c }t 
" 2("+l ' 

where i is a poaitiTe int^^er or zero. 

(MalmBten.) 

21, Prove that the coefficient of A"*' in the eipiuiBion of e'**'*''**' 
satwfiee the differential equation 

(Glnirfier.) 

22. Shew that, ify=Xbe the solution of the equation 

(^ being a constotat), then the solution of 

is giTen by 

Hence solve the equation 






S3. The equation 

is integrable in finit« terms in the foUowing casea : 

1. when - is an odd integer ; 

2. when |u-- W4-1 is an odd integer ; 

3. when - ± {(l — ) +4-1 is an even integer. 
£4. Prove that the equation 

admits of finite solutfon, 

C,q,t,=cdbvC00g[C 
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1. whea aaj one of the four quantitieB a— ^ ia an erm integer, 

2. when am; two of the qiumtities 

n,-o» ft— ^1, o, + a,-3,-ft 

are odd integers; 

whereat, a, and )9,, ft &ro the roots of the respective quadratic eqnationa 

i6»Ca-2){na-2a-2) + J«i(a-2)+^=0, 

and ian(9(nj9-2) + ic»|9+/=0. 

(P&ff.) 

25. Prove that the. three eipresaions 

^f _l_aV 1 a'jr* 1 B^ 1 

* r"i>-i 2» +Cp-i)(/.-|)212' (p-i)(;.-f){i.~S)3!2»+-|' 



'(- 



p(y-l)aW f(p-l)(p-8) ^^ 
*pl,p-i) 21 i><f-i)(p-l) Sl'^- 
, . r(f-l) .'»■ y(p-l)(p-8) oW 

i>(p-J) 21 y(p-t)(p-i) 31 



are all particular integrals of the equation 



and shew that, when p is not an integer, these three expressions are equal to 
one another. Obtain, in this case, a second and independent particular 
integral. 



26. Prove that the solution of 
ma; be written in either of the forms 



(Boole.) 



Prove that the integral of the same equation may also be written in the 
form 



*-"(«»)''''*""^^'^' 






MISCELLANEOUS EXAMPLES. 



ST. Tho arintion of the equation 



cMi be expreaeed in the form 




*""*•"•" ^ t^" 


-^-«) +&-•■- 


Obt&m that of 






S^-'-f 


inthefonn 




y-^^-S.i' 


.-'^+i>.<-£,(. 



»^-.>J_ 



(Spitzer.) 

S8. The orthogonal tn^octorj of the e7at«in of saitacea of revolution 
given by Pn=et**\ where i?. ia the solution of L^endre'a equation &nd ita 
argument x ia the cosine of the Tectorial angle of anj point, is given bj the 
equation 
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CHAPTER VI. 
Htpeeoeoueiibic Sebies. 



,.!•$_. .(. + l))3(/3 + l) J 
'+!.,*+ 1.2.7(r + l) 

, a(.+ !)(<■+ 2)fl(,8+l)(;8+ 2) .. . 

+ 1.2.3.,(, + l)(,+ 2) "*■■■ 

is called the hypergeometric series and ia usually denoted by 
F{a, ^, 7, x); the four quantities a, ff, y, w are called its elements 
and of these x. alone is rariabte. The elements a and $ may be 
interchanged without affecting the value of F; if either of them 
be a negative integer the series will consist of a finite number of 
terms, otherwise it will proceed to infinity. It will be assumed 
that 7 is not a negative integer, so that infinite terms may be 
excluded. 

If IT be less than 1, the series is converging, but if x be greater 
than 1, the series is diverging. If x be unity, the series is con- 
verging if 7 — a — )9 be positive, and diver^ng if y — a — ;9 be zero 
or negative. 

The series is one of very great generality and includes as 
particular examples veiy many of the series which occur in 
analysis. The following examples admit of easy verification : 

I. (l+«)-.y(-n,/3,ft-«). 

II. (:+«)-+(i-«)--2f(-j»,-j» + i, i,(^. 

III. log(l+»)-»^(l, 1, 2, -»). 
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IV. 

V, «■- 



'»e}4-«-2^^(i-i.i.A 



-(l,Al,|). 

VI. cosh«-f(.,Ai.i). 

VII. C03 nx = F{{n, - J», ^, sin* x). 

£r. 1. Prove that all the differential coefficients of the series will be 
diverging A)r the value ^ ^ I if the aeries itself be diverging for that value ; 
and that all the differential coef&cients from and alter one of some order will 
be diverging for the value ^•'l though the series be converging for that value. 

.Kx. S. Express as bjpeigeometric series 

(i) sin (, the variable element in the series being (" ; 

(ii) sin nt, the variable element in the series being sin' ( ; 

(iii) cos nt, the variable element in the series being - tan' I. 

Others are given by Gauss at the beginning of his earher memoir (referred 
tp in 5 134). 

114. Let the coefficient of a:' be written A,; then the relation 
connecting consecutive ^'s is 

(1+ r)(7 + r) ^,„ = (a + r) 08 + r) .4,. 
Consider the differential equation 

{(» + .)(*+« -ia(a+7-i)|y-o (i) 

in which ^ stands for the operator le-j-. A solution of this eqaa- 
tiou can be obtained in a series : let this series be given by 

y = B,a^ + ^y V B,a:^+^+ 

Substitute this value in the differential equation, which must 
be identically satisfied ; each separate power of x must therefore 
disappear in virtue of the quantity multiplying it being zero. 
Thus for the lowest power we have 

and from the vanishing of the coefficients of the higher powers the 
relation between the successive quantities £ is given by 

(^ + r + l)i> + r4-7)-B,M -(;" + '■ + 3)0 + »*+j8)5, = 0. 
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We shall assume that B^ is not zero as the relation 5^ = would 
make all the B'a zero ; and thus the former equation ig satisfied 
by either 

/i=0 



115. Take first the vtdue (1 = 0; then the relation connecting 
the quantities B becomes 

(1 +'-)(7 + r)5„.- (>. + <-)(/3 + r)B,. 

Now when 5(1 = 1 = j1,, the relation just proved, compared with 
that which connects the A's, shews that B^ = A^; and therefore the 
series assumed for y becomes the hypergeometric series. Thus 
one solution of the differential equation (i) is .F(a, ^, y, x). 

Let the operating factors in (i) be expanded and terms of the 
same order collected ; theu the equation may be written 

[(1 - iT) V + Ey - 1 - a!{« + ;9)} a - oyS ar] y = 0. 

But ^=a'#, 

da;' 

with these values inserted the above equation, after rearrange- 
ment and division by 3^(1 —x), becomes 

d^y y-{a^B+l)x dy aff 

da?^ x{\-x) dx x{l-x)^ ^'■'' 

which is the differential equation satisfied by F(a, /3, 7, x). 

Take next the value /i=l— 7; the relation connecting the 
quantities B becomes 

(H-r)(2-7 + r)5,^. = (j+l-7 + r)(^+l-7 + r)B^ 

Let S,= 1 ; this equation shews that the quantities B are the 
successive coefficients in a hypergeometric series whose constant 
elements are respectively a + l — 7, /3 + 1 — 7, 2—7. The series 
assumed for y begins with i^"* ; hence this value of y is 

a!^"'jP(a + l-7, j8 + l-x 2 -7, a) 
and (his also is a solution of the differential equation (1). 

c,q,t,=cdbvCooglc; 
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We have thus two particular iategials of this differential 
equatioQ ; and therefore any other particular integnJ which is 
finite for values of x leas than unity may be represented by 

AFiti,^,'i,x)+Bx^~''F{a+l-i,0-Vl-rf,2-'i,x), 
in which A and B are constants, the values of which may be 
determined by comparing powers of x. If in this expression A 
and B denote arbitrary constants, it furnishes the primitive of (1). 

116. To reduce (1) to its normal form we must compare it 
with the general linear equation of the second order. We then 
have 

j,_ 7-(a+ff-H> _T , T-g-ff-l 
x{\ — x) w 1 — a: 

-.0 



and therefore the invariant /, heing 

i[*«-€-^ 

becomes, after some reductions, 

* «• +*(«-!)■ + * »(.-!) 
where 

V=(l-7)'; ^* = {a-^)*i ^ = (y-a~0)\ 

Let this invariant be denoted either by /or -^(x); the latter 
form will be convenient when the independent variable comes to 
be changed. 

Thus equation (1), by the substitution 

becomes 

S + '^fW-O (2). 

in which ^ (x) denotes the foregoing function of x. 

C,q,t,=cdbvC00gk' 
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Set of 24: partieutar integrals. 

117. We nowproceed to find some further particular integrals 
of this dificreutial equation. It follows from the iavesbigatioa 
of § 64 that the conditions, -which must be satisfied in order that 
the equations 

and J+«t,(l).0 (3). 

should be tnuiaformable into one auother are firstly, 

— '(di) ""■ 
and secondly, 

* ''• «i + (§)'+■ (')-'*•(')-» (*)■ 

Hence, if we consider -^^ {{) as a given function of t, the latter 
equation will give the value of t in terms of x ; and when this 
value is found the former will furnish the relation between 
V and z. 

Now assume that the function ^j (() is such as to make 
equation (3) the normal form of the equation satisfied by 
a bypergeometric series with constant elements a, 0', 7'; and 
suppose that we can obtain from (4) a value of t in terms of w. 
Then, since the value of u will be at once derivable from that of t, 
we have a solution of (2) in the form 

which is distinct from the value of v, which we have already bad. 

118. The general solution of (4) will give 2 as a function of 
X, a, 0, 7, a', ff, 7' ; let us select those forms of this function which 
make ( dependent on x alone, and independent of the two seta of 
constant elements. We may, to obtain these, write 

(!, .)-0, 

^.(')(£)'-tW. 

c,q,t,=cdbvGoogle 
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The former of tliese on mnltiplicatioD b; f~' is directly inte- 
grable iD the form 

aud proceeding with the integration, we have 

, -J J 

cic + d 

on changing the constanta. This is the ffeneral value of t which 
makes the fuBctioo [t, x) vanish; but the conditions require that 

t,(«)(0-+w, 

(ad — be)' 



{ad - bey /ax-i-b\ , , . 



and this will not be satisfied for Etrbitrary values of these constanta, 
which must therefore be determined. Now 



where 


A- 


-i-A 






S = 


= x' + /»'-»'-3. 






0. 


• l-X'; 




and we may write 


f,(fl- 


.A'^+Rt+C 
-* ('(l-l)* ■ 




Hence the coDBtants a, b, c 


, d must he such as 


to satisfy 


A^ + B^+a 









The quantities a, /3, 7 (and therefore A, B, Cwhich are functions 
of them) are arbitrary and thus the numerator and denominator 
of the left-hand fraction can have no common iactor except a 
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constant and similarly for the right-hand side. Hence we may 
imte 

= (ad - bey [A' (ax -¥b)* + B' (a.x + b)(cx + ^ + C [ex + df], 
■m^ (1 - a;)* = (oa: + 6)' (car + d)' j(c - a) ar + d - ft}*, 
in which m is constant. The latter of these equations will deter- 
mine the values of a, &, c, d which are admissible ; the former will 
then serve to indicate the relations of a', /S", y to a, /9, 7 in order 
that the expression at the end of § 117 may be a solution of (1). 

119. Comparing now the coefficients of the different powers 
of X on the two sides of the latter equation, we find that the 
following seta of values for the constants will make the equation 
identically satisfied: 

(i) c = = 6 =a-d;m = a'; 

(ii) c = 0=d~6 = a + 6; m = a*; 

(iii) a = = (i =c— 6;m=6*; 

{iv) a=0 = d-J = c + d; m = 6'; 

(v) 6 = 0=e-a = c + rf; m = (^; 

(vi) d = = c— = 



These values substituted in the expression for i in terms of 
X give : 



(i) (.«; 



(iv) (. 



(ii) (. 
(V) <- 



(iii) ,-^; 
(vi) ,.?-^ 



respectively; and these form the complete system of values of t 
required. 

120. We now transform the first of the two equations by 
means of each of these in turn and obtain the necessary relations 
between a', y3', 7' and a, j8, 7. Consider first the set of values (1). 
We have 

A!^-^Bx-^C = A'3?-VBx\C' 
so that 



>^', £ = 5', G-C: 



dbvCoogle 
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or, wbat ia an equiraleot set of equations, 

V ■= X" ; f^i' fi"; w* ■- v*. 

When expressed in terms of the constfint elementa, these 
relations are 

(i-»T.(i -•,)•, 

(/-.'-«■.(,-.-«■; 
and (remembering that an interchange of the first and second con- 
stant elementa makes no change in a hypergeometric series), we 
find that these are satisfied hj 

(1) «'=« ^ = ^ 7'=7; 

(2) a'-7-a ^ = y-ff 7' =7! 

(3) a' = a-7 + l ff=:^~y+l ./ = 2-y; 

(4) a'=l-a ff=l-fi 7 =2 -7. 

Since t = x,-j- is unity and therefore u is unity for this value 

of t ; and the particular integrals of the v equation, which cor- 
respond to these four sets of values, are respectively 

fl:*'(l -a:)*'"*''+^-'>^(a. ft 7, x), 
«*'(l-«)*"'-'-''^«F(7-a, 7- A 7. «'), 
a;^-*'(l-«)*'-'''+'-i''i'(«-7 + l, ;S-7 + l, 2-7, «), 
<r^-*'(l-«)*'»-"-''''"j'(l-a, 1-ft 2-7, (C). 

Now these are integrals of equation (2) ; in order to ohtain the 
corresponding integrals of equation (1) we must multiply eadi of 
them by 



^1-^) 



■i(.+fl+l-y) , 



and therefore four particular integrals of equation (1) are 
(I) y = F(a,0,y,^); 

(H) y = (l-«)'— •i'(7-a,7-/3,T,«)i 

(ni) y.'-'Js-fa-^+l.jS-T+l, 2-Y,«)i 
(IV) y - a:""' (1 - «)'-- • f (1 - », 1 - ,8, 2 - T, »). 
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Treating now the relation ( = 1 —a in the same way we find 
other four particular integrals in the forms 

(V) y=-J'(a, A a + ^-7+ 1, 1 -a;); 

(VI) y = ar'"^^(a-7 + l,i8-7 + l,a + ^-T + l, 1-ar); 

(VII) y = (l-<r)»— *.P{7-a,7-/3,7-a-/3+l,l-ir); 
(Vm) y = a:'-''(l -xf "Fil-a, 1-A 7-a-^+l- l-^)- 

And from the relation i = - we have as one particular integral 

(IX) y = <r-ir(«,a-7 + l,a-j8+l,J). 

121. All the particular integrals for the different values oft 
can be found in the nhove manner. Each value of t leads to four 
particular integrals so that there are in all 24 of these. But this 
laborious method of obtuning the remainder need not now be 
adopted ; it is possible to write down, from the nine foregoii^, the 
following fifteen to complete the set. 

(X) j,-<.-'j?(A,3-7+l,/3-a+l,l); 

(XI) !/-«■-' (1 - «)'"•'• f (1 - a, 7 - «, ^- a + 1, i) 1 
<XII) y.i,f-'{l-ty—'F(l-fi.y-$.,-fi+l,^; 
(XIH) y.(l-»)-i'(.,7-A!>-/3 + l,f^); 
(XIT) y.(l-^)-'J'(ft7-«,/3-« + l,l4i): 

(XV) s,.«'-'(l-.)'— '^(.-T+l, 1-AO-/9+1, jlj); 

(XVI) y.«'-'(l -«)'-'-V (^-7+1, 1-a, ;8-a+I, j^) ; 

(XVII) y-(l-,)-Ji'(.,7-A7,^l); 
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(XVin) y = (1 - x) -^ /■ (yS, 7 - «, 7. ^) ; 

(XIX) y = x'^-'(l~x)-'""'F{a-y + l,l-fi,2~y.^); 

(XX) y=x'-^l-x)y-'"'F(^fi-y + l,l-a,2-y,^^); 

(XXI) y~w-'F(a.a-y + l,a+^-y + l.'^y, 

(XXII) 3, = a;-''j'(/S,^-7 + l,a + ^-7 + l.^); 

(XXIII) 2/ = ^-T(i_;^)>— ''j'^_,,Y_«,,_„_^+l,^zl); 

(XXIV) s='^-' (l-*)»— " J-^l-yS, 7-A 7-2-^+1, ^~). 



Relations between the particular integrals. 
122. Let all tliese integrals be denoted by 

y,.y. 'V^'V,, 

the sufBxes and the numbers of the foregoing equations correspond- 
ing to one another ; these quantities y are not independent, for, by 
the ordinary property of a linear differential equation of the second 
order (of which they all are solutions), there is between any three 
of them yx, y^, y, a relation of the form 
t/x = Ay^ + By., 

and we must find these relations for the different combinations of 
the integrals. But certain cases will arise in which either ^ or £ 
will be zero and therefore the corresponding integrals will differ 
from one another only by a constant factor; and these can be 
recognised by the application of the following lemma. 

If there be two solutions of the differential equation (1) developed 
in the same ascending powers of x and both series be converging, then. 
they differ from one another only by a constant factor. 
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For the sake of simplicity suppose one of the solutions to te 
F (», /S, 7, x) and the other when developed in ascending powers 
of w to be given by 

y = A + Bx + Cw'-i- 

Substituting this value of y in the differential equatioD we should, 
by a process similar to that in § 114, find y = ■^^{'^, 0, 7> ic), which 
proves the lemma. 

123. Let us apply this lemma to obtain the particular in- 
tegrals which are equal to y, ; this we shall suppose to be a con- 
verging aeries so that (B<1. Then y, is also a conveiging series 
proceeding in the same ascending powers of a; as y, ; the first term 
in each is unity; the constant factor of the lemma is therefore 
1 and we have 

The next one in the list frhich, expanded in ascending powers of x, 
begins with x" is y, ; if we select from 

F(a.fi,a + 0-y + l,l-x) 
the coefficient of x', we shall find it to be 



(-!)■ 



°(« + l) {a + n-l)ff{0+l) (fi + n-1) 

1.2 n.(a + y9-7+l)(« + /3-T-|-2) (a + ^-y+n) 

F{z + n,0 + n,a-\-0~yi-n + l, 1). 

But in this coefGcient F is converging (and so has a finite value) 
only if 

t + ff-y + n + l-ia + nj-lff+n) 
be positive (see § 1 13), that is, if 1 — 7 — m be positive. Hence 
from and after some definite term the coefficients of the powers 
of a> will be diverging series ; and we cannot then consider the 
series F{a, 0, a + — y + l, l~x) to be converging though ex- 
pansible in ascending powers of a;. Hence y, is not equal to y^. 

Dealing with y,, y,,, y,^, y„, y,, in the same way it will be 
found that the last two alone are converging series at the same 
time as F (a, ff, 7, x) ; and hence we have 

y,=!/^=yi^=y^ (»)■ 

Again y, and y,, y^ and y„ y,j and y^,, y^ and y„ are derived 
from each other by exactly similar transformations of elements ; 
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thus to pass from y, to y, the former is multiplied by ti:^~^, tlienew 
first and second elements being obtained by subtracting the old 

third from the old first and second and adding unity to each result, 
and the new third element by subtracting the old third element 
from 2. This process will be seen to be the same for all and 
therefore 

y.=2'4 = y,.=y» (ii)- 

£r. Prove that 

y* =y* =y.i=yw (i"X 

ffi =y3 =yM=yM {'")> 

y» -yii=yu=yis W. 

yio=yii=yn-yi. (^')- 

124. It thus appears that the 24 integrals can be divided into 
six classes ; and the equal members of these classes we may denote 
respectively by F,, F,, F,, F^, F^, F, corresponding to the above 
sets of quantities in order. It remains to find such relations as 
there may be between these owing to the fact that they are solu- 
tions of the differential equation. 

Now Fj and F^ are converging for those values of a> which are 
less than 1, while F, and F, are converging for those values of x 
which are greater than 1 ; as the former therefore are converging 
while the latter are diverging and vice versa, there can evidently 
be no equations connecting F, and F, with F^ and F,. We there- 
fore must find the equations between any three of the set 
7„ F„ F„ F,; andanythree of the set F„ F,, F,. F,; and it will 
be sufBcieut to have those equations into which F, enters, as, by 
changes of the elements and division by a factor throughout, any 
one of the quantities F could be transformed into F,. Thus 
the equations required will be those connecting the following six 
groups : — 

F., F„ F.; F„ F„ ¥,; F,, F., F,; F„ F„ F,; F., F„ F,; 

Yf y,. JV 

Let the equation for the first of these groups be 

F,= JlfF, + itfF., 
or y, = My, + Ny^. 

To determine M and N the substitution of any two particular 
values of w will be sufficient ; let then x^l and aj = and suppose 

C,q,t,=cdbvC00g[C 



124.] gauss's it FUNCTIOK. 195 

1 —7 a positive quantity so that a;^"" la zero when x = 0; we have 
for these two cases 

l=NFia,$,a + ^-y+l.l). 

To evaluate M and iV we must obtain the relations between the 
series for argument unity, to which we now proceed. 



Introdiiction of Gauss's II function, 
125. The coefficient of x" in 

J (a, A,,.) -J? (a, A, -!,;«) 
is 

a(«+l) (a + m-l)e(P+l) O+m-l) f _ v + m-Il 

1.2 m. 7(7+1) (7 + m-l) I 7-I ) 

a/3 (a + l)(a + 8) (» + »- 1) (/3 + l)...(j3 +m-l) 

7C7-1)' 1-2-3 (».-l).(7+l)...(7 + «.-l) 

= coefficient of as" in , ,. .F(tt+I, j3 + l, 7+I, ic): 

and the term on the left-hand side independent of x vanishes 
so tliat 

F{a.ff,i,^)-F(,,ff,.Y-l,^) 
"»" 
(7-1: 

— - ^#^(«. A7, «)■ 

But from the differential equation satisfied by F(a, y9, 7, x) we 
have 

g'(7-(a + fl+l)«l=a^r-.(l-.)g'. 

Let the value of F (a, yS, 7, x) when a; is made unity be denoted 
by ^|(si, ^, y); the value of -rp when ic is made unity is finite and 
therefore 
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F, (a, ft 7) - .F, («. A r - 1) — ;^ [£]^_, 

or, changing 7 into 7 + 1, we have 
Similaily 

and therefore 

^.("•Al')-^(,+ l)(,-a-«(,+ l-.-(S)^.<'.ftl' + « 
(7-a)(7+l-a)...(T+i;-l-(.)(T-|3)(T+l-ft)...fa + t-I-)3) 

7(7+i)-.fa+4-iXr-«-«(7+i-a-y3)...(r + i-i-»-« 

126. Let 

1 .2.3 

(»+l)(» + 2) (^ + t)~ 

then 

'^' <°' ^' '> - nft,-.-i)n(i,7-/9-i) ^' <"• ^' ' + *'• 

Since 
1 .2.3...&.(& + l)...(ft + ^)=1.2.3...^.(«+l)(3 + 2)...(^ + Jt), 
■we have 
1. 2. 3...t.*-(l.^^)(l +?)... (1 + 1) 

-1.2.3.....(i+l)(^+2)...(» + i); 



126.] 
and 80 



n(fe»)- '■ 



(» + l)(»+2)...(« + i)'' 

"FFRTFI) 

on the supposition that 2 is an integer. From this transformation 
and fiom the original definition alike ve have 



n{k,z + l) = U(k,z)- 



These equations shew that for a given value of z the function 
n {k, z) tends towards a limiting value as k approaches infinity, 
and that this limiting value is finite. As then 11 (00 , 2) is a function 
of z alone, let it be denoted by II (z) ; the last equation shews that 

n(^ + l) = (ir + l)n(^) 
and the former shews that, if z he an integer 

while in any case we have 

n(z) = r(z + l), 
where T (z + l) is the Gamma Function of Euler. 

In the equation giving ^, let k become infinite; then every 
term of the series F, (a, /9, 7 + 00 ) is zero except the first, which is 
unity. If we substitute for II (00 , 7— 1) and the other functions 
the values II (7 — 1), then we have 

Ex. 1. Prom the eipanaion of ( in a serieB of aacending powers ot eial, 
prove that 

n(i) = i7r*. 
Ex. 2. Prove that 

n{-z)n(z-l) = ircoseca7r. 
Em. 3. Obtain the relations 

(i) J',(a,s,,)f,(-«,ftr— )-li 

(B) J,(,^A,)#1(., -fty-«).l. 

L, :.::,,C00glc 
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Ex. 4. Vran that 

.-'*»D'.,n(.-l)n(,-?) a(.-!^') = (2.)«-»n(«). 

(Owai.) 

Determinatwn of constants in the rdatiotui^% 184. 
127. The equations of § 124 now become 
2f. I 

n()3-T)n(»-T) . 

and therefore 

■■ n(i-7)nh-i.-fl-i) n(g-T)n(.-7) 
nc-a)n(-;3) ■^n(a+^-7)n(-7) 

n(7-i)n(7-.-i8-i) 
n(7-i.-i)n(7-/3-i)' 

from vhich with the use of Example 2 in the preceding set it is 
not difficult to deduce that 

„_ n(7-i)n(»-7)n(fl-7) 
n(i-7)n(.-i)n(;8-i)- 

These then are the valuea of the constants m the equatioa 

(i) r.ai/T. + JVF,. 
Similarly, if we write 

(ii) 7,=m,7, + n;y„ 

we shotild find that the values of M^ and JV, are 

V- n(7-i)n(-.)n(-)3) 

"■ n(l-7)n(7-a-l)n(7-i8-l)' 

y_ n(-.)n(-ffl 
■ n(7-a-^)n(-7)- 

It is easy to shew that the following are the four eqaatioos 
oom^>ondiDg to the other four groups in order ; 

C,q,t,=cdbvC00g[C 
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where M - " (7- 1) H (7-. -g-1 ) 
where J",- n(^_, ^1) [I (,_^_1) ■ 

„_ n(7-i)n(.+^-T+i) 
n(.-i)n(0-i) ■ 

whe,» .If n(7-i)n(«-7)n(-g) 

J».-n(i_7)n(,-i)nb-3-i,' 

„_ n(-,9)n(.-7) 

'■ n(.-«n(-7)- 

(v) r,=ii/,F,+j,r„ 

where M " (■/-IjnftS-yl n(-..) 

' ii(i-7)no3-i)n(7-<,-i)' 

n(-.)n(a-T ) 
^'' no3-.)n(-7V 

(vi) r.-Jf,F. + Arr„ 

where Jf n(7-l) n(/i-.-l) 
where ^"."n (/S-l) n (7-«-l) ' 

y n(7-i)n(.-g-i) 
'• ii(a-i)n(7-^-i)' 

It should be remarked that the labour of deducing these con- 
stants need not he repeated for each equation ; each equation with 
its constants can be deduced from the first equation and its con- 
stants. 

128. We now pass to a different set of equations which connect 
any two of the particular integrals and their differential coeflScients. 

It has been proved that, if Y^ and F, be two particular integrals 
of the equation 

then y^._r";_C,-""", 

where (7 has a constant value which depends upon the pair of 
particular integrals selected. In the case when the equation ia 
that satisfied by the hypergeometric series we have 
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7-(tt+j3 + l)3 '_7 I 7-a-y3-I 
^ X{\.-'X) x'^ \-x 

and therefore 

The value of Cin any equation may be determined either by a 
comparison of coefficients of the same power of x on the two sides 
or by the substitution of a particular value of x. 

Example 1. Let 

T,^y,='X^"'F(a-y + l, -y+1,2 -y. x); 

Let each side be expanded in ascending powers of x ; the term 
involving the lowest power of a; in 



' dx ' 
ig — (1 — iy)ic"i'; hence equating the coeflBcients of the lowest 

powers we have 

0—(l-,)-,-l, 

and therefore 

Sxample 2. Let 

Y, = y, = Fitx,ff,a + ^-y + l.l-x); 
Y, = y,=F{a,fi,y,x). 
We proved before that 

y, = My, + Ny^ 
in which Jf and Jfare definite constants. This gives on differen- 



ax ax ax 



■.■,;Googk 
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and therefore 

" ..4 -..|-=-f (.-D-'ci -)'-—. 

from the result of the last example. Now from the values of M 
aad Ijl we have 

a n(T-i)n(-7)n(a+^-T) 
IS' n(i-7)n(a-i)n(;8-i) • 

But n(i-7) = (i-,)n(-7)--(7-i)n(-7). 

and therefore 



if" >~ n(«-l)nC(3-l) • 
an<l the equation becomes 

„''.y, „ 'ii'._ n(T-i)n(»+g- 7) ,s,-.-»-i 

''•(to ''■(fa ll(i.-l)nt8-l) "' ^' '^ 

jEs. Prove that 

''.fa '>i. — n{.-,)n(S-r) ' < ' 

and that 

129. In all the foregoing investigations the quantities a, /3, 7 
have been supposed to be independent, and the series have con- 
sequently retained their most general form; but many important 
applications are made by assigning either one or two relations 
between the three constant elements, or by giving numerical 
values to one or more of them. Such applications (as for instance 
to elliptic integrals) cannot be discussed here; but the student 
who wishes for information on these points will Bud at the end of 
the chapter a list of the more important memoirs dealing with 
hypergeometric series. 
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Special cases of integration in a finUe form. 

130. We pass now to consider some special cases when the 
hypergeometnc series can be expressed in a finite form. 

It has been proved (§ 61) that the quotient s of any two par- 
ticular integrals of the equation 

satisfies the equation 

where / is a function of x only ; and it has been further shewn 
that, from any particular value of a which satisfies this equation, 
the value of the two particular solutions of the former equation 
can be obtained. In the case of the hypergeometric series the 
value of / is 






..(A), 



X, fi, V being definite functions of the constants a, /3 and 7 ; so that 
for this series the diflerential equation which gives s may be 
written 

If then a relation between s and x can be found which is 
expressible in finite terms, then from the formulas of § 62 the 
hypergeometric series will be expressible in finite terms. This 
cannot be expected to occur in the case when the parameters are 
general ; and from the few instances given it will be seen that the 
values of X, fi, v are definite numerical constants. 

There are in all fifteen separate cases, and no more ; for the 
proof of this reference should be made in the first place to the 
memoirs of Schwarz (see § 134) to whom the investigation, in a 
completely different form, is originally due. 

It is convenient to recapitulate here the general formulw of transformation 
of the function {«, x] for the changes of the variahles ; the special eiamples 
given in Es. 3, § 62 are particular cases of the general relations which are 

<->=(S)'i.^-(S)'h^.(S)'i^,^ (0. 

C,q,t,=cdbvC00glC 
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As additional ezampleB we m&y take 



IN A FIHITE FORM. 












...(iii), 
...(Iv). 



Another formula, which will prove u^M, is that which arieea bj aup- 
pc«iiig !"••*; tticB we have 



7-(,7J"^' 



»(9' 



vv *- 



BO that 




{.,. 


-■5?- 


which may 


be written m either of the forma 






(-^..1 


'4 






{<,-■) 


-s^ 


131. 


CiSEl. 







By writing X = « in (i) in the formulro just enumerated 
we have 

{.,.].(«, >,) + (g)'l,,Sli 

by a series of proper substitutions we may pass from this equation 
to the corresponding equation for the bypergeometric series. 
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Firstly, let 

<r-l^«--l. 
°~a--¥l S'+I' 

(., x)-i^, «) + ©■{.. '^;}; 

while by (iii) 

But o- = »" ; therefore 
and thus 

L £11.11 Lz^(^±ir. 

{'• <r + lj 2 W 

Secondly, let 

I'=£r' = l-a;, 

BO that the relation between s and a> is 
Again using (i), we bare 
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Alao, since 
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we have 
and therefore 
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substitutions are made in thi 
;, it becomes 
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This is of the same form as the equation (A) in the general 
case, and is identical with it when we write 

X-l, „=), ^-1; 

and then the relation between a and x is 

f^y.i-., 
v+i/ 

'-(T+iy- 

Now V — (1 — y)', /i' = (a — fff, y' = (7 — a — ,9)* ; then reoiem- 
bering that 7— a — /9 must be positive in order that the series 
may converge and assuming that a is greater than /3 (which 
is permissible), we find 

'-i-L ^-2V ■'-'-l 

If it be desired to have /3 positive, we can change the sign of n; 
and then the elements of the hypergeometric series are 
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And the relation between a and x ia 



The Utt«r gives 



. 1 -(!-»)' . 



u+(i-«)¥ 

while .-l=.<l-«)'«'"'(l + (l-«)')-. 

Now the two particular solutions, when the equation is in its 
normal form, are 

0^-> and Cj,-*a, 

and the relation hetween the dependent variable D in this case and 
the dependent variable in the ordinary differential equation is 

y = vai-irr{l -ar)-*(-+^+l-i'>, 
which becomes 

y = vx~ vl^iS^ (1 — ie)~* 
in the special case. 

Hence the primitive of the differential equation 

is jf=o,«"'(i+(i-./)-+o,{i+(i-.)'r-- 

Moreover on comparing these two particular solutions 

{i+(i-a)V"ftiid x'li+ii-wy}' 

with the set of particular solutions, we find that they correspond 
to I, and III. respectively ; in fut, the lelattODS are 

,■■:■,■, Googk 



131.] IN A FINITE FOEM. 207 

'■{l+i'k' i+;.'}-2-ii+(i-.)V- (I.) 

fl 



the common factor a;"" having been removed from the latt«T, 
These two relations are of course equivalent to one another. 

132. Case II. From what has been proved in the laat case 
it follows that, when we assign the particular value 2 to n, we have 
the relation 

' (.r' + l)" 
aa a solution of 






rir.%, let f (f, + 1) - 1 ; 

then k, fJ-k^^}-rk,fl 



, r(r-t+i) 
-« (l-f)- 



f,'+t.+l 






■.f.!-(f;)'[f<'.f.i-(f,f,i]i 



Secondly, let f , = f/ ; 

then ("'■W-(f;, - - 

Hence C f.l -U.-[|;±^.-^] 
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and the relation is f , = — ^ — . 

Thirdly, by writing f , = ^/3 f „ 
we at once have {a, f,] =3{g, g,) =-S n +3f y 

Fourthly, let <t = s* ; then 



Now 




l:']-{'.A-i^.: 


and 




5/5 ""+1 <'■' 


so that 




1 /iJ^V ISs- 3 
AdiJ (»-+l)- l+Sf.'- 


Hence 




l'-f-l'^dT^- 


and tbe relation 


ia f '■-! 


Fifthly, 


let 


f_f. + l. 


then 


l',f 


* 27 *f. (6-1)' 



"(f.-l)*' 8 ■(E^T)''16(f,' + {, + l)' 

27 r_ 

"8 (f.*-l)" 

and the relation is ?, = ^ . 

»'-2s'V3-l 



Sixthly, let f.-{.'l 
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■"■i (f..f,i= 

Hence [s, f ,.} = 



t I t I 8 
(f.-i)' f." f.(i-fj' 



and the relation is f. = [ ''+ 2«V3-1 "|' 
It therefore follows that a solution of 

"■"-4-^^(1^^ 4-1) ]■ 

in the case when X = J = ^, i* = J, 

. . r /«'+2s'V3-lV 

IS given by x = {- p-= . 

\s*-2s*JS-V 

From this relation the value of s can be found (it is a some- 
what complicated function of x) and thence a'; and this will lead 
to the solution of the equation 

133. Case III. From the two preceding cases a new one 
can be constructed. 

For let, in Case IL, 

Afz 

(ITT?-"'' 

then '^'•'^' (l-xf 

by Case I. ; and so 



W U '(i-«)J 
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Now change * into — 2, so that 



(«-l)' \-i'+2i'j3 + l' ' 



A compariaon ivith the geoeral formula shews that the last 
relation between z and 5 is a solution, provided 

1-J. --I. /—»; 

and therefore " = — /3s=J, 7 = ^- 

Hence by means of the preceding relation we can obtain the 
primitive of 

in a finite form. 

Ex. 1. Shew that from Caae ti. can be derived in a finite form the 
solution of 

Ex. 2. Shew that from Case in. can be derived in a finite form the 
solution of 

Further cases will be found in the KisoeUaneous Examples at the end of 
the chapter. 

It may easily be verified that, for all the examples given, we have on 
taking positive values of X, it, v tiiat 

\+lt+y=-l; 
the case of X+ji+vl is integrable by the simpler method of § 68. See 
Ex. 7, p, 126. 

134, Tor further information on the subject of the hypergeometric aeries 
the following memoirs should be consulted ; 

Qirss, " DisquisitioDBH generalea circa seriem infinitam 

,+ j^,+-jf±i)4w+i)^+ 

l.y 1. '2.y{y + l) 

Get. Werie, t in. pp. 123—163. 

" Determinatio seriei nostrte per tequatiouem diSerentialem aeoundi 
ordinis," td, pp. 207 — 230. 
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KuuHBR, " Ueber die hypergeometrische Reihe," CrMe, t. xv. pp. 39^ 
83 and 127—172. 

ScHWARZ, " Ueber eiaig« Abbildungsaufgaben," Crellt, t, lxx. pp. 105 — 
120; 
"Ueber diejenigen Ftille in welcbea die OaumBohe hypergeome- 
trieche Beihe eine algabraiache Function three vierten £le- 
mentes darstellt," Crelle, t lixv. pp. 292—335. 

Catlkt, "On tlie Schwarzian derivative and the Polyhedral Fimctions," 
Camb. PAH. TVoiw. t. xiii. ; 
in the last of which references will be found to further meiuoira. 

There ie alito a memoir hy Qoursat which may be consulted with great 
advantage — "Sur r&]uation diff^rentielle qui admet pour integrals la s^rie 
hypei^&jmetrique " {Annalet de P^cole nonnale tup&ieure, S^r. it. 1. 1.) — in 
which by developing a method due originally to Jaoobi he obtains the resulta 
of Kummer and Schwarz. 



MISCELLANEOUS EXAMPLES. 

1. Prove that if 
(aI+6>-2aAco3^)-''=t.ii,+2/liCOH^ + 2if,cos20+2J,co9 3<^+... 

then Ar may be written in any of the forma 

(Gam.) 

2. Obtain a solution of the equation 

(A+Bx+Cx^'j^+^D + Sxi'^+ F3/=0, 

as a hypergeometric series ; A, B, C, D, E, F are aupiiosed to be constants. 

(Gausa.) 

3. A function is said to be contiguous to F(a, ft 7, x) when it ia derived 
from it by changing one and only one of the constant elements by unity. Let 

14—2 
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/'{a+l,3,T,ar)bedenotedby/'.+ ; -P(<i-l,ft y,i) by /-,.; imA F(a,a,y,x) 
by F. Then prove the following relations : 

(i) 0.(f-a)F+^,^-fF^^; 

(U) o-(r-"-i)J'+<+-(r-i)-fV-; 

(iy) 0.7(n-(y-S)i|/'-,^(l-i)J'.,.+(,-.)(,-/S)if;j.i 

(y) 0.(,-a-S)/'+o(l-i)/;+-(v-S)^,_. 

(G.U,..) 

4. Prove that 

(I-.j-fhS, ,,«)/■(!-., l-ftl-y,l)-l 

^xF(a, ft y + 1, ^)F(1'<L, I -ft 2-y, x). 



( y-.)(,-W 

(Oauas.) 



6. By changing the independent variable in the diffwential equatJon verify 
the ftJlowing equations : 

(i) ll+s)''F(ic 2. + l-y, ,,,)-*•(., o+J, ,, jj*j,) . 

(G»»,.) 

(ii) (I +3/)'-*-(o, ,+i-ft ft+i j^. Ji-(o, ft Sift jj^j,) . 

(O.U...) 

(iii) *■(«, ft <.+»+!, sin'0.f(2^2S,o+|S+l,irin'|). 

(Kummer.) 

Prove also that, by changing the variable from a:to -&j:{1 + (1- a:)*}-', 

'l,!' e ' 3 .■■«»;-"» "'l^s'T^' T^' oo.'« )■ 

(Kununer.) 

6. Shew that the functions i*. aiid Q„ which are the independent solu- 
tiona of Legendre's equation, may be eipreaeed by hypetgeometric series in the 

n(2n) 
«nCn)n(n)' 



-P-<'-) = .«n&„. g--^ti-«,i-«.£*}. 



the variable x of L^jendre'a equation beii^ connected with { by the relation 
ar =.( + {->. 

(H^ne.) 



c,q,t,=tidbvL.OOgll;' 
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7. Shew that, if the independent variable in Legendre's equation 
restricted to be less than unity, the primitive may be represented by 

where the series, if infiiiite, are convergent. 

(Heine.) 

8. Denoting the series 

'^ Ar ^* 1.2.6.6 + 1.,., + ! ^+--' 
by F I (g'^'^'j . ^1 1 prove that F satisfies the differential equation 



+ {«t-x(<.^+$y+ya+a+fi + y + l)}^-a$YF=Oi 

and obtain two other particular solutions of the equation in the respective 

,.-{(-'7/,t'.,7-r'-)-}- 

Express the first of these three solutions in terms of the other two {see 
§77). 

9. Verify that another solution of the differential equation in the last 

(:-.r *■(("+'• »+'"-^''),4, 

where 3^+1=2(6+1 -a- fi-y). 

Hence derive two other solutions from the result* given in the last quesiioru 

10. The equation 

has a particular solution of the form x" ; determine n and obtiun the primitive. 

Hence express Bm~'x as a hypergeomotric series, 

(Goureat.) 

11. Obtain in a finite form the primitive of 

■'a-)3+*(i-fc)|+'8'y-Oi 

also of 

(Ooursat.) 

C,q,t,z...vdOOglt' 
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IS. Prove that the reUttoD 

_* ( «' + 14»* + l)' 
x-l" 108f*(f*-l)*' 
satUfies the equatiuii 



{s,x) = 



UoDce obtain in a finite toem the primitiveB of the equatioue : 

(li) »(l-x)3+(»-!|.)J-HJ}-o. 

13. Prove that the relaUoa 
Batiflfies the eQuatioD 

Hence obtaui in a finite form the primitives of the equations 

(ii) '(l-^jg+a-H'jJ-Ay-a 



.:,,Googlc 



CHAPTER VII. 
Solution by Definite IsTEGRALa 

135. The priacipal methods which lead to expressions for the 
dependent variable in terms of the independent variable by means 
of what are ordinarily called known functions have now been given ; 
there is however another method which certainly leads to a solu- 
tion of some differential equations though the full evaluation by 
the operations indicated may not be carried out. This method 
consists in expressing as a definite integral the value of the de- 
pendent variable; its chief application in ordinary differential 
equations arises in the case of a certain general class of linear 
equations which can otherwise be solved in series, though not in 
so concise a form. The method is however of primary importance 
in the solution of those linear partial differential equations of order 
higher than the first which arise in investigations in mathematical 

in fact, in some questions these solutions by means of 
ntegrals constitute the only solutions hitherto obtained. 

Here, however, we are concerned with the application to ordinary 

differential equatioca 

136. The method applies with peculiar advantage to linear 
equations into the coefficients of which x enters only in the first 
degree and in which there is no term independent of y or of 
differential coefficients of y ; such an equation, in its most general 
form, is 

C,q,t,=cdbvC00g[C 
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where the a's and 6'a are constanto. This may be written 

where and ^ are ratioDal integral algebraical functions of the 
order n in general, though the order of either may diminish 
through the vanishing of some of the coefBcients. To solve this 
equation we assume 

where Tiaa function of ( bat not of x; the form of this function 
and the limits of integration (supposed independent of it) are to 
be determined by aubstituting this proposed value of y in the 
differential equation. Since 



the result of the substitution may be expressed in the form 

which must be identically satisfied. The former of the terms, on 
being integrated by parts, is replaced by 

and therefore the identity becomes 

K*{()r]-K[|(*(i)ri-t(()r]<ii.o, 

the first term being taken between the limits of the integral, aa 
yet unknown. Now this will be satisfied, if we make 

for all values of t included within the range of integration, and 

[«■',> (<)r]-o 

at the limits. The former of these equations determines T aaa. 
function of * ; the latter will determine the limits of this assumed 
integral. 

C,q,t,=cdbvC00g[C 
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137. To derive the value of 1 we write the first equation in 
the form 

|l*«)J']-*|*(«)i'=o, 

and therefore 

where ^ is an arbitrary constant. Hence ^ vaXv^ ofy is 

taken between limits of integration defined by the equation 

4 [.-/:!!«]. 0, 

these limits being independent of x. 

138. We have now to determine the limits. Consider the 

equation 

where /i, is a constant. Let j8, be a value of ( independent of a; 

and satisfying the equation; let ft^ (l^ be other constants and 

/3,, . . . , y9^ be corresponding values of t, all independent of x. 
Then if the value 



= A^ f'e^Tdt + A^pe^ Tdt -f 



be substituted in the equation and if for each of these definite 
integrals (T being assumed to have the value before obtained) 
a single integration by parts be effected, as in the preceding 
analysis, then that the equation may be satisfied we must have 

A,[^*!Z'']\A,[f*^>'']\...^<,; 

and when this is identically satisfied the foregoing value of y is 
a solution of the equation. This last identity will indicate such 
necessary relations as may subsist among the arbitrary constants A, 
and so will fi^ the number of independent constants ; when this 
number is the same as the order of the differential equation the 
foregoing value of y is the complete integral, but if it be less the 
necessary number of particular integrals to make up the complete 
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iotegral must be otherwise determined. Examples will be given 
hereafter, 

139. This is the most general method of obtaining the limits ; 
it includes as a particular set the limita obtained b; taking those 
roots of the equation 

which are independent of x ; they obviously make 

and they are usually the simplest obtainable. When this equation 
indicates only two limits distinct from one another, these will 
give the only definite integral immediately derivable in such an 
example. If, however, more than two, say r+1, limits be indi- 
cated, then r particular integrals may be constructed ; in fact, 
denoting these limits by a, /9,, j9„ ... , ^,, we obtain as the cor- 
responding solution 



y^V{^,fVrd(l. 



Ex, 1. To applj the foregoing to obtain the general integral of the 
equatiou 

Here we have with the above notation 
and therefore 

or, changing the sign of the arbitrary constant, this is 

while, in accordance with the general rule, the equation determining the 



Now this is satisfied by(=ijc when ii ia zero and by (=0 when fi= -Ay, 
hence we may take as the hmits of the definite integral and oo. The 
integral thus becomes 



C,q,t,=cdbvC00g[C 
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It must be notioed that, just aa in the general case one of the definite 
int«gTalB alone was not a solution of the difierential equation, so this is not 
a solution of the equation since the terms outside the integral are 





=a[-."-»-^']: 




=A 


instead of zer 


0. This value of y is therefore the Particular Integral of the 


equation 


tl...^A.. 






xy-\-A^. 



Now the quantity T dues not change, if for t we write at, where to is a 
root of the equation 

moreover the limits of the definite integral are unaltered since in the equa- 
tion determining those limits the term xt in the exponent has changed into 
xiU which, BO far as this equation is concerned, is the same as changing x into 
xn, a change whioh has no efiect on the limits since thej are independent of 
X. Hence we have another definite int^ral in the form 



•'/:• 



d{at\ 

or, when the w is moved outside the sign of integration, it u 



'./:•■ 



Formicg now these definite integrals for aU the (m + l)* roots of unity 
and adding them together we find as the expression for y, which has to be 
substituted, 

y=Aj e "-^^ dt+mA, e "*' dt+ +»".l, I « '+^ dt. 

When this value is substituted, as in the general invest^tion, the terms 
which are under the integral sign vanish identically and that part of the 
expression taken between the limits, which is furnished by the integral in- 
volvii^ Ar, is Ar ; hence the resulting equation, when this value of y is sub- 
stituted in the difierential equation, is 

Aa+Ai + +A^=0. 

If then this single condition be satisfied among the n-|-l arbitraiy con- 
stants, the above expression for y is the primitive of the differential equation 

c,q,t,=cdbvL.ooglc; 
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Ex. 2. Pron that the nbore expression for y is the primitiTe of the 
equation 

provided the constants A aatiafj the conditioa 

Ja+Ji + Jj + +A^=a. 

Ex. 3. Prove that the primitive of the equation 

is, for positive values of ;>:, gives bj 

Obtain the corresponding primitive for negative values of x. 

(PetzvaL) 

Ex. 4. To solve 

where a and q are constants. Here 

^(()=("-3« and +■(()=<«. 
so that 

Hence the integral of the equation is 

tolcen between the limits given by 

[rf«(i'-j')i-]-o. 

To obtain the limibs, write 

(^((»-9*)*«=0. 
and suppose a positive ; then two roots of the equation are given hj 
t=+q and (= -q. 
If now X be restricted to positive values, a third root is given bj 

»=-co, 

while when x is negative a third root is given b; 

C,q,t,=cdbvLnOOglC 
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Aa in either case we have three values given bj the limits equation we can 
construct two distinct partioulfo- solutions, and so have the primitive. Thus 
when X ia positive the primitive is 

while, when x is negative, the primitive is 

Ex. 6. Yerif J that, when a lies between zero and 2, the primitive of the 
equation is 

unless a be unit}', in which case the primitive maj be written 
4+Blog(«8in*^!rfA 



= r^'^'{A+ 



Ex. 6. Obtain bj means of definite int^rals the primitive of Beasel's 

140. The forgoing general linear differential equation is one 
with variable coefficients which are of the firat degree in the 
independent variable ; and the definite-integral solution was ob- 
tained by means of a linear differential equation of the first order 
determining the unknown function T. It is not, however, the 
only type of differential equation to which the assumed form of 
integral is applicable ; it is, in fact, a particular ca^ of a more 
general process, indicated by the following proposition. 

The solution, by means of definite integrah, of the general linear 

differential equation of the a^ order, whose coefficients are not con- 
stant butfv/nctions of the independent variable of degree not higher 
than m, can be made to depend upon the solution of a linear dif- 
ferential equation of order not higher than m, the coefficients of 
which are variable. 

This proposition we proceed to prove. Let the differential 
equation be denoted by 

JC.??+^.-,S + ^.-.?S+ + x.f + x^.o. 

'dx " 'dar ' " 'ttc" " 'tta: 
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where X, (for &I1 ralues vS. the suffix r) is a function of x only, of 
degree not higher than m, given by 

X, = o, + 6^ + c^+ +it^"'+i^, 

while for some values of r some of the coefficieut« of the highest 
powers of x may vanish. Taking as the particular solution the 
same form as hefore, we write 



y = l^TAt 



with the limits as yet undetermined, and T an unknown function 
of (. Now this value of y gives 



%-[ 



fTtTdt; 



and therefore the equation, when this expression for y is substi- 
tuted in it, becomes 

|e"r[f^. + r-x..,+ +(X, + xjdf=o, 

which must be identically satisfied. Rearranging the expression 
rX,+ (""'X,_,-|- + *Z, + X^ 

so that it may proceed in powers of x, and writing 

a,C + «,-i('''+ +aJ, + a, = U^, 

V + ^— !*"''+ +6it + &, = t^,> 

we transform the above equation into 



de is the sum 



Now the left-hand side is the sum of m + 1 integrals of the 



:,q,t,=cdbvCoOg[c 
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and each of theae can be integrated by parts until the variable x 
ceases to occur except in the exponential. Thus we have 

the part without the sign of integration being taken between the 
limits of the integral, as yet undetermined. Denoting the ex- 
pression 

by V^ for all values of r except zero {in which case no integration 
by parts is necessary) and applying the foregoing formula to each 
of the definite integrals on the left-hand side of the equation, we 
change the equation into 

+H^^--|<^^'>+l<^^->- ^i-ir§.(TuJ\dt=o. 

This will he identically satisfied if the unknown function T be 
chosen so as to satisfy the equation 

for all values of t between the limits of integration. These limits 
must be determined by 



re"'s'nl= 



Now this equation determining T is linear with variable co- 
eflScients, and it is of the order m, hut may degenerate to one of 
lower order ; when it is solved, a definite-integral solution of the 
original equation is derivable. 

Hence the proposition follows as enunciated above. 

Since the equation which determines T is of order m, it will 
have m independent particular solutions ; these may be denoted 
by 3",, r„ , r„. Corresponding to these there will be m 
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particular aolutions of the original equation obtaiaed by sub- 
stitutiDg for T in 

these m values in turn. 

141. Id the case when m = 2 the equation which determines 
Tbecoines 

or, what is the same thing, 

The following are some of the special cases in which this 
equation can be integrated very simply. 

(1) When the coefiGcients a, b, c are such that the equation 

rf'tr. dU, , 

is satisfied for all values of f ; in this case the value of T is easily 
proved to be 

(2) On multiplying the equation throughout by U^, we can 
rewrite it in the form 

fdU, su, „\„_„ 



dtV- dtl ' -dt "•{dt 

I of wbicb is a perfect d 



the left-hand side of which is a perfect differential if 
d.rrrr._rTfdU, d^U, 

that is, if 



* df ' dt 

If the values of a, b, c be such as to make this an identity, then 
the value of T is given by 

'at ' ' 

C,q,t,=cdbvG00g[C 
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which leads to the result 



Te-l9.".Al-*e-l9.'' + B. 



(3) When the equation in Tia reduced to its normal form by 
the substitution 





Tu,.-il9;"=s, 


the new equation is 






f+«.o, 


where « - 


?f-i(?/f-ii. 



An integral of this equation is at once obtainable when ® 
vanishes, i.e. when 



rJ.u.-iU'-iU.-li^f). 



Further, immediately integrable cases are fnrnished when © is 
a constant, or is of the form' \ (e +ft) "', or of the form X (e +/() ''. 

Id any case, whatever be the relations among the constants in 
the functions IT, the solution of the equation determining T is of 
the form 

while the equation giving the limits of the definite integral is 

which is satisfied by the values of t, it any, common to 

2'=0and^=0. 

at 

Ex. Integrate, by meaua of a defiiiite integnil, the pquiitioii 
where /i ia a constant. 
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142. Another Bet of equations to which the method of solution 
by definite integrals can be applied is the set derived from 

for different values of n. To solve this we assume 

where t denote an unknown function of x alone and Pan unknown 
function of p alone, both of which functions, as well as the limits 
of the integral, have to be determined. Differentiating the value 
of t/ twice and substituting in the equation, we find 

Choose the unknown function t so that 
/dt\' 



m 



= \x': 



and suppose that X is positive and equal to c*, so that the differential 
equation is 

Then the equation which determines ( is 

^_ i" 
and therefore 

* = 1-4-1 '="" = -*". 

i?i+l m 

if m denote ^n + 1. Hence we have 

Idt^m 1 d?t ^ m{m-l) 

tdx X t dx'~ a? 

Let the equation involving the integrals be multiplied through- 
out by x^lmt ; it becomes, after a very slight reduction, 

>» /e'^ (i>* - 1) Ptdp - {m - 1) je-'' Ppdp = 0. 
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Integrating the first term by porta, we have 

Now this will be identically satisfied if we make 

»^|(y-l)pj-(m-l)ii, 

for a'J values of p included between tha limits of integration 
defined by 

[e-^{p'-l)P] = 0. 

The former equation serves to determine P as a function of j> ; it 
is of the first order and linear and its solution is 

P = A(p''l) ="», 
A being an arbitrary constant ; and the equation which gives the 
limits is 

[e-«lj,'-l)^]=.0. 

The latter equation is satisfied by p ■■ oD , and by p = ± 1 provided 
the exponent of p' — 1 is positive; this requires that m should 
either be positive and greater than unity, or be negative, and 
therefore that n should not lie between zero and ~ 2. Assuming 
that this condition is satisfied, we are in a position to construct two 
definite integrals ; these are 

I e~'" (p* — 1) '"" dp, 

and I e^ip'-l)"^ dp. 

The former of these is equal to 

j^e-^ip'-iy^dp-hj^^e-^ip'-iy'" dp. 

= _fe-"(p'-l)""*"« dp+j e'^ip*- 1)"^ dp, 
= j (e'' + e-«)Cp'-l)""^dp. 



228 APPLICATION TO THE [142. 

Hence the primitive may be represented by 

substltutiDg for t we have 

y = Af (1 -p')"i^+* coah (^^ a*»+i) dp 

.» ^ l.n _ •>+* 

+ Bi e"»'* (p'-l) '"+*dp. 
as the primitive of the equation 

for values of n not lying between and — 2. 

Ex. Prove that the primitiTS of the same equation may, with the eame 
conditiona applying to n, be given iu the form 



y=Jvj\l-p=r^^*cosh (|f2^*")rff 



(Lobatto.) 



143. In order to obtain a definite integral whicb shall satisfy 
the differential equation of the hypergeometric series we assume 



1/= 1(1 — vx)" Vdv, 



where V is an unknown function of v only and m is a constant ; 
the form of V, the value of m, and the limits of the integral have 
to be determined. From this value of y we at once have 

g = .»(m-l)]'.T(l-»)— *: 
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SO that, when these values are substituted in the equation 

»(i-«)g+fr-('+^ + iwg-«/3j-o, 

it becomes 

JV{1 ~ vxy-* [m (m - 1) u'ic (1 - a) - mv (1 - wj;) {7 - (a + ^ + 1) x] 
-a^{l-vxy]dv = 0. 

The coefficient of 3^1? within the brackets is of the second degree 
in m, which is as yet an undetermined constant; let m be so 
chosen that this coefficient vanishes, ao that m is given by 

- m (ni - 1) - m (a + /3 + 1) - a/3 = 0, 
or m' + m(a + ^) + a/3 = 0, 

whence m may be taken equal to either — a or — /S. As the 
differential equation is unaltered when a and yS are interchanged, 
either of these roots may be taken ; we shall take 

and then, substituting this value, we find that the equation 

Jf (1 - ra:) —^ [a (a + 1) »»a; + «« {y - a; (a + /9 + 7 + 1)} 

-a^(l-2t.a;)]dr=0 
must be identically satisfied. Rearranging the expression within 
the brackets under the sign of integration and dividing out by the 
factor a, we transform the equation into 

[fO ~ va;)"""' (fl-\-\)v{v- 1) xdv 

Integrating the first term by parts we have 

- F»(l -.)(!-»)— ' + /(l-..) — '|;|.(l-.)F}*,, 

and therefore the equation becomes 
-[7«(1-.)C1 -»)-—] 

+|(i-»)— ■[|j.(i-.)r)-(/3-n)i']<i.-o. 



vil-v)V] = {^-Vy)V. 
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Now this will be identically satisfied, if we take as the equation 
to determine V 

and aBsigD, as the limits of tlie proposed integral, values of v such 
that 

[Vv(l-v){l-vx)—-^] = 0. 

To Bolve the former equation, we have 

Hence v{l -v)V''Av^(l- v)y-'^ 

where A is an arbitrary constant ; and the equation determining 
the limits is 

lrf(i-,y-'(\-mr-']-o. 

which, on the supposition that ,8 is positive and y greater than 
/9, is satisfied by ti = and v = l. It therefore follows that 
the equatioti of the hypergeometric series is satisfied hy 

y - -^ j^"""' (1 - vy-^-^ (1 - !cv)-'dv, 

provided ^ be positive and 7 greater than (8. 

It is easy to shew that, when (1 — xv)~* is expanded and the 
coefficients of different powers of x are evaluated, the resulting 
series is a constant multiple of the hypergeometric series, this 
constant factor being 



-i/V-'fl-ry" 



li4. If now we change the independent variable from at to 
I- X, the corresponding form of the differential equation is 
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A solution of this equation (and therefore of the original 
equation) is, from the foregoing analysis, given by 



y = BJ /-I (1 _ v)--' (i-xv)~' dv, 



provided ^S is positive and a + 1 greater than 7.. If the conditions 
of limitation of the parameters be satisfied, the primitive of tbe 
differential equation of the hypergeometric aeries is given by the 
sura of these two distinct solutions. 

Me. 1. Obtain ia terms of definite integrals the complete solution of the 
equation 

(see &;. 2, p. 211). 
£x. 2. Prove that, 
(i) if {3 be positive and a + 1 greater than y, then a aohition is 

y^f'" u''-^(.l-uy-l'-\l-;^)--du; 
(ii) if y be greater than /Sand less than a+1, then a solution ia 

y= r i*^-\l-li)*-^"^(l-a:a)-''d«; 
(iii) if r be greater than ^ and a less than unity, then a solution ia 

(Jacobi.) 
£x. 3. Obtain the complete integral of the equation 

(where x'+ie=l) in the form 

y=-l p(l-:i;BinS^rlt^ + Sp(l-ysin**)-*d0; 
and of the equation 



Q the form 



y=aw'rj psin«^(l-:train'.^)"'d0+5 Pein!*(l-yain*^) * d^, 
3f being the same as before. 
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MISCELLANEOUS 


Solve abo 






(1) iryg+4yg+,.o, 




(ii) to?2-*'£+»-°' 




(iii) i.^g±iJ.,.o, 




fivl 4xx'-X4-4l3/-x'\^4: 



Ex.4. Provethat,if»+l be positive, then 



Bolution of Legendre's equation ; while, if n be negative, a solution is given 



145. Thia chapter contains onl; a slight sketch of the method of solution of 

differential equations by means of definite integrals ; the reader who wishes 
for fuller information on thia part of the subject should consult two authorities 
in particular. By far the moat important is Petzval, Integration der linectrea 
DiffererUialgleichungsn ; the parte dealing with thia method are §§ 2^-5 of 
Section ii. ; §§ 19—22 of Section in. ; §§ 10, 11 of Section v. The other au- 
thority is Edler, Intt. Calc. Int., toL ii., c. i. ; this work, however, labours 
under the disadvantage of aaauming the form of the solution first and then of 
finding the differential equation satisfied by it. There are two other a 
which might also with advantage be consulted; one by Lobatto, Crelle, 1. 1: 
p. 363 ; and one by Jacobi, Crdle, t. IvL, p. 149. 

A lull discussion of the sdution of linear differential equations by me 
of series and of definite integrals will be found, together with i 
examples, in a aeries of separately published memoirs by Sfitzer. 



MISCELLANEOUS EXAMPLES. 

1. Int^rate completely the equation 

2. Prove that the primitive of the equation 



ia given by 

where the upper sign is to be taken if j: be positive aadthe lowerif aibenega- 

(PetzvaL) 
3. Prove that the equation 

has an integral given by 

and that an integral of 



-r-'-' 



the minus or plus sign being token according as ^ is positive or negative. 

Obtain the primitive of each equation. 

(Petzvai.) 

4. Inveatigata the primitive of the equation 

in the form 

y=A f*coa((a^sin*)cos "(^rf^ 

+Ri! p' cos (ftC 8in (^) cos" if, rf^, 
for values of m not included between - 1 and + 1. 

(Kummer, and Lobatto.) 

5. Shew that a particular solution of 

d^ „ _njft+l) 
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tuul that it j>»rticuUr solution of 



y_j*+i 1 (a*+i^-"-icoaai'rfit. 



a Shew that the equatJMi 








£5 


5=.|.^-., 


is aatiflfied by 


-/: 




:+(„)<&, 


where fWifl given by 


^^'-- 


'+«■ 


Hence from the solution of 






deduce that of 




2=-^- 




7. Verify that 









Ih b. partioular integral of 

g-4„>^-.,.}.-«',-i. 

8. Shew that when the coefficients of tiie differential equation 

(aa+V)3+('»i+V)J+K+V)y=0 
aatiefy the condition a,b^ — o^j = 6,^, the solution will he 

where (T, = JjuS +6,m + 6,,, 

and log(Fir,)~J°''''+^'"+'^rf«, 

the limits being given by 

"■) 



:,.....coS"gr" 
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9. Prove that equations of the form 

may be reduced to the form 

of § 136, by the substitutions ^=(andy=<*z! and shew that i is detennined 
by a quadratic equation. 

(PetzvaL) 

10. Prove that the particular integral of 

(a+tt,)(i+»j) (&+aO^=/(:^), 

where a denotes j;-j- , is 

If^ffP /(^*» fl,^:) tf,"'"' tfj*^"^ 0^-~^d8id$i dfl,. 

1 1. Prove that the definite integral 

I Tm^-' (1-m)*-^""^i>1'"^ (1 -r)'""!""^ (1 -mivydu di> 
in, when tf > 3 :> and e ::- y > 0, a solution of the differential equation 

Give in the form of definite integrals the primitive of this equation, 

12. The primitive of the equation 

3+8X^=6 

* Jo(u'+X)' /9(»'+X)*^ 3^{v?+\)*^ J_«(„s+X)i' 

where a, |3, y are the roots of 

w'+A=0, 
and the arbitrary constants are connected by the single relation 
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13. Prove that the deSnite integral 

HatislieB the equation 

(Poi.«>n.) 

14. Prove that 

P being Legendre's fimction. 

(G. H. Stuart.) 

15. Obt^n, b^ means of definite integrals, the primitive of the equation 
where a and c are constants. 
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CHAPTER VIII. 

Obbinaey Equations with moee than two vajuables. 

146. It has already appeared that in some cases, though the 
integration of separate terms of a differential equation would in- 
troduce new transcendental functions, the solution of the equation 
as a whole can be expressed in terms of purely algebraical func- 
tions. Thus, for instance, the equation 

can be integrated in terms of the transcendental functions arc sin x, 
arc sin y ; but there is an integral of the form 

«a-y')'+!/(i-'t')'-o 

which is equivalent to the other. We are thus naturally led to 
enquire whether other cases exist in which such an algebraical 
relation between the variables of the integrals of functions can 
be obtained when the integrals themselves cannot be evaluated 
without the introduction of new functions. The case next in 
point of simplicity, which furnishes a similar example, is that 
usually known as Euler's equation, in which the object is to 
find the integral algebraical relation between x and y which corre- 
sponds to the equation 

where X = a + bx + cx^ + ex* +/»', 



238 euleh's equation. [146. 

To iDtegrate thia we assume 



auJ 


"di y-x' 


so that 


dt «-y' 


and therefore 


dp F'-it 
dt x-y ' 


A second differentiation with regard to t gives 



(fy_ 1 fl dTdy 1 iX dx) Y^-X^ ldi: dy\ 
dff « — y\^Y^dy dt gjji dx dtj (a: — y)' V3( dt/ 

1 (,<fr,,dX (F'-j')(r' + Z>) | 



- 6- c (« + i/)-e(«" + ay + /)-/(«■ + «■]( + «/+ y^l, 

the last four terms ioside the bracket beiog the value of . 

8 y-x 

Kearraugiug and collecting terms, we have 

"f-(iZryj-ii'(-'^-^!' + !^^*yi'^-'^!'-'^ + !^'>}- 

-»«+//>■ 
If we multiply by 2 --^ and integrate, we obtain 

(D'-^+ZZ + c, 

dp 



or substituting the value for - 



^.^=^=C+e{x + y)+/{x + yr, 
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an algebraical relation between x and y, though the separate 
integrals require for their expression elliptic functions. 



Ex.l. 


Prove that another 


integral of the equatic 










%-« 


i. 


n 


-^}'-^ 


^0^' 


+ %(:C+y) + 6 


andverifjthe theorem 


.of§12i 


a this 


case by shewinj 


Ex. 2. 


Prove that 


. an integral of 










d3! 


■■% 



Express in an integral form the relation between ^ and x given by 
(!-»•)' {1-3'}' 



Ex, 4. Shew that the primitive of 



-. = 



may be exhibited in the form 

(.(l-j)(l-X,)}'+|,(l-;.)(l-X»))».X(l-X«y), 
where A is an arbitrary constant. 

147. There is another method of proceeding, due to Cauchy ; 
it is quite different from the former. 

Consider a general equation between Ibe two variables of the 
second degree of the form 

where X^, X^, X„ Y„ Y^, Y^ are all of the second degree, the first 
three in x, and the second three in y ; thus if 

Z, = a^^ + 2a,x + a^ 

Z, = h^^ + tb^x + 6,. 

Z, = c,a^ + 2c,a: + c,. 



-, = 0, 
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we should have 

F, = ay + U^ + c,, 
Y, = a,y* + 26 j^ + c., 

Theo the ratio oi dy -.dx is given by 

since m = F.ic' + 2 F,a; + F, = ; similarly 

and therefore 

(Jf.'- J,X,)* (F.*- F.F,)*" 
a diEferential equation the integral of which is u = 0. 

Now since Euler's differential equation is symmetrical with 
regard to w and y, it is necessary that its integral w = should 
be symmetrical with regard to x and y in order that the pre- 
ceding analysis may apply to the present case. In order that u 
may be symmetrical, we must have 

bg = a,, Cj = (t,, Cj = fe,, 

and X^ — X, X, is then the same function of x that Y^ — Y^ Y^ 
is of y. In order to obtain the integral of 

where X= a + 6j; + c-c' + ex" +/x*, 

and F is the same function of y, we must make X and 
X,' — X, X, the same. The comparison of their coefficients will 
give four equations to determine the coefficients of w ; but in 
u there are five indepeDdent constants (there were originally 
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eight as any one can be made unity, but three equations necessary 
for symmetry are satisfied) and therefore one will remain undeter- 
mined and so arbitrary. ■ These equations giving the coefficients are 

-guC, _ 4hJ>^ — 2 (a,Co + g/, ) _ 46,6, — 2 (a^c, + o,e,) _ 6,' — a,c. 



/ 

_ 4 (i,' - afi^) - (a,c„ + a„c, - 26^6,) _ 
c ' 

when the values of the determined coefficients are substituted 
in u, the equation u = i) contains one arbitrary constant and is 
thus the complete integral. 

Sx. 1. Prove that the priioitive of 

^ , + ^ 

where — 2 g ^ . 

Ex. 2, Verify that the primitive of 



(l + cfj^J^' + a,^)' {l+a^f+a^)* 

is Ai{^+f)+SA^=l+a^% 

where A^~a^=A^+ajAj. 

(Cauohy.) 

Chap. Jtiv, of Cayle/a "Elliptio Functions" may be consulted with 
advantage. 

148. If instead of a single equation between two variables, 
the relation between which is expressible in an algebraical form, 
we have a system of n— 1 equations between n variables, we may 
without integration of each integrable expression represent in an 
integral form the dependence between the n variables in the 
shape of an algebraical equation ; and as this equation is obtained 
by an integration it must contain an arbitrary constant. The 
process made use of in order to derive it in the general case will 
be seen to differ materially from that adopted in the particular 
case of n = 2. 



QBWEBALISATION OF 



[148. 



Let the differential equations be 

%^%- 

ij* xy 






~^dx 



+ ^^^1^ 



x'~'dx, x' 'dx 

^r "^ "^:' 

in which 

X^ = A^ + A,x^ + A^^ + + A^_^x 

for all the auffisea /t in the system. Let 

/(«)-(a.-.,)(.-^,) («-».); 

and Jet f (x^) denote the value of v. when in it, after the in- 
dicated differentiation has taken place, o:^ is substituted for x ; the 
value 6f /' (a;^) will therefore be 

(x^-x^) (oT^-a:^ (ic^- aij. 

the vanishing factor x^—x^ being absent. Solving now the above 
system of equations in order to obtain the algebraical ratios of 
the quantities dx^, dar, j<^«i we find 

X* X* X,* ' 

Let the oommon value of these equal fractions he denoted by 
dt, so that we have 

d^_ X^ da;,^ X,* 

dt /(xy dt fix^ 

and Bo on. 

The first of these gives 

(dxy _ X. 
[dtj'inx,)]'' 

and therefore, after differentiatioD with respect to (, 

dt df &»,U/(»=,)rJ<ji+3;r,Li7>3r"J"s"^-; 
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But since 

/w-(«.-«',)(«,-«.) K-^'j, 

we kav8 yi-^ ' {/■ (,J) . -=1- , 

and therefore ^— . „ '.„ a . ,, , ',,, . 

provided /. be not unity. After substitution and division by the 
coe£Bcient of -^ on the left-hand side, the equation becomes 

d^x, , 8 r X "I . X 'X ,♦ 1 , X,'X ,' 1 



8 1- X. 1 X.'X. * 1 

«8«. Li/(«,)rJ+/(«.)/ w.,-.. 






Similarly 



8r X, 1 
''■Li/wi-J"* 



rw/'w^,- 



and 80 for the others, makiog n in alL Now let the n left-hand 
Bides of these equations be added together ; the sum will be equal 
to that of the n right-hand sides. It will be seen that in the latter, 

when in the r"" expression a term „ ■ , '. J, - , enters, then 

in the s"" expression a term ., , f T^ , . will enter, and 

the sum of the two will therefore be zero. All the terms con- 
taining these fractions will for all values of « and r dis- 
appear; and thus we have C ooolt' 



lOoylc; 
1^2 
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i^(^,+X, + +„J= ' [^^1+ '[^1^] + 

We shall afterwards denote a;, + jc, + +x^hjp, so that the 

left-hand side is 2 -^ . 

149. We can obtain another value for the expression on the 
right-hand side. Let X denote the same fiinction of jr as X^ of a;,, 
and let 

X 

be expanded in partial fractiona Since X and [/(ic)}* are hoth 
of the degree 2n, there will be a term independent of Xj which 
will be A^; and so we may write 

Y>. .■,. = A^+ — *- + ' -H H s- 

\f(x)] "" IT — (C, X — X^ ^"'"'n 

G, G, G, 

-1-7 ^ + > - ' - ■;■ + + 7 *-^. 

{x - X,) (x -x^ {x- xj' 

Multiplying up by (a;- «,)' we have 

■ , f, ,j,' = C, + 5, (a; — icj + terms mtdtiplied by (a; — x^, 

or dividing out by the common factors in the numerator and the 

denominator on the left-hand side we have G^ + B^(x-- x,) + terms 

X 
multiplied by (x-a,y=-, t^t r^ -. r-,. 

If X be put equal to x^, the left-hand side becomes C^ and the 
X, 

i/'(^.)r' 



right becomes . -, . ' ., , so that 



The right-hand side of the equation in the form last writ- 
ten does not involve x,, and its partial diflferential coefficient 
with regard to x^ is therefore zero; since the two aides of the 
equation are identically equal, zero must he the value of the 
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partial differential coefficient of the left-hand side with regard to 
IE,, and so we have 

=-* — Bj + (a; — iBj) ^ + terms involving (a: — icj = 0. 

This is true for all values of a;, and therefore 



.ir ^ 1 

expressions for the othe 



with corresponding expressions for the other quantities B. Hence 

= B, + B^+ + B,. 

Let the equation expresBing the resolution into partial fractions 
of the expression considered be multiplied throughout by {/{"')]* ; 
and let the coefficients of a;*""' on the two sides of 

be equated. None of the terms involving the quantities can 
furnish terms of so high a degree, since each begins with a^"* ; 
each of the terms involving the quantities B begins with a^"', 
and the whole coefficient from this series of terms is therefore 

-B. + B,+ + B,. 

Since 

f{x) = {x~x^{as — x^ {x — m^ 

= 1^" — a!""'(a;, -l-aij-t- + 0+ lower powers of a; 

= 0^ — pa^'* + lower powers, 
the coefficient of a?^ in A^{/{x)}* is -2A^. That on the 
left-hand side is A^_^ ; and therefore 

^*.-. = -2^,.P + A + -B,+ + B, 

L:,.rz>.:.vC_.OOglc 
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where £ is an arbitrary constant. But 



t=^+t- -^ 








and therefore the integral hecomea 




7w*/^ + +^^,}-.^+^.(^+..+ 


■+".}' 


+-i.-.(«,+ »^,+ - 


+ '>'J- 


£r. 1. Prove that an integriil of the equationB 




*^.''»4-*-0. 








where 

and F and Z are similar fimctionB of y and 2 is 

where (7 is an arbitrary constant. 

(Richelot.) 

.2ur. 2. Deduce a second integral of these equations in the form 
I (*-y)(y-^)(^-*) j- 

(Richelot.) 

The theory of these and kiadred equations cannot here be carried out to 
the limits of its present development, as it soon ceases to belong exclusively to 
difibrential equations and merges into the general theory of transcendental 
functions. The reader who wishes for a fuller development on the lines of 
difflrential equations than can be given here will find a paper by Bichsu>t, 

L;,q-,:...vC00g[C 
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Crelle, t niii, pp. 354 — 369, yery useful; and he would do well to consult the 
following papers bj Jacobi, 

Crelk, t. is., pp. 394—403 ; 
txiii, pp. S5— 78; . 
t uiv., pp. 28—35 ; 
t. mii., pp. 220—236, 
all of which are contained in the second yolume of his collected works. 

For the higher parts, chiefl7 in connection with the theory of transcen- 
dental functions, the memoirs of Abel shoold be consulted. 



Toted Differential Equations. 

150. The differential equations witli which we have hitherto 
had to deal have been, except in ^ 148 and 149, such as include 
one dependent and one independent variable; for the future we 
shall consider those which include more than two variables. These 
may be divided into two classes, one in which only one dependent 
variable occurs, the other in which only one independent variable 
occurs. In equations of the former class we shall have the partial 
differential coefficients of the single dependent variable relatively 
to the independent variables ; these are called partial differential 
equations and will afterwards be discussed. In equations of the 
latter class we shall have the differential coefficients of the several 
dependent variables with reference to the single independent 
variable (which may be either expressed or implied) ; these are 
usually called total differential equations. 

Now if we have an integral equation 
(a;, y, s) = G, 
where C is a constant, we may suppose that x, y, z undergo slight 
variations dx, dy, dz, which we know will be connected by the 
relation 

or, if we assume that x, j/, z are all functions of some variable t, 
then 

dx=^r-dt, dy = -f:dt, dz=^n dt; 

at " at at 



and the foregoing equation becomes 

90 d^ 9^ dy 30 d« _ „ 

dx dt dy "31 ds dt ' -.....^CooqIc 
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These two are equivaleiit forms; the form usuaUy adopted ia the 
firat ; if in any case the second be given, it can at once be changed 

into that of the firet. Moreover, if ;:^ , -;^ , ^ have any common 

ox oy oz •' 

fikctor, the equation can be simplified by the removal of that 
common factor ; and so we may consider the general form of such 
an equation in the three variables as represented by 
Pdx+Qdy + Bdz='0. 

where P, Q, B axe given functions of ic, y, a and are proportional 
to the differential coefficients of ^. 

151. But, conversely, when any equation of the form 

Pda+Qd!/ + Rdz = 

is given, it does not necessarily lead to an equation of the form 

*(x,j,,^)=Ci 

for the existence of such an equation implies that the three quanti- 
ties P, Q, R are proportional to the differential coefficients of some 
one function, and this is not satisfied while P, Q, R are quite 
general. We must therefore find out under what circumstances 
such a differential equation will lead to an integral of the given 
form ; and, on the assumption that such an integral is possible, 
indicate a method of obtaining it. 



There will remain the further problem of obtaining a solution 
of the equation when the conditions necessary for the existence of 
such an integral as the above are not satisfied. 



162. In the first place then we assume that such an integral 
exists ; we must therefore have P, Q, R respectively proportional 
to the partial differential coefficients of some function <f) with 
regard to x, y, z, so that we may write 

"^4*- -«=8-*- '^4t- 

in which ft. is some function the value of which is unknown. From 
the first two of these equations we have 



dmdy 



-Af-Q). 



^:,.,C00g[c 
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Similarly 
and 

Multiplying the last three equations respectively by S, P, Q 
and adding, we have 

<s?-f)-^«(g-|)^<|-S)=«. 

■which is the equation giving the relation between P, Q and 5 ; 
and this, when identically satisfied, indicates that the proposed 
differential equation leads to an integral of the form considered. 

153. We shall now assume that this relation exists and that 
the differential equation therefore has a primitive of the form 

*(«,j,»)-0; 
we have to shew how to deduce this primitive. 

If we had this primitive and proceeded to form the correspond- 
ing differential equation with a restriction that e should not vary, 
the equation would be 

Pdx+Qdy=0, 
vrhich equation would not be affected by any term in the primitive 
which involved z alona 

Conversely then, if we integrate 

Pdx + Qdy = 0, 
on the assumption that z does not vary, the arbitrary constant 
of integration is a quantity independent of the variations of ic and 
y and may therefore he an arbitrary function of e. We replace 
the arbitrary constant by an arbitrary function of z and so have a 
relation between w, y and z. This however will not necessarily be 
the integral required, for it may not satisfy the equation 
Pdx-\-Qdy-\-BdB = Q; 



^:,.,C00g[c 
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ve only kDOw tbat it satbfieB the particular form of tliis in tlie 
case when 2 does not vary. It is therefore desirable to form the 
differential equation coirespoDdiog to the integral in the form in 
which it DOW occun; it should yield the given differential equation 
and a comparison of the two forms will lead, from the condition 
that they must be identical, to an equation which will determine 
the value of the arbitrary function of z. This last will also be a 
differential equation ; when integrated it will contain the arbitrary 
constant in the determined function of z which on substitution 
furnishes the primitive. Hence we have the rule : 

Let the ec^tion be 
and svppose the relation 

satisfied. Integrate 

Pdx + Qdy = 

as if z u^ere invariable*, and make the arbitrary constant of mte- 
gration equal to (z). Substitute now so as to obtain the ori- 
ginal equation and choose (z) so that the coefficient of dz is B. 
The primitive is then found. 

Ex. 1. Integrate 

()/dj!+xdy){a-i)+xi/dz=0. 

Here P=y(a-2), Q=-j!{a-i), R=xy; and the equation of condition is 
satisfied. 

On the assumption that s is invariable the term xydt diBappeara and then 
a—i will divide out, so that the equation becomes 

which iut«grat«d gives 

according to the rule. Differentiating this we have 



• If more oonveDient either of the other variableB might be oonaidered t«m- 
porarily oonHtant and the oorreBpondiiig changes made. 
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In order that the two equations maj be the siune we must have 

Hence lg„_J_ = ^4_, 

therefore {i)m,C(z - a), 

where Cis a conetont; and the primitiTe is 

Ex. 2. Verify that for each of the following equations the condition of 
integrability ib satiafied, and obtain the primitives : 

(i) (2/+f)da+(i+x)di/+{x+i/)dg=0; 
(ii) !^dx=i3id^'\-^^; 
(iii) Cy+a)»(£«+«^-{y+o)tfo=0; 

+ {4z'+2(U:' + (y»+z»)"'} «fe=0 i 
(vi) (j^+yz)dx+(xz-i-:fi)d^-i-(S^-xy)cU=Q; 

(viii) {^+^xy+'ix^+l)dx-\-dy-\-?aeU='<i; 
(ii) (ix-^-y^+ixz) d(Ef%xydi/+ii?d2=d'a. 

154. The precediDg solution has been obtained on the sup- 
position that the equation of condition among the coefficients of 
the differential elements dx, dy, dz is satisfied ; it remains now to 
consider the class of equations for which this equation is not 
satisfied, and- for which there cannot therefore for these equations 
be a single general integral. 

Let us now assume any arbitrary relation between w, y, z of 
the form 

■f CiC. y. 2) = ; 
this on being differentiated gives 

When the form i^ is specified, these two equations will determine 
2 and dg in terms of w, y, dx and dy (or, generally, one of the 
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variables and its di£ferential in terms of the other two and their 
differentials), these when substituted in the equation 

Pdw+Qdy + Bdz^O 
will make it of the form 

Mdx+ N'dy = 0, 

where M and N are functions of x and y, the values of which will 
depend upon the form of the chosen function '^. Now this equa- 
tion may be integrated and the integral, containing an arbitraiy 
constant, will together with the relation 

constitute a solution of the differential equation. 

For it is evident from the method of derivation of the integral 
that, in combination mth '^ = 0, it furnishes relations between 
X, y and t such that the differential equation is satisEed. 

By giving all possible forms to ^ every possible solution will 
be obtained. Each solution will be constituted by two equations. 

JSx. 1. Solve 

The eqvuktiou of condition is not aatisfied ; some relation between x, y, s 
must therefore be assumed and this ntaj be perfectly arbitrary : let it be 

A oombination of thJa with the differential equation givea 
tile integral of whicli la 

This, with/(«)=y, forms the solution of the proposed equation. 
Ex. % Obtain the most general solution of the equation 

which is consistent with the relation 

,! + J. + ii-'- 

Ex. 3. Find the equation which must be associated with a!°+y*=^ (.} in 
order to give an integral of 
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and that which most be associtit«d with 

y+zlog*-}-<^Cz)=0 
BO aa to satisfy 

edj! + a!£^ + y (fe = Ot 

Ex. 4. Prove that, if fi be a qiiantity Buch that 
then the aolutioa of the equation may be represented hj 

-jj-^=0'(*). 
This is Monge's form. 

Ex. 5. Obtain tiie general equations which cooatitute the solution of 
ydx'={x—x) ((^ — dz). 

156, It 18 not at first sight clear how the equation of condition 
affects the above process and, in particular, why what has been 
given as the solution in the latter case is not the solution in the 
former case. But the relation between the two solutions can be 
seen aa follows. 

The elimination of the differential element dz between the two 
equations in which it occurs leads to the equation 

and, in order that this may be reduced to the form 

Mdx + my = (i, 
the variable z, which occurs in it, must be replaced by its value 
derived from ^ {x, y, z) = 0. Now suppose the equation of con- 
dition ia satisfied so that P, Q, R are proportional to the differ- 
ential coefficients with regard ija x, y, z of some function ; if this 
Unction be ^ {x, y, z), then we have 

Bdz "Q dy~Pdx * '' 

and the equation involving dx and dy is identically satisfied. There 
will thus, on this supposition, be no other equation necessarily asso- 
ciated with the equation ^ = 0, or, what is equivalent for this case, 
-^ = ; this by itself is suflScient for the solution of the differential 
equation, and any other equation associated with -^ = amy be 
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perfectly arbitrary (such as jf = 0), for its expression will not enter 
into the differential equation when formed from these integral 
equations. If however the equation first written down be not that 
which leads to the particular properties (A), but be another such 
*s X "= ^' '* '"^^ ^*'^'^ ^ pcfflsible to derive the equation ^= 0, into 
^e expression of which the form of % does not enter; and we 
may therefore consider as the general solution of the differential 
equation the equation 

while, if we wish to determine y and s separately as functions of 
X, we associate with this any arbitrary function of x, y, g. 

If however the equation of condition between the quantities 
P, Q, S he not satisfied, there is no function '^ such that the 
relations (A) hold ; and thus 

Mdai + N'dy=0 

is not an identity but leads to an integral, the form of which is 
affected by the form of the arbitrary equation first written down 
and which must be associated with that equation in order to con- 
stitute the integral. 

It thus appears that the difference between the two cases is 
this; while we may consider that in both cases two equations are 
necessary to give the complete solution, in the case when the 
equation of condition is satisfied cue of these integral equations 
(called ■^ = C) is completely unaffected in form by the other (called 
^ = 0), but in tLe case when this equation of condition is not 
satisfied one of these integral equations is affected in form by the 
other. 

156. The difference between the results in the two classes 
having been indicated, it is now possible to adopt a method of 
integration which shews the point of separation between the 
processes applying to these classes. Let 

X i'^' y. 2) = 
be any relation between x, y and e ; then 



156.] TOTAL DIFFERENTIAL EQUATIONS. 256 

We also have 

Pdx+Qdy + Ildg = 0. 
Let the former equatioB be multiplied by X. (a quantity to he 
determined afterwards) and added to the latter, so that 

(p+x|)d.+(o+x|)is,+(i;+x|)i.=o, 

or, say, P,d(c+ Q^dy + R^dz = 0. 

Let X be so chosen as to make P„ Q^, R^ proportional to the 
differential coefficients with regard to ic, y, a respectively of some 
function ■^ ; then the integral of the last equation ia 

+ (.,j,,«)=0, 
vrhere G ia arbitrary, and the primitive of the differential equation 
is given by the two equations 

X {x. y, z) = 0| 
■^ {x, y, z) = C)' 
Now since P,, Q^,R^&xe proportional to differential coefficients 
with regard to a;, y, z, we have 

or substituting for P^, Q,, B^ and reducing, we have 

^ '^ \dx \Zz dy) ^ dy \dx dzj'^dz [dy dxj] 

^dx\ydz ^dy)^Zy\^dx ^ dz}^ ^Vd^-^t) '^• 

If P, Q, -fi be themselves proportional to differential coefficients 
with regard to cc, y, z, the first line in this equation vanishes and a 
solution of this equation ia X = ; P,, Q,, R^ are then independent 
of X and therefore ^ { a;, y, z) is independent of x- 

If P, Q, B be not such as to make the first line vanish, then \ 
is shewn by this equation to depend upon the form of x ^^d there- 
fore -^ also will depend upon the form of x- The form of ^ will 
in this case be determined by the method given in § 154 ; but the 
foregoing investigation is useful as a means of instituting the 
analytical comparison between the methods. , - , 
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Qeometrical Interpretation. 

167. A geometrical interpretation can be given to the differ- 
ential equation and its integral, which will illustrate the differ- 
ence between the two classes of equation explained in the last 
two paragraphs. 

If as usual w, y, z represent the coordinates of a point A, 
the equation will then represent some locus. Let A' h& a, 
point on the locus adjacent to A ; then dx, dy, dz are pro- 
portional to the direction cosines of AA' and the differential 
equation implies a relation between these direction cosines ; the 
locus which it represents will therefore be some curve or family 
of curves, and not a sur&ce or family of surfaces. 

158. Consider now the two differential equations 
dx' _ dy' _ dz' 



aw uy tiz ,. 

'F~~q~E ^^>' 

P', Q^, JH being the same functions of a^, y', / that P, Q, R axe 
of x,y,z; their integrals are of the form 

"■="'1 (ii), 

where u, and u, are functions of d/, y, / ; and as they coexist 
these integrals really represent the intersection of two sur&ces 
each of which is one of a family. This intersection of any two 
particular surfaces is a curve, and we therefore have a doubly 
infinite system of curves. One curve of this system passes through 
A and is determined by those values of a, and a, obtained by 
substituting in «, and u, the coordinates of A. Let A" be the 
point on this curve which is consecutive to A ; then the direction 
cosines of AA" are proportional to dx', dy', dz' or to the values of 
F, Q', E at A, that is to P, Q, It. Now the condition that AA", 
AA' may be perpendicular is 

Pdx + Qdy + Rdz = (i, 

which is the given differentia! equation ; hence it expresses 
the lact that AA' is perpendicular to that curve of (ii) which 
passes through A. The solution of the differential equation 
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must therefore include all the curves which cut the system (ii) 
orthogonally. 

If we start from A in any direction which is perpendicular to 
the tangent at ^4 to that curve of the system (ii) which passes 
through j1, we shall come at j4' to an adjacent curve of this system; 
moving from A' in any direction at light angles to this we shall 
at another consecutive point in this path reach another adjacent 
curve ; and so on. The path thus obtained must be included in 
the solution of the differential equation ; and as at each point A 
we may move in any one of au iniiuite number of directions (i.e. 
in any direction lying in the normal plane at A to the curve of the 
system) it follows that the solution of the equation will contain an 
arbitrary function. 

Let us, then, draw through A any surface we please and limit our 
path so as to be in this surface ; starting from A at right angles to 
the curve of (ii) there will, in general, be only one direction possible 
in the surface and moving along this through a small arc we shall at 
its extremity A' come to another curve ; at A' there will as before 
be usually only one direction possible in the surface and it will 
lead to another point A" and so on; and we shall thus obtain on 
the arbitrary surface a single path passing through the point A. 
Had a different point B on the same surface (but not lying iu the 
path through A) been the starting point there would have been 
similarly obtained a single path through B different from the 
former ; and so for any point. 

We should therefore have on any arbitrary surface a singly 
infinite series ^curves, 

159. This is the exact geometrical process corresponding to 
the analytical process applying to the case when the equation of 
condition was not satisfied. For what was there done was to assume 
an arbitrary relation among the variables^this is the equation of 
the arbitrary surface ; it was combined with the differential equation 
and, after integration, another equation was obtained containing an 
arbitrary constant which with the original arbitrary relation was 
considered the solution. Tiie new equation containing one arbi- 
trary constant represents a family of surfaces; and the combination 
of the two gives the system of curves which form their intersection. 
Each of these curves lies on the surface first taken, and so we have 

F. Li. _ ::. CoOgbf 
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an infioite series of currea on this surface. The process therefore 
gives the system of lines which lie on any surface and nhidi 
satisfy the differential equation. 

160. Now it may happen that the complete system of curves 
(ii) can be cut orthogonally by a surface aud so by a family of 
surfaces; thus if the system were a series of straight lines all 
passing through one point they would be cut orthogonally by any 
sphere which had that point for centre. In this case any curve 
drawn upon an orthogonal surface would cut the system (ii) at 
right angles, since it is at every point perpendicular to some 
one of the system; and such a curve would therefore be included 
in the solution. Hence the general solution must include all 
curves that can possibly be drawn upon any one of these surfaces 
and therefore, if we look upon a surface as the aggregate of all 
the cui-ves that can be drawn on it, we may say that the surface is 
included in the system of curves. As the surface is one of a &mily 
all the members of which possess the same property, we consider 
that the equation of this family of surfaces is the solution of the 
equation ; and what has been said shews it to be thereby implied 
that the equations of every curve that can be drawn upon one of 
the family constitute a solution. 

161. This corresponds exactly with the process applicable to 
the case for which the equation of condition was satisfied; wo there 
had (§ 155) an equation -^ = (7 and any other arbitrary equation 
^ = 0, the two representing one curve on each of the surfaces ■^= C; 
by taking all possible arbitrary equations ;^; = we obtained all 
possible curves on the surfaces ■<fr = G and thus ultimately the 
surfaces themselves into the expression of which the form of j(_ did 
not enter. 

162. It only remains to shew how the equation of condition is 
derivable from the geometrical considerations. The arguments 
are applicable on the supposition that the system of curves repre- 
sented by 

dx' __ dy' dz' 

can be cut orthogonally. If they can be cut orthc^onally, as at 
any point A, the tangent to the particular curve passing through A 

C,q,t,=cdbvC00g[C- 
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must coincide with the aormal at A to the orthogonal surface. 
Now the direction cosines of the tangent at A are proportional to 
the values of P', Q', R' at A, that is, to P, Q, 5; and if 

be the orthogonal surface, the direction cosiinea of the normal at 

the point x, y, z (which ia A) are proportional \xi -~ , ~ , ■^\ since 

the direction cosines must he the same for the two lines, we must 
have 

Let each of these quantities be equal to /t so that 



the elimination of <^ and ft, between these leads (as in § 152) to the 
equation considered, which is therefore the condition that the 
system of curves may he cut orthogonally. 



Case ofn variables. 

163. In what has preceded only three variables have been 
supposed to occur ; but it is easy to pass to the case when there 
are more than three. In order that the equation 

Zjiir, +X,(/ic, + X,'/3!,+ + X^dx^=0, 

where X,, X,, are functions of x^,x^, , should have 

a complete integral of the form 

^{'^i, ic, ,x^=A, 

the quantities X^ must be proportional to the partial differential 
coeEBcients ^ , so that we may write 

for all values 1, 2, ,n of /*. If now X, /t, v be three different 

suffixes, we have 






.Similarl; 
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\ 3av 3j;a/ 
and 

and therefore 

If the set of equations derived from this by all possible combina- 
tions of three dififerent suffixes from among 1, 2, 3, ,n be 

satisfied, then the dififerential equation has an integral of the 
proposed form. The total number of these equations of condition 
is Jn(n — l)(n — 2); they are not all independent, for if there 
be written down the four equations which involve three out of the 
four quantities Xj^ X^ X„ X^ any one of them will be found to be 
derivable from the other three. 

Ex. Prove that ttie total number of independent equations of condition is 
iC»-l)Cn-2). 

164. When these equations of condition or the necessarily 
independent equations are identically satisfied, the primitive, which 
must therefore exist, can be obtained by an extension of the method 
adopted for equations with three variables. We integrate as if all 
but two of the variables were constant and we replace the arbitrary 
constant by an arbitrary function of all those variables which are 
Buppoeed constant. The equation so obtained is differentiated 
with regard to all the variables and the result is made to agree ' 
with the given equation ; the conditions necessary for this agree- 
ment will serve to determine the arbitrary function which was 
introduced and so to determine the primitive ' 

Ex. 1. It is oaailj verifiable that the ooefBoienta of the differentials in ' 
the equation I 

Mtieff the equationa of condition which ate four in number, three being ind»- 
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pendent. Following the ru.lo we asaume that only two of the variables may 
change and these may be taken to be Sj and a^; the integral derived is 

whOTo ^ iB & function of *, and Xf Differentiating this we have 

and a oompariaon of this with the given ei^uationa ahews that 
-d^ = (ic, + x^) dx^ + 2x^x^x^ 

We thus have an equation involving three differentials d<i>, dx^, dx^, instead 
of four (we ahuuld have, in the general case, an equation involving n~\ 
differentiala inatead of n) ; the rule is reapplied to this and the number again 
decreased by unity and ao on, until we can obtain a final integral. In the 
example specially conaidered the integral is eaaily aeen to he 

— + ji ■= i^* + Xi J^j', 
where A ia now an arbitrary constant ; and the primitive b 
x^ + XyX^ — XyX^ ■^■x^x^=A. 

Ex. 2. The following equations have a primitive of the form considered; 
obtain it for each of them. 

(i) i/2udx+euxdy+uxyd»+xytdu=0; 

(ii) Q/+!+u)dc + {2i-v+x)dy+{u+x-i-2/)cb+(x+i/+i)du-0; 

(iii) il^+B)dx+s(u-x)dy+s(x~u)di+y(i/+2)dii^0. 



Equations of a degree higher than the first. 

165. Equations may arise in which the differentials of the 
variables occur in a degree higher than the first; into their 
solution it is not proposed to enter fully but only to indicate a 
method of proceeding in some cases. The genei*ai equation of 
the second degree may be taken as 

Xda;'+ Ydf + Zdz* + 2X'dydz + 2 Y'didx + 2Z'dxdy = 0, 

in which X, Y, Z, X', Y', Z' are functions of x, y, and z. If 
the left-hand side can be resolved into two factors, then the 
equation may be replaced by two others each of the form 

Pdx^-Qdy + Rdz = 0, 
obtained by equating separately to zero the two factors. The 
solution of either of these, obtained by previous methods, will 
be a particular solution of the differential equation proposed; 



26S TOTAL DIFFERENTIAL EQUATIONS. [165. 

and the two geoeral boIuUoqs taken together will constitute the 
complete solution. In the case when each of the linear equations 
is satisfied, in the sense of the preceding paragraphs, by a single 
integral of the respective forms 

+1 {«, y, «) - C, - 0, ■f , (x, y, z)-C^ = 0, 
the general solution will, as in § 19, be represented by 

It, {x,y.«)-CJ (+.(«, !,,.)- C).0 (A). 

In the case when two separate equations are needed for the 
solution each corresponding pair must be looked upon as a solution. 

Now the condition that these should be solutions is that the 
left-hand side of the original equation should be resoluble into 
fectors. The left-hand side is equal to 

^[{Zdz + Tdx + X'dyf -{{T*''XZ)d3?-2 {ZZ' - X' F') dxdy 

+ {X-'~YZ)d^)l 
and in order that this may resolve into two factors we must have 

(y " - XZ) <ia? - 2 {ZZ- - X' Y') dady + (X" - YZ) df 
a perfect square, which will be the case if 

(r'-xz)(x*- YZ)-{zz'-x'Yy=o, 

that is, if 

Z(XYZ+^X'rZ'-XX'*-YY"-ZZ'^ = 0; 
or, since Z is not zero, we must have 

xYz+^rrz'-xx-*- yt'-zz-^^o. 

When this condition is satisfied the general solution is obtained 
in the foregoing manner. 

When this condition is ndt satisfied the proposed equation 
does not admit of a single primitive of the form (A) nor of a set 
of separate primitives each given by a pair of equations ; but it 
does in general admit of a solution expressed by a system of 
simultaneous equations. 
£r. I. The equation 

satisfies the condition ; and the equivaleat equations ars 
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which lead to the integrals 

and therefore a general solution will be 

i.9. i^+yt-af^^, 

iu which a is an arbitrary constant. 
£x. 2. Solve 
(i) U-d3^ + mm:dy^ + nn'(l!?+(lm' + Um)<itdy-i-(lH' + l'n)djrdt 

+ (mn' + m'n) dtdx = ; 
(ii) {xd^+ydy + td£)^i = {z^-:i^-y'){xdx + ydy+zdz)dz; 
(iii) dxdydi=Q; 

(iv) { dx, dg, dz 1=0, where nt is a constant 
\ X, jf, nw 
i dx, dy, mdz \ 

Ex. 3. Obtain a solution of the equation 

a{b-e)xdsdz + h{c-a,)ydzdx-¥c{a-b)zdxdy-^0 
consistent with the equation 

(The former is the differential equation of the lines of curvature upon the 
surface represented bj the latter.) 

Ex. 4 Also of the equation 

I 3?dx, y^dy, ^di 1=0 



consistent with the equation 



SimultaTieoue Equations with constant coefficients. 

166. We have hitherto considered only single differential 
equations ; we proceed now to treat of systems of equations. The 
simplest and at the same time most frequently occurring class is 
that in which there is only one independent variable of which all 
other variables which occur are functions ; for the separate and com- 
plete determioation of each ofthese dependent variables the numly 
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of equations in the system must be equal to the number of depen- 
dent variables. lu this class are included most of the differential 
equations of dynamics; thus in the case of the chief problem of 
physical astronomy — that of determining the motion of a system of 
material bodies under the influence of their mutual attractions — 
there is a single independent variable, the time elapsed from 
some definite epoch, while the dependent variables are the co- 
ordinates of the several bodies ; these coordinates vary with the 
time and so furnish the varying positions of the bodies, and they 
are individually determinate since the number of equations is 
equal to the total number of coordinates. All equations dealing 
with the small oscillations in a moving system of bodies are also 
included ; in them there is the additional simplification that the 
equations are all linear, the quantities multiplying the differential 
coefficients being constants. 

The general theory of the latter will be first considered. 

167. Let ( denote the independent variable and D stand for 
d/dt ; taking the simplest possible general case, we shall have two 
equations involving two dependent variables denoted by x and y. 
M the equations are supposed linear, all the terms involving 
differential coefficients of x can be gathered together, and so also 
for all those involving differential coefficients of y ; and the equa- 
tions may therefore be written in the form 

/,(!>):.+ ^,(i))y = rj W' 

where /,/,, (^,. tf,^ are rational algebraical integral functions with 
constant coefficients and T, and T, are esplioit functions of t alone, 
a constant or a zero value not being excluded. Operate on both 
the sides of the first equation with 0, (D) and on both the sides of 
the second with ^, (B) ; then they become 

■ *, (-0)/. (D) x + if>, (D) ^, (D) 3, = ^, (D) TX 

Since the functions <f> have only constants in their coefficients 
It follows that 
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aod therefore the above equations give 

(*,(D)/.('')-*,(fl)/,(B)l »:=*.(«) r.-'f.wr, (11). 

Now let l^, I,, m^, m^ be the indices of the highest differential 
coefficients in /,, f^, (p^, 0, respectively ; then the index of the 
highest differential in 0,(Z>)/,<O) is m, + i, and in *,(/?)/,(/>) is 
w, + ?, ; of these two numbers let n denote that which is not less 
than the other, so that n is the order of the highest differential 
coefficient of x in the foregoing linear equation determining x. 
To solve it we adopt the method of Chapter in. applicable to an 
onlinary single equation ; if P be any value of x which satisfies 
the equation (there called the Particular Integral), and \,\,, ...,\ 
the n roots of the equation 

*,W/,W-*.W/.W = o (A), 

the complete value of x is 

x=A/'' + A^e'^ + +J_e*-' + P, 

where A^, A^, , A^ are arbitrary constants. 

Proceed in the same way to eliminate x from the two funda- 
mental equations by operating on the first with_^(i>) and sub- 
tracting it from the second after this has been operated upon with 
/, (Z>) ; we then have 

1*. (C)/. (D) - *, (")/, m J, -/, (D)T,-/,(D)T, (Ill), 

and so as before 

y = B/"' + B/^ Jf ■¥Bj"''+Q. 

where S,, B^ , B, are arbitrary constants, and Q is the Parti- 
cular Integral of the differential equation (III). 

108. We have in the expressions for the two dependent 
variables two sets of constants arising from the differential equations 
II. and III.; they are both composed of arbitrary constants, but 
we do not know whether they are independent of one another; 
this dependence may exist and yet the constants may be arbitraiy. 
Thus any one of the constants B might be a multiple of one of 
the constants A ; the latter being arbitrary the former would 
be so also. We therefore must determine the number of inde- 
pendent arbitrary constants. To do this let the values of x and y 
be substituted in either of the equations (I), say in the first ; theu 
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the terms involving P and Q which are particular integrals give 
on the left-hand side a t«nn T^ which will cancel with that on the 
right-baod side and the resulting equation is 

[AJ, {X.) + B.*. (X,)l «*■'+ {AJ^ (\) + B,4,, (X.11 «^ + 

+ l'^./. C^J + -B,*. (XJI e*^ = 0. 
Since this is to he satisfied fur all values of t, we must have the 
coeflBcient of each exponential zero, and therefore 



■(B). 



so that each constant B can be derived from each constant A. 
The numher of independent arbitrary constanta in the complete 
solution of the simultaneous equations is therefore n, i.e. the expo- 
nent of the highest index in the operator 

*■(")/, m-*.(»)/,(0) 

Hence the solution of the equations (I) is given by the foregoing 
values of x and y ; the quantities \ oocuning in the expressions are 
the roots of the equation (A), and the relations between the con- 
stants are given hy equations (,B), 

169. In exactly the same way it may be proved that, if there 
be three dependent variables given by the three equations 

/, (D) x + <l>,(D)t/ + Vr. (B) 2 = r„ 
/.(Z>)a! + ^.(i>)y+-^,(i))^ = 2'., 

the number of independent arbitrary constants entering into the 
complete solution is the index of the highest power of D in the 
determinant 

/,(C), *,(C), +.(C) 

/,W. *.(0), f,(D) ■ 

/.(J)), *.(i)), ^.(B) 

170. If the roots of the equation (A) which give the coeflScients 
of t in the exponents be real and unequal, the solution given above 
is complete. It remains to consider the cases 

C,q,t,=cdbvC00g[C 
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(i) when there is a, pair of imaginary rctots ; 

(li) when there is a pair of equal real roots ; 
the case of equal imaginary roots will follow from a combination 
of these two. 

For the former the solution obtained remains general, but it is 
desirable to change it so that the form may be free from imagi- 
nary quantities. The two imaginary roots, say X^ and X^ may be 
denoted hja+ffi; hence the corresponding pai-t of x is 

that is, e° (£, cos /9( + L^ sin 0t), 

on changing the arbitrary constants as in § 44 ; the part of ^corre- 
sponding to the two imaginary roots is similarly 

e"* {M^ cos fft + J/, sin ^0- 

Instead - of making the necessary changes in the relations 
between A and B, it is better to substitute again these expressions 
in one or other of the fundamental equations and derive the corre- 
sponding relations as before. 

For the latter case the solution obtained ceases to be general 
as two constants, say A^ and A^, become merged into one ; but it 
may be proved, exactly as in § 44, that the part of x depending 
upon this repeated root X is 

e"(A+A't). 
and the part of i/ is 

e^iB + m). 

£a!. 1. Prove that in the latter case the relations between the four con- 
stants ret^cing them to two independent constants ore 

4/i(x)+i*,W+^'®^'+J*fi-'-o. 

Sa. 2. If an imaginary root a+^i be repeated, write down the corre- 
sponding parts of the complementary functions in x and ^. 

171. It may happen that the question in connection with 
which the differential equations arise will afford some indication 
of the form of the result. Thus in a problem relating to small 
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oscillations we should expect the values of the dependent yariables 
to be expressed in terms of purely periodic functions ; and it would 
then be proper to substitute for x and y respectively functions 
of the fonu 

i, coa ^t + i, sin 0t, 

instead of e ' in the equations (II) and (III). By equating to zero 
the coefficients of cos /3f and of sin ^t in each equation after these 
values have been substituted there will be four equations linear 
and homogeneous in the quantities L and M; and the eliminants 
of these will furnish the values of /9. If on the other hand the 
problem indicate a motion of unstable character the form of solu- 
tion adopted would be 

e*' (L, cos /9( + i, sin y?(). 
and Bo for 1/; but if there be no external information of this 
character then the ordinary method should be adopted. 

Ex. 1. Solve the equations 

Here we have 

and therefore the equation for ;c is 

BO that x=AQoa<at-\-Ba\aut. 

Similarly y^A' omiat-i-B' siaat. 

The relations between A, B, A', B' are at once derived by subatituting in 
the first equation : we have 

-Q)jl9in«(+ffl5ooBo>(=-«^'cOB«(-»S'ain«(, 
or A'=-B,aivAB=A. 

The shortoBt method would have been to use the first equation to give y 
in terms of x, so that 

I dx 

= ^Hin«(-5oo8iu«. 
This method is however applicable only in particular oases. 
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Ex. 2. Solve the equations 

When we colleot the temia which belong to the separate Tariables, the 
equations are 






Hence the equatioa for x is 

and the ralue of x is 

*= ii cos ,8i( + ij sin 3[( + ij cos jV + -^4 sin (^', 
where §^ and /3,' are the roots of the equation 

ond the value of ^ is 

y ™ J/1 sin /3,( + J^j cos j3,( + J/", ain /V +if, cos 3/. 
It ia easj to prove that the relation between the conataota is 



This might be solved by adopting the ordinary rule ; the following IB 
anoUier method applicable to this form. 

Multiply the second equation by m, and add to the first ; then 

^{x-\-my)=x {a+ina')-\-y {h-Vtnb') +c+vuf 

provided ro be so chosen that 

b+mb'—m (a +171(0, 
that is, if ffi be a root of the equation 

m'o' + (a - 6') m - 6 "■ 0. 
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The forgoing differential equation being 



its integral is 

Let m, and m^ be the roota of the quadratic equation ; then this is an 
int^ral provided m is either m, or nij. On substituting »)=>»( we have 

and on Buhstituting m=m, we have 

(o+m^')(j;+mjy) + c+mj<!'=V*'*'^""^. 
where A, and J, are arbitrary constants. These two equationa constitute the 
complete solution of the given pair of simultaneous equations. 

Hx. 4. Solve in the same wa; as the last eiample the equations 

Ex. 5. Solve the following equations : 
(i) J+7«-J-0, J+l. + i>,.0; 



(u) ^+S.+,-.', 3+3,—^; 



W 4j+9*+&+31y-^, 35+7|+x+i!*-3, 
(Tu) ^_ar-4v+3=0, ^+,+,+6-0. 



Simultaneous Equationa with variable coefficienis, 

172. It will be assumed aa before that there is only one 
independeat variable and that therefore the coexistence of m 
siniuitaDeous equations will suffice to determine the relations be- 
tween the m dependent variables and that of which each ia a 
function. 
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Further it will be sufficient to consider systems of simultaDeous 
equations which are only of the first order, for to these any other 
system can be reduced. Thua if into any one of a given system 
a differential coefficient of the «"■ order should enter, such as 

-j^, we could obtain an equivalent series of equations of the firet 
order by making the substitutions 

dv dy, dy, dy, , 

I'-I: »•-*• "•-£ ^'•-4 • 

■which are all of the order stated; and the corresponding sub- 
stitutions for all differential coefficients of order higher than 
unity will transform any system of simultaneous equations of 
any order into an equivalent system of equations of the first order. 
If there be m dependent variables we must have in this system 
m equations each of the form 

K-y-y-' y-% t)=°- 

173. The solution of this system of equations can be made to 
depend upon the solution of a single differential equation of the 
m* order connecting one of the dependent variables with the 
independent variable. 

For let the m equations be solved so as to give the m dif- 
ferential coefficients as explicit functions of the variables, and 
suppose these relations to be 

^' = f,(a:,y„y„ yj, 

j^ = -«/'.wyi. y. ,y^). 



-X"=t-(^. y..y. y"^- 

Let the first of these be differentiated m—\ times in succession 
with regard to x, and after each differentiation and before the next 

, -4^ be substituted from the laat 
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m — 1 of these equations. There will thus be obtained, including 
the first equation, m equations connecting 

dx ' dx' ' ' daT ' 

with the variables x, y,, y^, ....... y^\ from these m equations 

let the w— 1 variables y,, y,, , y^ be eliminated, and there 

will result a single equation which may be represented by 

a, « ^ A, ^\ . 

'^" i/x ' dt" ' dx") 



fk 



0. 



This equation being of the m"" order has (§ 8) m independent 
first integrals each involving one arbitrary constant, all the m 
constants being mutually independent; and these integrals we may 

represent by the equations 





- 3?- 


s- 




£-- 





= 



in which the constants C are independent. But from the pre- 
ceding equations we know the values of the differential coefBcients 
of y, in terms of all the variables; when these are substituted in 
the set of equations F the latter take the form 

<i>,<j^,!/,.y. y.. o,)-o 

*,(»;. j,.y, y.,c,)-o 



'-(^. y.-y,' 



,y.,cj-oJ 



which are sufficient to determine each of the variables j/ as a 
function ofx; they are an integral system and contain m arbitrary 



Hence we have as the general result : 

The complete solution of a system of m differential equations of 
the first order between m+1 variables d&penda on that of an 
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ordivary differential eqvation of the m'*' order, and consists of m 
equations connective the m-^-l va/rtables and containing m in- 
dependent arbitrary consta/itts. 

174. The foregoiag is the general theory ; but in particular 
cases simplifications arise enabling much of the labour indicated 
in the general theory to be dispensed with. Thus, if the equations 
consist of a set each of which is linear, it may happen that an 
integral of each equation of the form 

mo + P,dif, + P^dy^ + +jPjiy„ = 

can be obtained in the form 

H'^,' Vi> V»- >y^=G. 

and the long process would not need to be gone through. Again, 
instead of determining the m, independent first integrals it 
would be sufEcient to determine the primitive of the ordinary 
equation of the m* order, for from this could be derived other 
TO — 1 equations in which the values of the differential coefficients 
could be substituted, and an equivalent result would be so derived. 
Again, in the case when the equations are all linear we can solve 
them to obtain the ratios of the m + \ differentials in the form 

dx^dy^ dy^_ _dy^ 

x~ r;"r,~ " r_' 

which might be called the symmetrical form ; the mode of treat- 
ment for these will sometimes (depending upon the form of the 
denominators in these fractions) differ very materially from, and 
be much more convenient than, the general process. Examples 
illustrative of this will be found appended. 

Ew. 1. The general method can be avoided, if integrals of all but one 
equation can be obtained and, & fortiori, if all the integrals can be obttuned. 
Thus the equations 

fcic + nwi^ + jwfe = 0, 
xdx+ yiiy+ idi=0, 
lead at o&ce to the integrals 

which determine y and s in terms of ;i:. /-• i 
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Ex. S. SolTe 



itdx'^{t-%x)dt, 
t(tfy-Cftr+(y+2*-t)<* 



d^ 2 ^^ 



Ex. 3. Solve "T " F " Z ' ^''^^ 



=a"*+6"y+c"«+£f'J 




'*+6"y+c"«+£f'J 

In equations of this form it is convenieat to introduce some nev inde- 
pendent variable and make all those vambles, whicb already occur in the 

equations given, functions of this new variable. Calling the latter t ne maj 
BABume, as an advantageous form, 

dt _dx dy ^d» 



^vvided I, fit, n, X be so choaea that 



Eliminating I, m, n between these three equations, we have 
I a-X, a', a" |="0, 

6, 6'-X, h" 
I c, c", c"-X I 

a cubic equation determining X ; let its roots be X|, Xj, Xg. When X, ia sub- 
stituted in any two of the foregoing equations the ratios of { ; m : n can be 
derived ; let them be denoted by ^ : m, : n, and suppose the corresponding 
value of r to be r, ; with similar eipressiona for the other values of X. Then 
for the value X, we have 

dt lidx + ntidy + njdi 
t °" Xi (^i^+wijy +«!£) +ri ' 
the integral of which is 
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ffimilarly c^=(l^+m^+n^+r^f^f' , 

and V-CV'+Wsy+'V+^s*!"^)*'"'- 

In order to obtain tha general solution of the aystem of eqoationB as given 
we must elioiinate t between these equations; wben we write (\=Act=iBc^ 
where A and B are arbitrary oonstante, the general integral as required is 
given by the equations 

(Z,«+nhy+ni«+'"iV)*''=^(V'+m»y+'V+Vr^)*""* 
= B (ijj! + m^y + jigg + r^-»)V, 

En, 4. Sdve in this manner the equations 

-da f§L-=_^. 

JEx. 6. This method may also be applied to solve certain syBtems of 
equations in which the variablea do not occur so simply as in III. 3. Thus 
let US consider 

J+r(o'«+&'y)=r, 

where T, T^ 5", are functions rf U Multiplying the second equation by I and 
adding it to the first, we have 

provided I and X are determined to satisfy the equations 

BO that the values of X are X, and X^ the two roots of 
{a-\){b'-\)-<^b=0. 
The integral of the foregoing equation being 

the complete solution is given by 

Ex. 6. Solve the systems of equations 
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^ special system of equations wi Dynamica. 

175. There are two classee of simultaneous equations wMcb 
are extremely important ; one is the class already coosidered in 
§§ 148, 149 as the geoeralisatioB of Euler's equatiouB leading to 
the higher transcendental functions ordinarily called Abeljan 
functions ; the other is the system of equations which determine 
the motion of a particle attracted to a centre of force which acts 
according to the gravitational law. The latter may be represented 
hy the simultaneous equations 

^_dR ^y__dR ^^dR 

de~ dx''3?~ By' de dz ^^'' 

in which il is a rational algebraical function of r or (je* + y* + ^* 
the distance of the point x, y, z from the origin. To express the 
complete integral three independent equations {or their equivalent] 
will be necessary, and since each equation may be replaced hy two 
of the form 

_d3s dx, dR 
* dt' dt dx' I 

giving in all six equations to determine the six quantities, the I 
investigation of § 173 shews that we must have six arbitrary 
constants in the solution, ] 
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If we multiply the equations (i) ty -^ , -^i -^ respectively, add 
and integrate, we have 

in wliich B is sa arbitrary constant. 

Another form may be given to the equations (i). Since ii is a 
function of r we have 

dR^dRdr_a!dB 
dx dr dx r dr' 

and so for thd others ; and thus (i) become 

c^z _CD dR d^y ^ydB cPz zdR 
~d^~r^' 'dF~rdr' d^~r'dir' 



tPy d^w - 

(Pz d^y „ 

d^x d^e . 

of which two only are independent j the integrals of these are 
respectively 

dx dz r, 

Sqiiaring and adding these we have 

'0;*o;+c;=a; Google 
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where Aiasji arbitmy coostant ; this is equivalent to 
that is, to 



dt-r "'*■ 



and therefore 






I {2,'{R + B)-A'}> 
From the equation just obtained we have 



and therefore 






^'Sdi'-^P'dt^^dtdf^ 


that is 


dR A' ^r 



When this value is substituted in the modified form of the 
original equations, the first of them is 

'df-'df-^?' 



U' 


dn 


-4)+--?= 


0, 


"^A' 


4.1 


-A% 


'--0. 
r 

Adr 





Let 

' r[ii'(B + B)-A'\i 
then the foregoing equation for - is 



d<f>' \rj r 
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aad therefore 

- = o,co3 + o, siQ ^ (iii)- 

The second and third equations similarly treated lead to 

^ = 6, coa ^ + 6, sin (iv), 

- = c, cos0 + CjSin^ (v); 

and in these the constants a, i, c are arhitrary. But they are not 
independent ; for we have always 

^+y* + «' = r' 
whatever be the value of ij>, and therefore 

(a' + b* + e*) cos' + 2 (OjO, + J,6, + CjC^) cos ^ sin ^ 

+ (a* + b* + c,") sin* = 1= cos* + sin' 
is satisfied for all values of tj>, so that 

ffl,* + 6,'+c,' = l] 

a,* + 6,' + c,*=l[ (")■ 

o,a, + 6,6, + c^c^ = Of 

The six constants are equivalent to three independent constants. 
Further, we may put (iii) into the form 

^ = ,).coB(0 + yS,), 

where />, and j8, are arbitrary constants, and there is thus associated 

with (f> an arbitrary constant and one will not require to be added 

in the equation 

Adr , ... 

, : (m). 

We have now sufficient equations to determine the general 
integral. By means of (vii) is given as a function of r, and 
therefore by (ii) as a function of <; hence. (iii). (iv), {v) give m, y, z 
as functions of t. Moreover we have six independent arbitrary 
constants, viz.. A*, B, a and the six quantities a^, a^, 6,, \, c,, o, 
connected by the three relations (vi). These therefore constitute 
the general integral of the difiereotial equations. 
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Ex, Solve in this way 

Also Bolre hj tranBfonmng to polar coordinates. 

MISCELLANEOUS EXAMPLES. 

1. ProT« that, if 

dtf (n» - n cos «)» = ei^ (m - « COS «*, 

s-»(.+ !,)+.(,co.»+*-loo.»i4)-=o, 

c being an arbitrary constant. 

S. Let F{x) denote the integral 



prove that the algebraical relation equivalent to 
3. Let E{x) denote the integral 



\i-m- 



verify that 

when Xi, x^, x^ are related as in the previous example. 

4. Verify that 

I iPi. V\y 1 1 = 

is an integral of 

(i-i,')<*(i-»,>)t*(i-»,')t" ' 

jf being given by the relation j;*+y^= 1. 



Interpret the result geometrioally. 



(Cayley.) 



MISCELLANEOUS EXAMPLES. 2! 

5. ProTS that the integral of 

maj be exhibited ia the fonu 

(l+^(l+y')(l+(^)=(l+aya)», 
where a is an arbitraiy constant ; and that of 

^ + ^ _=o 

may be exhibited in the fonn 

where I and J are definito conatants and a is an arbitrary oonatant. 
Shew that the general iittegral of 

where -?=(*, I, m, raja:, If, 

ia jrz= [k+l{a!+y+!:)+mi<i!ff+ys+se)+nayi)'>, 

where Z={i, I, m, toJz, If, 

and z ia an arbitrary constant. 

(Mac Mahon and BusselL) 

6. Prove that integral relations equivalent to 

M d^ d± . 

sin'^ rffl Bin*^d^ ain^i^rfi^ 

Afl + i + A^ ° 

where A^ ={(!-« ain» x) (1 - X edn' x) (1 - m sin' x))*. 

n^aini^coBflafl sin sin ^ cob A j> 



(8in*tf- 


-.m.«(ri«: 


.»-»ni 


1+) 


' (rnii'*-.m'»)(m' 


i0-.iii'+) 










m.(,m«c<«V.4+ 




(«ii" + -.m-»)(i 


ima-^-sin*,^) 




«^COS<^Bij 


n«i(J 




c».«oo.<..i 


ii^i* 


(»■»- 




■»-nnt+) 


' (Bm»0-flm'fl)(sm 


■*-««■« 










COS^COSdl 


,m+4J. 




' (em» + -sin»tf)(sm»f-8m»^) 



Determine J and J3 from the conditiona that <f>=*a and ^=/3 when tf^O, 
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7. Find the primitives of tfae equationa 

(i) (<^-bt)tit+ia-ax)dff+(bx-ty)di=0; 

(iii) (y*+y*+«^<£«+(«*+«*+*")rfy+(x"+i^+y*)ife=0. 

8. Obtain the primitive of the eqnatiou 



in the form 

where s^uz. 



/.-*+c=.-^4-,. 



9. Solve the simultaneous equatione 

expressing each of the quantities «, y, z as elliptie timetions. 

10. Integrate the system of equations 

(!• - ^ - 6y sin «( + fe cos «( = 0, 
bt, COB nt+bxeiaTU- -£-01=0, 

haemnt-bxtxmiU+ay-^-^Q. 

11. Integrate the simultaneous equations 

g+«»{«-3{(«f+w,)}=0, 

where i is written for coB(ai+6} and .j for Hiii(i«+6). 



(LimviUe.) 
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IS. Solve the aimultaneous equations 

13. Shew that any ajstem of lines deecribed on the surface of the sphere 
a''+y'+z'=r' aod satisfying the equation 

(l+2m)xdx+tf(l -:e)rfy+afe=0 
would be projected on the plane of xy into parabolas. 

Find the equation of the projections of the same Bystem of currea on the 
plane of ^z. 

14 Shew that Monge's method (Ex. 4, § 154) would, if we integrate first 
with respect to 3; and i, present the solution of the equation in the preceding 
example in the form 

{l + 2m)^ + s»=^(^), 2y(l-*)=-*'Cy). 

Apply this to solve the problem of the preceding example and identify the 
results. 



15. Integrate the simultaneous equations 
iPxi dR ^ dR 

df "dzj' dt^ "a^ij' ' 

where R is a function oi{x^-\-x^+...+x^)^. 
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CHAPTER IX. 

Paetial Diffekential Equations of the Fibst Ordee. 

176. HiTBEBTO we have been conBidering for the most part 
differential equations in which the dependent variable or, in the 
case of a set of simultaneotia equations, variables are supposed to 
be functions of only a single independent variable; we now proceed 
to consider equations in which the number of independent variables 
is greater than unity, and shall suppose that there is only a single 
dependent variable. The latter is usually denoted by ^ ; if it be a 
function of only two variables these are usually denoted by x and 
y; if ^ be a function of more than two, say of n, then it is con- 
venient to denote the latter by x,, a;,, a;,, , x^. The first 

' Zx '■ 
^, are represented hy p and q respectively; in the latter case the 

partial differential coefficients =— , i;— , 

respectively byp,,p,, ,p,. 

An equation in partifJ differential coefficients is a relation 
between the independent variables, the dependent variable (which 
is an unknown Unction of those variables) and ite partial differen- 
tial coefficients with regard to them ; it is of the first order 
when the partial differential coefficients which occur are of order 
not higher than unity, of the seeond order when the partial 
differential coefficients which occur are of order not higher than 
two ; and so on. In this chapter we shall consider only equations 
of the first order. .-. , 

C,q,t,=cdbvLnOOglC 
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It may happen that we have more than a single difTerential 
equation relating to the same set of variables ; for instance we 
might have two equations between z, x, y, p, q. In this case the 
two equations could be solved and from them values of ^ and q in 
terms of a;, y and e could be deduced ; these could be substituted 
in the equation 

dz = pdx + qdy, 

and we should thus obtain a total differential equation. Similarly 
in the case of n independent variables n equations would be suffi- 
cient and necessary to determine ^,,p, ,p^\ these n equations 

would then be considered as furnishing a total differential equation. 
When the number of equations is less than the number of partial 
differential coefficients and therefore of course less than the 
number of independent variables, we are not able to deduce a total 
differential equation ; usually we have only a single equation given 
and we then call it a partial differential equation. 

As in the case of ordinary differential equations, the integration 
of the equation is the derivation of all the values of z which when 
substituted in the differential equation render it an identity. 



Glassijicaiiion of Integrals. 

177. Before indicating methods of integration and giving such 
classes of equations as are easily integrable, it is necessary to 
classify the different kinds of integrals of a partial differential 
equation and to prove that the classes include all possible integrals 
of the equation. For perfect generality the propositions should 
be proved for an equation involving n variables, but the proofs are 
given for an equation involving only three variables ; this limita- 
tion has the advantage of shortening the equations and of lessening 
their number, while the slightest consideration will shew that it 
is possible to pass to the general case without any additional 
difficulties of analysis. 

178. Suppose that we have between z, if,, a:,, a;, a relation of 
the form 

f{z, w,, x„ X,, a,, a,, a.) = ...., i.(l), 



r/uogw' 
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in vhich a,, a,, a, are arbitrsiy constants and which contains no dif- 
ferential coefficients of & To obtain 2>^,p,,p, we have the equations 



IP'-' 



te," 






..(2). 



Between equations (1) and (2) the three arbitrary constants 
can be eliminated ; if in (1) there were more than three arbitrary 
constants these equations would not be sufficient for the elimina>- 
tion, while if there were fewer than three there would be more 
than sufficient equations. Let the result of the elimination in 
the present case be denoted by 

^iPx'Pi'Pt' 2< "^n ■">■ '^i) = W. 

which will be the partial differential equation corresponding to the 
integral relation (1). 

Conversely this integral relation (1) is a solution of (A), and it 
contiuns three arbitrary constants. We cannot expect more than 
three arbitrary constants in a solution of (A) ; for, on passing from 
such a solution to the differential equation by the method in which 
(A) has been obtained from (1), only three constants could be 
eliminated. Hence (1) contains the greatest number of arbitrary 
constants that we can expect in a solution of (A). 

The name Complete Integral of an equation is g^ven to a 
relation between the Tariables which includes as many arbitrary 
constants as there are independent variables. 

179. The supposition hae been made that a,, a^, a, are con- 
stants and we have deduced equation (A) from (I) and (2). Sut 
we may suppose that a,, o,, o, are functions of the independent 
variables; if they be such as to leave unaltered the forms of 
Pu Pt' Pv then the differential equation obtained by the elimination 
of these functions will be the same as in the case when the quan- 
tities a were arbitrary constants, for mere algebraical elimination 
will take no cognisance of the value of the quantity eliminated 
bat only of its form. Now with the new supposition that the 
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quantities a are functions of the variables ir„ ir^ a;,, the values of 
the partial differential coefficients are given by the equations 

3«" 3a!, 3a, 3a!^ da^ dx^ da^ dx^ ' 

dz" 3ijj, 3a, 3a!, 3o, dx^ 3a., 3a;, 

But the forms of p^, p,, p^ are to be the same as before when 
they were given by equations (2); in order that this may be the 
case we must have 

3a, 3a;, 3a, 3a;, 3a, 3a;, 

3a, 3a!, 9a, dx^ 3a, 3a;, 

9o, 3a!, 3a, 3ai, 3a, 3a;, 

Let R denote the value of the determinant 
3gj 3a, 3og 
3a!, ' 3ir, ' 3a!, 
3o, 3a, da. 
da. ' 3*, ' 3a!, 



85, 
3«.' 



BO tjiat the foregoing equationa are equivalent to 



,M. 



Ri 



B^^O.. 



3o, ' 3a, ' 9a, 
Now If J! do not vanish these can only be satisfied by 



,..(4). 



ss; 



-0, 



So, 



da 



..<B), 



and these are three equations which determine the values of 
a,, a,, a, in terms of the variables. The relation (1) is still a 
solution with the change in the quantities a; when the values 
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juert found are subatituted for them we have a solution of (A) 
which contaioB no arbitrary constant. This solution moreover will 
obriously differ from a solution containing no arbitrary constant 
but derived from (A) by assigning particular constant values to 
a,, a,, a, in (A) ; thus the result of eliminating the arbitraiy con- 
stants between (A) and (B) gives a new solution. 

This solution ia called a Singviar Integral and is a relation 
between the variables involving no arbitrary constant ; but it is 
not a particular case of the Complete IntegraL 

180. The equations (4) will all be satisfied if ii = 0; and as we 
are now assuming that a,, a,, a, are not arbitrary constants but 
functions of the variables, this equation will be satisfied by a 
functional relation between a,, a,, a,; this functional relation 
may be arbitrary, so that we may write 

a, = ^(o,.o,) (O. 

in which «f> denotes an arbitrary function. Multiplying now the 
equations (3) by dx^, dx^, dx^ respectively and adding, we obtain 

oa, ' Bo, * da, ' 
But &om equation (C) we have 



K~-^ da,+J^ da., 
■ 9a, ' oa^ * 



Since a, and a, are independent, their variations da^ and da^ are 
also independent ; in order that this equation may be satisfied we 
must therefore have 



da da. 



..(C). 



da^ 3a, do, 

These equations (C) are sufficient to determine o,, o,, a, in 
terms of the variables and the expressions so obtained will involve 
the arbitrary function ^; when they are substituted in (A) the 
solution takes a new form which is different from both of the other 
two. 

C,q,t,=cdbvC00g[C 
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This solution is called the General Integral; it is a relation 
between the variables involving two (or, in the case of n variables, 
n - 1) independent functions of those variables together with an 
arbitrary function of those two (or n — 1) functions. 

The equation R = Q could also be satisfied by making o, an 
arbitrary function of a, alone or of a, alone, so that we should thus 
arrive at different classes of General Integrals ; but these are all 
less general than the former, in which only a single arbitrary 
relation between all the quantities a occurs. This is easily seen 
from the consideration that if, in equation C, a, be expanded in 
powers of a^ the coeflScients are arbitrary functions of a,, while 
if ^(a,), an arbitrary function of a,, be expanded in powers of 
a, the coeflficients are merely arbitrary constants; and the latter is 
obviously included in the former, 

181. It is thus manifest that we have three fiindamentally 
distinct classes of solutions of partial differential equations ; it 
remains to shew that there are no others, and this will be done 
by proving the following theorem : 

Every solution of the differential eqwttion is included in one or 
other of the three classes of solutions of the equation which are 
constituted by the Complete Integral, the Singular Integral, and Uie 
General Integral. 

Ijet (A) represent the differential equation, and (1) the Com- 
plete Integral of this equation ; then the equations (B) and (C) 
will give the Singular and General Integrals ; let any other solu- 
tion of the equation be represented by 

.f-(^,«„;..,i,)-0 (4). 

As it is convenient to speak of z as explicitly expressed in 
terms of the independent variables, we shall use ^to represent the 
value of the dependent variable derived from (1) and f to represent 
the value derived from (4). This last equation gives 

3z '^' 9a;, 



9i(r ,9^ _ 



3+ 
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If DOW we make these values of the differential coefficients 
agree with those given by equations (2), we have the three 
equatioDB 



^tt_S±dr_o\ (5): 



dx, dz dx, dz 

and these determine the values of a,, a„ a, in terms of x^, x^, x^ 
and the dependent variable. 

Now since (4) is a solution of the differential equation, we 
have 

-^'0>i. P.. Pt' t ^,. ^>. 'cj = 0; 
and since (1) is a solution, we have 

satisfied, when the quantities a are arbitrary. The last equation 
is also satisfied when the quantities a, instead of being arbitrary 
constants, become functions of the variables, provided these functions 
are such as to leave the forms of ^,, p^, p^ unaltered ; and we may 
therefore replace them by the functions of ic,, x^, ic, obtained as 
their values from the equations (5), provided the necessarj- con- 
ditions be satisfied. When this is the case the values of Pi,3J,,p, 
are the same for the two forms of the equation (A) ; and we then 
have from a comparison of these two forms the necessary equation 

where in 2' the constants a,, a,, o, ate replaced by the values that 
have been derived for them. 

In order that the forms of p^, p,, p, for the new values of the 
quantities a should be unchanged, the three equations of the 
form 

"bz ix, dz dz "' 



_d±id/ df da, df da, dfda,\ 
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must be satisfied at the same time as (5) ; and therefore the values 
of ttj, a,, a, are such aa to satisfy the equations 

da^ 9a;, 3a, dx^ da^ 3j;, 

-§f ??j 4. -^ ^j.^ ?S— ft I 
3a, 3ic, 9a, dx^ 0a, dx^ I 

9(ij 9aT, 9a, Sa^j 9a, 9a;, I 

But these are of the form of the equations (3) which enable us to 
pass from the Complete Integral to the other two Integrals ; hence 
the values of a are included among those which give either the 
Complete^ the Singular, or the General Integral of the equation. 
And as the necessary conditions have been satisfied, we have 

or the value of z derived from the given solution coincides with one 

or other of the three principal iategrals. 

This proves the theorem and shews that the three classes 
adopted include all possible solutions. 

If on solving the equations (5) the quantities a be found to be 
all constant, then the given solution will be a particular case of 
the Complete Integral; if they be found to be functions of the 
variables and there exist a functional relation between them of 
the form 

then the given solution will be a particular case of the General 
Int«^;ral; if they he found to he functions of the variables and 
there be no such functional relation between them, then the given 
solution is the Singular Integral. 

jG^. 1. ABSumiug that the Complete Integral of 2=j>9 is 

investigate the nature of the solution 

« - i^ = C^+y') sec o + (^ -y') tan a. 
£x. 2. Assuming that the Complete Integral oiz=px+qy is 
logj=ologi+(l-«)logy+6. 
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investigate the nature of the solution 

Ex. 3. Asauioing that the Complete Integral <iz=px+gy+pq is 
investigate the nature of the solution 

182. In the case when there are two independent variahles 
and one dependent, the three may be taken as the coordinates of 
a point in apace ; and the relations between the separate integrals 
can be interpreted geometrically. 

The Complete Integral, being a relation between x, y and z, is 
the equation of a surface and this equation includes two arbitrary 
parameters ; so that the Complete Integral belongs to a doubly 
infinite system of surfaces, or to a singly infinite system of families 
of surfaces. This integral is of the form 

^ (x, y, z, a, b) — 0, 

In order to obtain the General Integral we make one of the 
parameter an arbitrary function of the other, say h = 6 (a), and 
eliminate a between 

4, {x, y, z. a, i) = 
b = e{a) 



^db 



ria) = o 



This operation is really equivalent to selecting from the system 
of families of surfaces a representative family and finding its enve- 
lope. If a particular family be taken (which occurs when b is made 
a definite function of a instead of an arbitrary function), then the 
equation of its envelope is a particular case of the General Integral. 
The foregoing equations as they stand represent a curve drawn on 
the surface of the family whose parameter is a, while the equation 
resulting from the elimination of a between them is the envelope 
of the family ; hence the envelope touches the surface represented 
by the first two equations along the curve represented by the three 
equations. This curve is called the characteristic of the envelope ; 

C,q,t,=cdbvC00g[C 
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and the General Integral thus represents the envelope of a family 
of surfaces, considered as composed of its characteristics. 

In order to obtain the Singular Integral, we eliminate the 
parameters between the equations 

4,(0:. y. ,. „, l) = 0\ 

This operation is the same as finding the envelope of all the 
surfaces included in the Complete Integral ; the three foregoing 
equations give the point of contact of the particular surface 
represented by the first of them with the general envelope. The 
Singular Integral thus represents the general envelope of all the 
surfaces included in the Complete Integral. 

But when the elimination has taken place so as to leave a 
relation between a:, y, and z, it is necessary to ensure that the 
resulting equation is that of the envelope and not that of any of 
the loci which are included in the same equation's. Such loci 
are, for instance, the locus of conical points and the locus of 
double lines, neither of which satisfies the differential equation. 
It is therefore desirable to substitute the result (when it cannot at 
once he recognised as the equation of an envelope) in the differ- 
ential equation ; it is to be retained only when it is a solution. 

It may happen that the entire system of surfaces does not 
admit of this general envelope; in such a case the Singular Integral 
will not exist for the corresponding differential equation, and its 
non-existence will be indicated by the equations ordinarily used to 
obtain it. Examples of this will hereafter occur. 

Ab an example to illustrate the preceding discussion of the geometrical 
relations between tlie integrals, consider the equation 

ar+iy + <»=(a»+6'+c')'=l (i), 

which contains two independent constants. It is easy to prove that the 
corresponding differential equation is 

C^+yj-^)'=l-|-y+j* (A), 

and that the general envelope of all the planes contained iu (i) is the sphere 

"'*»'■+''-' tvooft 
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Hence (ii) ia the Singular Integral of (A), and the aptere represented by 
(ji) touches each of the planes represented by (i) in a point. 
To obtain the General Integral we eliminate a between 

*"" [i-.--{/C)>1' 

in which/(a) is an arbitrary function. Thia is clearly the envelope of a family 
of planes the equation of which contains only one parameter ; and it is there- 
fore a developable surface. The equation of any developable surface, which 
envelopes the sphere, is thus included in the above General Int^raL The 
prooeas of making 6 a function of a is equivalent to drawing on the aphere 
some definite curve; and the developable amfaceis the envelope of the tangent 
planes to the sphere at points which lie on this line, 

183. The explanation of § 179 shews how the Singular 
Integral may be derived from the Complete Integral; it is, how- 
ever, possible to derive it directly from the differential equation, 
as is the case in ordinary differential equations. 

For the sake of brevity, suppose that there are only two 
independent variables. Let the equation be 

^ (a?, y. •». p. 2) = 0, 

of which the Complete Integral is 

F<.T,s,^.a.h).0, 
where a and b are arbitrary constants; the Singular Integral is 
obtained by combining the equation F=0 with 

II=°»^S=» w- 

Since F= ia the integral of the differential equation the values 
of 2, p, q derived from the integral will render ^ = an identity ; 
and the substitution of the values of p and } (but not that of z) 
derived from F= will in general render 1^ = equivalent to the 
integral equation. Let this latter substitution be made, so that 
p and q are replaced by functions of x, y, z, a,b; then in order to 
find the Singular Integral we must form the equations anali^ous 
to (A), which equations are 

dp da dqda ' 

dpdb dq db ' r^ ■ 
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These equationf; may be satis6ed in two ways : firstly, by 'writing 

dp dq ' 

secondly, if ^ and ^ do not vanish, then 



da 36 26 9a 
The latter equation implies a relation of the form 

<^(?>. ?) = 0. 
which does not involve either a or b, hut may involve quantities 
multiplying a and b in the expressions foi p and q; that is, 
quantities depending on x, y, and z. If both the arbitraiy con- 
stants occur in p and q (which does not always happen) the 
equation ^ = would imply that they are effectively only one, or 
that one of them is a function of the other; the equations used 
then give the General Integral, with which we are not now 
concerned. 

We thus return to 

op dq 

the elimination of p and q between these and ^ = will furnish a 
relation between x, y, s, which is independent of any arbitrary 
constant. If this relation satisfy the differential equation, it is the 
Singviar Integral ; and when the Integral is found by this method 
it is necessary to see whether the differential equation is satisfied. 

The reason that this precaution is necessary is similar to that 
which renders the corresponding precaution necessary in the case 
of ordinary differential equations; when the surfaces represented 
have an envelope, this envelope will be given by the equations 

^.0; |i.O, y--0. 
' op cq 

But these same equations will be satisfied by the coordinates of 
any pinch-point on one of the surfaces represented by the complete 
integral ; the locus of these pinch-pointa, however, is easily seen 
not to be a solution of the equation. The equations will also he 
satisfied by the coordinates of any point P at which two different 
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BUT&ces of the Bjstem touch, and therefore by the equation of the 
auriace which is the locus of these points. But this surface has 
not necessarily for its tangent plane at P that tangent plane which 
is common to the two surfaces, and therefore the values o{ p and q 
(which give the direction-cosines of the tangent plane) derived 
from this new locus are not the values of p and q which satisfy 
the given equation ^ = 0. Such a locus correspoDds to what was 
before called the tac-locua (§ 28) ; and, while it may not be the only 
locus (other than the envelope) which is introduced, the possibility 
of its presence renders necessary an enquiry whether the equation 
between x, y, z satisfies the differential equation 

Ex. 1. The differential equation 

has for ita complete int«sral 

(* - a COS o)"+(y - aein a)'+i'=XV, 
\ being supposed a determiaate constant. Fonoing the envelope of this sphere 
by taking 

/'=(j:-ao<»o)> + (y-osina)>+z*-XV = 0, 

»■=». f-». 

we easily find it to be 

Now taking 

and following the mle for deriving the Singular Integral from the differential 
equation, we have 

Sf _ 






The last two equations are satisfied by «=0, which though free from^ and q 
is not a solution of the differential equation. In fact by drawing a figure it is 
easily seen that z=0 is a tac-locua, being the plane which contains the points 
of contact of the different non-consecutive spheres with one another obtained 
by giving all possible values to a and a, 

Ex. 2. Consider the system of cones 

(.r - a cos fl)> + (y - a sin fl)i = (£ ^ ^-^y , 
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in which m, 6 tkre arbitrarf cooatants ; the correapondiDg difTerential equation 
is easily obtained. The equations, which give the envelope, are 
sill fl(iC-a COS fl)- COB tf(y-(iHiiifl)—0, 



e-^(-i-s)=«- 



These are all satisfied 


bj 




.r=«cos5, y^a 


which give 


j^+y'- 


but z ia arbitrary. 




The equations are 


also satisfied by 




_2a 






^+Mc 



(-£)■ 



The last equation repreaenta the envelope ; the doubly infinite system of 
cones is generated by the revolution, round the directrix of a parabola, of all 
the right circular cones whose vertices lie on the tangent at the vertex to the 
parabola, and one slant side of any one of which coincides with the tangent to 
the parabola drawn throi^h the vertex of the cone. The equation 

is that of the cylinder on which lie all the (singular) circles which are the loci 
of the vertices of the cones in the revolution round the directrix. 

For MIer information on the subject of the Singular Integrals of partial 
differential equations of the first order a memoir by Dabbouz, Mdmoira de 
rinUUvt de France, t. zzviL (1880), should be consulted. 



Lagrange's Linear Equation. 

184 We have seen that amoDg the iDtegrals of a differential 
equation there is one — the General Integral — into the expression 
of which an arbitrary function entera ; the deduction of the 
differential equation from the integral implies the eliminatioit of 
thifl arbitrary function. The simplest form possible for an integral 
of this nature, when there are two independent variables, is the 
equation 

*(«. '')-0 (i), 

in which is an arbitrary functional symbol and u and v are 
definite functions of w, y and z. In order to eliminate ^ we 
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differeDtiate with respect to each of the indepeudent variables 
and have 









which, on rearrangement, gives 

Pp + (iq = R 



p 




Q 




R 


du da 




da dv. 




do da 


8y' di 




3»' 8* 




at' 8y 


dv do 




da dv 




dv a» 


dif' dz 




di' 3i 




dx- dy 



or, what are the equivalents of these. 



' a^'«3P^ 



dz 



..(iii> 



Hence, when we have a differential equation of the form (ii), 
into which the differential coe£Gcients enter linearly while the 
quantities multiplying these may be any functions of m, y, z, we have 
a corresponding integral given by (i), provided we can obtain u and 
V in order to insert them in that integral equation. A differential 
equation of this form is said to be linear; the difficulty in the 
solution is the derivation of the functions u and v. 

185- Now let us consider the equations u= a and v = h, where 
a and b are arbitrary constants, and let us form the differential 
equations corresponding to them. We have 






^:,.,C00g[c 



185.] 

and therefore 



LINEAR EQUATION. 



du 


9k 




3« 


du 




8» 


8» 


ly- 


3i 




88' 


8i 




8«' 


'v 


3.; 


* 




8b 


8!> 




8i. 


8» 


3*' 


a; 




dz- 


Si 




a«' 


§P 



. (iv). 



dx dy dz 

Tq-Ti 

These are the differential equations which have for their 
integrals u = a and v=b; they can be formed at once from the 
coefficients in the differential equation. We thus have the follow- 
ing rule* : 

To obtain an integral of the linear equation 
Fp + Qq = R 
write down the subsidiary equations 

dx dy _ dz 
T^'Q'R' 
and obtain two independent integrals of the latter; let these be 

u = a and v = b. 
Then an integral of the partial differential equation is given by 

.f(», .)-o, 

where <ft denotes an arbitrary function. 

An arbitrary functional relation between u and v of any form 
will be satisfactory; thus we might have 

where -^ is an arbitrary function. 

186. This rule enables ns to obtain an integral involving an 
arbitrary function ; it will now be shewn that it is the most general 
integral possible, in that it includes all solutions of the differential 
equation. Let 

.)-(»,!,, .)-0 

■ The theoTj of linear partial differential eqnationi wai flist given by Lagrange, 
as well as the olsBsiflcatian of the integralB of eqnationi of the Srat order. The 
BnbBidiaiy equations (iv) are sometimes called Lagrange's ^nation%. , ( h h ' K 
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[186. 



be a solution of the equation 

Pp + Qq = R, 
and let the anlution of this equation obtained by the foregoing rule 
be (u, w) = ; then from equations (iii) we have 



Since ^ (x. y, e) — 0, we have 



9+,8t 



p-0, 



9^ 9^ 



5=0; 



the substitution of these values of p and q in the differential 
equations gives 

We have thus three equations Unear in P, Q and R; when 
these quantities are eliminated we have 

djr 3^ d^ =0. 

dx' dy' 
du 3it 
dx' dy' 
I 3ii 9u 9ii 

I 3^ ' 9y ' dz 

Hence there is some definite functional relation between •^, u, v; 
let it be 

where J* is a definite function. The solution ^ (pe, y, z) = is 
therefore the same as 

F{u, ti) = 0; 
and, since J" is a definite while is an arbitrary function, this 
solution is included in 

«^(«, «) = 0, 

thatia, is included in the solution obtMned hythe method given in 
the rule. 

C,q,t,=cdbvC00g[C 
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This latter solution is thus the most general solution possible of 
this form ; it evidently corresponds to the General Integral. 

187. Corollary. The equations w-o=0 and a -6 = are 
integrals of the differential equation. For the general solution may 
be written 

» -•('«, 

where ^ is an arbitrary function. Take thea ^ (v) = aif, where 
a is an arbitrary constant ; the equation then becomes « — a = 0, 
which is the first of the stated integrals. Similarly for the second. 

These results can be obtained independently. The foregoing 
article shews that, in order that ■^ {x, y,z) = may be an integral, 
we must have 



But the equations 



^t^ 


«|-^ 




■0. 




^«g+4"= 


■0, 


^l- 


^«|+4= 


■0, 



are actually satisfied ; hence w — a = and jj — 6 = are integrals. 

188. We thus see that, when there is a single arbitrary function 
entering simply (that is, without any derivatives) into an integral 
equation,the corresponding differentia! equation ia necessarily linear; 
and that the linear differential equation has for its most general 
integral a relation into which an arbitrary function enters. We 
therefore infer that, in the case of a differential equation which is 
not linear, the arbitrary function which is essential to the General 
Primitive cannot enter in a manner similar to that in which the 
arbitrary function enters in the foregoing equation ; in fact, with it 
will be aaaociated in the General Primitive its first differential 
coefficient. 

189. In the foregoing we have limited ourselves to the case 
of two independent variables; the proof of the method when 
there are n independent variables follows the former on exactly the 
same lines, and the correspondiug rule is : 
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To obtain tke mort general inteffral of the linear equation 

^J'i+'Pj'. + -P,;'.+ +P,p, = B 

wriAe down the ivbeidiary equations 

dx^ _ rf.r, _ _ dx^ _ d2 

P~~ P~~ ~~P„~B' 

and obtain n independ&it integrals of these ; let them be 

B,«ia,, u^ = a^ , «, = a_. 

Conned theae quantities u by an arintrari/ functional relation 

^(h„ u,, «,)=0; 

this equation is the integral required 

The proof of this, as well as that of the conesponding corollaries, 

viz. that 1*1 = 0,. w,™"^. "■ = ". t'*^ integrals of the 

equation, is not difficult. 

£«. 1. Solve the equation xp+yq^-i, 
Lagrange's subaidiary equations are 

dx _^dy dz 

of which two intogralBarez—ay, i=6«; hence the aolutioa of the equation is 
It can be exhibited in the forms 

which three are easily «een to be equivalent to one another. 

Eo!. 3. Solve the equation 

(ma ~ ny)p + {nx -h)q=ly- vac. 
Lagrange's aubaidiary equations are 

dx dy d2 

mz-ni/'' v^-h" ly-mx' 

Hence xdx+ydy + idi^O, whence a*+y'+*' = o j 

and ldj:+7ndy+7idt=0, whence £r+my+nz=6 ; 

and the integral of the equation is 

C,q,t,=cdbvC00g[C 
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Sx. 3. Scdre the equations 

(ii) xxp-^yiq—:^ ; 

(iii) (y'+is'-«")^-aiyj+2a»=0; 

(iv) «-jtp-yy-a{*'+y' + «*)*; 

(V) {a-«)^+(6-y)j=c-2i 

(vii) pfam^E+ytany^tanz; 

£ji:. 4 Solve the equatioa 

Lagrange'B subBidiary equations are 

(iCj »ir, _ dxj _ di 

Each «^ these equal fractiona 

di-dxi (h-dx ^ _ dz-dx^ _ dt+dxi+dXj+dXf 
^ -ii-x,)" -(i'X^)~ -{t-x^~ 3(.2+Xi+x,+x^ • 

The integrals of these are 

and therefore the integral of the equation is 

where 5atanda for z+x^+x^+x^ 

Ex. 6. Prove that in the last question, if, when z=0, the variables I 
connected b; the relation 

then the integral is 

{{x,-zy+{^,~zy+{x,^zynx,+x,+x,+zy={x,+xt+x^-z*)'. 

(Mausioa) 
Ex. 6. Solve the equations 

(i) PiXi+p^i+p^i = ru ; 

(ii) p^x^+p^J+p^,=a^+^■, 

(iii) x^^^+XJX^^^+x^x^t=XiXtXJ. 

C,q,t,=cdbvC00gle 
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Standard Forms. 



190. Before proceeding to indicate a method of integratioa 
which is applicable to the moat general equation of the first order, 
it is advisable to notice a few standard forms of differential 
equations which admit of integration by very short processes and 
to one or other of which many equations can be reduced ; as the 
general method is usually much longer than that which is effective 
for any of these standard forms, it is advant^eous to see whether 
the equation is included under one of them. 

191. Standard I: Equations in which the variables do not 
esplicitly occur; such equations may be written in the form 

fCp, 9)-0. 
A soluti(Hi of this is evidently 

z=ax + by+c, 
provided a and 6 are such as to satisfy 
•f (a, 6)=0. 

If then the value of h derived from this equation be b =/ (a), 
the Complete Integral of the equation is 
e = aas + yf{a) + c. 

The General Integral and the Singular Integral must in the 
case of every equation be indicated as well as the Complete Integral, 
or the equation is not considered to be fully solved. 

Equations which do not explicitly come under this standard 
can often be included by changes of the variables ; thus for instance 
functions of x which occur in the equation might admit of associ- 
ation with the p and functions of y with the q. But the changes 
needed for any equation can be determined only for the particular 
circumstances of the equation ; there is no general rule, since an 
equation cannot always be reduced to this form. 



dbvCoogIc 



Ex. 1. Solve 


p<l = k. 


The foregoing shews that 






z^ax + bs + , 
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is a solution provided 

the Complete Integrcil therefore is 

i 

The Qeneral Int^;ral is obtained hj eliminating a between the equationa 

where if> is arbitrary. 

The Singular Intifp^, if it exist, is determined by the equations 
t 



0- *-^y 
0= 
the lust equation abews that tbe Singular Sdution does not enst. 

Ex. 8. Solve ^— afyA 

This can be put into Uie fbrm 

Let dZ=r*'<k, so that (l-il)Z=^-^, 

di=xf^dx, ()» + l){=*"+>, 

d7=J^ (« + l)7=y"*S 

and the equation becomes 

dZdz 

which is included imder tbe last example. 
Ex. 3. Solve the equationa : 

(i) p'+j'=m^ 
(ii) a(y+g)=2j 

(iii) *y+yv-^: 

(iv) y"se<^a:+sV'coaeo*'y=i^~"; 
(y) j)>+j'=«pj; 
(vi) i'x»+j^"+j>,-=l; 
(vii) t^ip^ =*,av'r 



....Coo^e 



806 STANDARD [192. 

192. The differential equations included under the form 

ir(p, g) = 

have an important interpretation when viewed geometrically. "We 
know that the equation of the tangent plane to the surface 

at Uie point f, i;, ( is 

«-(«-f/g|-ruf-vy9^-. 
and the surfiw^ is the envelope of the tangent planes. Now if 
between ^r^ and ^r- there be a relation 



t(lf. D=«. 



' 3^ dv 

and therefore there is only a single parameter in the equation of 
the tangent plane. Now the envelope of a plane whose equation 
is of this form is a developable surface, and hence the surface con- 
sidered is a developable eur&ce. 

It therefore follows that 

is the general differentia equation, of a family of developable 
surfaces i and the equivalent General Integral is the integral 
equation of the family. 

193. Stakdabd IL 

In attempting to reduce aa equation to the preceding standard 
we may find it possible to remove from the equation the indepen- 
dent variables, so that they no longer occur explicitly ; but it 
may not be possible to remove the dependent variable, and the 
equation will then be of the form 

xi^'P. ?) = o. 

We assume as a tentative solution 
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(f being written instead of x-^ay), in which a ia an arbitrary con- 
stant. We then have 

_dz d^ _dz 

_dz d^ _ dz 

and the substitution of these in the equation gives 
( dz dz\ ^ 

This is no longer a partial differential equation, as there is now 

only one independent variable. This independent variable does 

not explicitly occur, and thus the equation comes under Standard 

IV. (§ 18) of ordinary differential equations of the first order. 

dz 
Solving for -75 we have an equation of the form 

dz , , . 

the solution of which is 

dz 

or x + ai/ + h='F(z, a). 

This ia the Complete Integral ; the General and the Singular 
Integrals may be found by the ordinary method. 

Ex. 1. Solve the equation 

9(p'^+3»)=4. 
If we make the subetitutionB as in the ataiuiard oa^e, the equation becomes 

or f<&(oa+j)i=rf^, 

the integral of which is 

(. + «>)'.{ + .! 
the Complete Integral of the equation therefore ia 

(. + «■)•.(:. + », + «)•. , ■ 



f- = /fl 



Tha Oetwral Integral is obtomed b; the elinunatioD of a between 

and 3a(*+a*)»-{«+fly+«(a)}{y+ff(o)}r 

where d is an arHtraiy nuction. 

It ii not difficult to ^Mve that there ia no Singular Int^raL i 

Ex. i. Solve the equations : I 

(i) p'-^a-M); 

(ii) jV=rC«-p*); 

(iii) ?>(l+2*)=?C^-o); I 

(iv) I'-po't+PtPi^+PiP^ : 

194. The relation between the integral and the differential 
equation admits of a geometrical interpretation. The first step in 
the process of solution is writing f for ic + ay, which is equivalent 
to turning the axes in the plane of xy through an angle equal to 
tan~' a and magnifying the coordinates in that plane in the ratio , 
of (1 + a*)^ : 1. It is then assumed that z is a function of f 
but is independent of the coordinate parallel to the new axis 
of y. Now I 

'-At) 

represents a cylinder whose axis is parallel to the new axis of y ; i 
and therefore the equation gives the cylinders satisfying this con- ' 
dition. But now, returning to our original axes, since a is an | 
arbitrary constant, the axis of f is an arbitrary line in the plane, 
and therefore also is the line taken for the transformed axis of y. 
It thus follows that what we find by our process of integration will 
be all the cylindrical surfaces with axes in the plane of xy which 
flatisfy the given differential equation, 

196. Standabd III I 

In attempting to reduce a given equation to the first standard, 
it may happen that z may be removed from explicit occurrence in 
the equation, but that x and y remain, and that then the functions 
of p and x may be associated with one another, and likewise the 
functions of j andy; the equation will then take the form 

<p(x, p) = '^(^, q). 
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We asButne, as a trial solution, each of these equal quEUitities 
to he equal to an arhitrary constant a ; from the first of the two 
eqiiations so ohtained we have 

p = 0^(w, a), 
and &om the second 

Integrating both of these we tind that, by the tirst, 
z =_/j (x, a) + a quantity independent of x, 
and that, by the second, 

z =f^ (y, a) + a quantity independent of y. 

These are evidently included in, and are equivalent to, the 
equation 

where 6 is an arbitrary constant. This is a solution of the original 
equation ; as it contains two arbitrary constants it is the Complete 
Integral 

The General Integral and the Singular Integral, if it exist, are 
to be deduced from this in the usual way. 

Ex. 1. Solve the equation 
The equation rearranged in the fonu 

j^-«=-(9'-y) 

cornea under the atandard, aad we therefore write 
Hence p={x+a)*, 

?=Cy-«)*, 

and therefore 

^=S(*+«)'+g(y-a)l+6, 
which is the Complete Intend. 

The QeDeral Integral ia gives by the elimination of a between 

0=(j;+a)* 
where ;j ia an arbitrary function ; and there ia no Singular Integral 
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Ex. 8. Solve the equations : 

(ii) q=xp-¥^; 
(iii) p-iqs+tf; 

(t) ^-y»3=«*-y>. 

Ex. 3. Shew that thiB method can be applied to the solution of equations 
of the form 

Thus solve fully the equation 

196. Standaed IV. 

la this class are included those equations involving partial 
diSerential coefficients, which are analogous to the equations 
included under Clairaut's form ^ 20) in ordinary differential 
equations. For two independent vaiiahles they are represented by 

z=px+qy + ^{p, q), 
where ^ is a definite function. 

A solution of this is 

« = (KB + &y + ^ (o, 6), 
which admits of immediate verification. Ab it contains two arbitrary 
constants it ia the Complete Integral ; the (Jeneral Integral is to 
be obtained in the usual way, and there is usually a Singular 
Integral 

^.1. Solve the eqaations: 

(i) «=p«+gy+pg; 
(ii) *=;w+2y+(l+pS+S^*; 
(iii) «=^ + gy + {op«+(9^+y)*! 
(iv) e=^+gy+3f*j*; 
obtaining in each case the Singular Integral as well as the Complete Integral 
Ex, 2. Solve the equations ; 

and obtain the Singular Integral in each case. 

C,q,t,=cdbvC00gle 
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Principle of Duality. 

197. There ezists in partial differential equations a remarkable 
duality in virtue of which each equation ia connected with some 
other equation of the same order by relations of a perfectly re- 
ciprocal character. We shall consider here only equations of the 
first order. 

Consideriug the case of two independent variables only, we 
write as our new dependent variable 

Z=pte + qy — z, 
and therefore 

dZ= scdp + ydq. 
We take as our new independent variables p and q, which we write 
X and Y for symmetry, so that 

X=p and Y=q; 
and then we have 

dz dz „ 

dZ dZ „ 

then z = PX+QY-Z, 

so that the relations between the variables are, as stated above, 

reciprocal. 

If now we have an equation of the form 
■^(x, y, z, p, y)=0, 
the above relations transform it into 

^iP,Q,PX + QY-Z,X, Y) = 0. 
The integral of either of these being known, that of the other is 
deducible by a process of algebraical elimination. Thus let a 
solution of the second be ^ven, or be derivable, in the form 

0(Z, Z, F) = 0. 
Then we have 



p3^ 30_ „ _^90 9^ 
^dZ'^dX~ ^^dZ^dY' 
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a»ti., 'l+a^-O' 

The eluQination of X, Y, Z betweeo theae four equations vill 
leave as equation in m, y, z, which will be a solution of 
■<lr(a!,y,e,p,q) = 0. 

Ex. 1. The simplent example of an eqoatioa which oan be treated hj this 
method IB that which cornea under Standard lY. (§ 196) ; the equati(»i being 

the transformed equation is not differential, but algebraical, being in &ct 

-z./(z, n 

Thus in particolaf consider 
tb» trauafonned equation is 
Qence x=-^=-iX and y=-^=-2Pi 

where g=x|f + r|f -z=-(jr» + r»). 



Hence, eliminaUng the quaatitiee T, T, Z, we have 
which is easily seen to be the Singular Integral Solution of 

Es. S. Solve the equations: 

(i) (*p+y2)(i-p«-sy}+/'?=0i 
(ii) i+l-^(;e+j>)-yCy+9)=0! 
(iii) p'(«*-a;)+2p?a:y+2'Cy»-j()-2?MK-22y2+3'=0; 
(iv) ()M:+2y-«}(pSa;+yV)'=P?- 
Ex. 3. Prove that the equations 
(i) xfiiU'px-Sl/'P' 9)+2/A(^-P^-^'P' ?)=/s(«-i'*-2y>P. ?). 
(ii) Fii-px-qy,x,t,) = 0, 
ore reducible, by the foregoing substitutions, to standard forms. 
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Sx. 4, Frore that the equation 

is i^ucible to L^ange's form bj cbangicg the variables so that p and y are 
the new independent variables, and z—px the new dependent variable. 

Hence solve the equation 

Ex.6. Sdve (s-jJ-sy)'-l+f>*+8». 

198. The process of derivation of one differential equation 
fi^>m another as exhibited in the preceding article is really a trans- 
lation into analysis of the geometrical principle of duality between 
surfaoes. When we take a fixed quadric, which we may denote by 
2, then with every suri'ace 8 there is associated another surface 8', 
caJled its polar reciprocal, which is the envelope of the polar planes 
with regard to S of points on the surface S ; and the surface S is 
the polar reciprocal of iS', being the envelope of the polar planes 
with regard to S of points on iS'. 

The polar reciprocal of a surface depends on the subsidiary 
quadric, S, and is different for different quadrics; the quadric 
most commonly chosen (on account of the geometrical simplicity) 
is a sphere with its centre at the origin of reciprocation. 

Let us con»der as the subsidiary quadric not a sphere but a 
paraboloid of revolution whose equation is 

To the tangent plane at a point A on the surface 8 corresponds 
a point A' on the surface if; and to the point A corresponds the 
tangent plane at A' to S'. Let x, y, z, p, j be the quantities 
associated with A ; and X, Y, Z, P, Q the corresponding quantities 
associated with A'. 

The tangent plane at w, y, z to the given surface ^is 

(f, li, ? being current coordinates) ; and the polar plane of X, Y,Z 
with regard to the quadric is 

X%^■Yr^-K-Z = ii. 



^:,.,C00g[c 
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But, becaofle the two aurfacefi 8 and S" are polar reciprocal, these 
two planes are the same ; a comparison of their equations gives 
X '=p; Y= q; Z=px + qy — s. 

Similarly, taking a tangent plane at X, Y,Z to the surface 8' 
and noticing that it must be the polar plane of w, y, z with regard 
to the quadric, we should obtain the equations 

3==-?; y=Q\ z = PX-\-QY-z. 

These two sets of relations axe those used in the preceding method. 

Other relations could be obtained by taking other subsidiary 
quadrics in reference to which reciprocation should take place ; but 
i^e preceding seem the simplest that can be found. 

199, The General Integral of a differential equation involves 
an arbitrary function. It may be necessary to obtain an inte- 
gral satisfying certain conditions; the latter will then be ob- 
tained if the arbitrary function be rightly determined. The 
process is equivalent to that which occurs in ordinary differential 
equations, where the arbitrary constants are determined by some 
particular relation or relations between special values of the 
variables. In every particular problem the arbitrary function is 
determined by means of the specified conditions. 

Ex. 1. We know tb&t the equation 

implies that the aormal to the sur&ce repreeeated hj the integral equation ie 
perpendicular to a given line whose direction coHinee are proportional to a, 6, 1 ; 
this is the property of a cylindrical surface whose axis is parallel to that line. 
The integral obtained either by Li^range's method or by the method applied 
to Standard I. is 

a!-a2=0(y-fe), 
where ie arbitrary. Suppose that the equation of a cylinder having its 
axis parallel to the line (a, h, 1) and passing through the curve j^—y'=l in 
the plane of o^ is desired. The section of the above surface by the plane of 
xy is obtained by writing z=Q therein, and thus it is 

According to the assigned conditions it should be 

A comparison of these equations shews that 
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' and therefore also 

Hence the equation required is 

or, freed bom radicals, is 

(*-(B)>-(y-fo)»=l. 

Ex. S. Prove that the equation 

p(x-a) + q(y-b)=t~o 
represents a family of conea having the fixed point (a, b, o) for vertex. Shew 
that the member of the &mil;, which pasaea through the circle 

in the plane of xy, has bx ita equation 

Ex. 3. Obtain the integral of the equation 

p(n2f-m2) + q{h-'>w) = mx~li/, 
BO that the eectioa, by the plane of x^/, of the repreaented surface ia a conic 
section of eccentricity e with its centre on the line 
^+0—4?){lx+mJi)=0. 



General Method of Solution. 

200. We now proceed to consider a more general method due 
partly to Lagrange and partly to Charpit ; it applies to the general 
equation, which may be denoted by 

■FCa'. y. «. P. 9)=0, 
and its success depends, as will be seen, upon the integration of 
some ordinary differential equations. 

If in addition to the foregoing relation we have another between 
the variables and the differential coefficients, the two can be 
considered as a pair of simultaneous equations which, when solved, 
will give p and q as exphcit functions of x, y and z. The values so 
derived, when substituted in the equation 
dz = pdx + qdy, 
will render it either immediately integrahle or integrable on 
multiplication by some foctor ; and the integral will be a solution 
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of the original equation, since the values of p and q derived from 
it have In the inverse process been obtained frona that equation. 
Let then anoUier relation between the quantities be denoted bj 

* (iC. y, «, p. 2) =■ ; 
if we can find the form of 4>, we shall be in a position to use this 
method of solution. 

201. Now the integral of the equation gives z (and therefore 
also p and q) as functions of x and y; whatever these functions 
may be, they will, if substituted in the equations F= and ^ = 0, 
render them both identities. Let then the values of js, p, q (as 
yet unknown) be supposed substituted; then the partial differential 
coefficients of the left-hand members of both equations with regard 
to X and y will all vanish, and therefore 

dF dF SF^ ?Z^ = 

dx dz'^ dp dx dq dx ' 

5^ dz" dp dx dq dx ' 

5F dF ,9^9p. 9^99^0 
dy ds" dpdy dqdy ' 

dy ds^ dp dy dq dy 
Eliminating ^ between the first pair of these equations, we have 

\dx dp dp dx) "\dz dp dp dzj dx\dq dp dp dq/ ' 

and eliminating —^ between the second pair, we have 

(^^^^^\ /dFd^_dFd^\ Sp/dFd^_dFd^\_ 
\dy dq dq dy) "\dz dq dq dz ) dy\dp dq 3g 3p/ 

TI ?? _ ^z _^ 

dx dxdy dy ' 
so that from the last two equations, when added together as they 
stand, the tenns involving these quantities disappear ; and the 
result may be rearranged and written in the form 
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lilF ^Fyfi , liF Sf\dt' / 5F SJ^S* 



\ dp/ dx \ dq/ dy ' 



which we may look upon as a linear differential equation of the 
first order to determine ^, The method applicable to this equa- 
tion ie therefore the one used in the case of Lagrange's equation ; 
we write down the equations (§ 189) 

dp dq _ dz dm dy _d^ 

hP hP~iP hP~ W ^ — ^ dP~~0' 
dx'^^Sz dy'^^dz ^dp ^^ "dp dq 

and obtain integrals of these. Now in order that these equations 
may hold we must have 

^0 = 0, 
or O = A, 

an arbitrary constant. If another integral can be obtained by 
equating any two of the first five fractions, it may be written in 
the form 

u = B. 
By the corollary in § 189, m = 5 is a solution of the differential 
equation determining "t. Now O = is the relation we are 
seeking between x, y, z,p, q; and the simpler this relation is, the 
easier will be the deduction of p and g from <1> = and F=0, We 
may therefore take as the relation required the equation 

u = B, 
that is, we may take any one integral whatever of the foregoing 
system of ordinary differential equations, provided either p oi q or 
both occur in it ; when this integral has been obtained we combine 
it with ^^=0 and carry out the process indicated in the pre- 
ceding articla 

202. The following proposition is an immediate corollary from 
the process of the preceding article, or it may be considered merely 
as a re-enunciation of the result there obtained : 

When two equations of the first order represented by 
F{x,y,z,p,q) = 0, 
* {x, y, z, p, ff) = 0, 
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are each that they satisfy identically the relation 

dx dp dp dx dy dq dq dy 

(dFd^ ^d^\. (dFd^_dFd^\ 
'^^[dz dp dp dzJ'^^[ds dq dq ds)^ ' 

and are considered as two simultaneouB equations giving p and q 
as functions of a;, t/, and s, then the values of p and q derived from 
them and subetitated in the equation 

de=pda> + qdy 
render it an exact differential. 

Another form may be given to the relation. Let 



^. = 5; + J5 



and similarly for 4> ; then the equation is easily transformed into 

op ^ * oq * dq 

Ex, 1. Solve the equation 

p* +S« - 2pa: - Sjy + ary =0. 
Writing down the Bubeidiary equationa we have among others 

t^ dq dx _ dy 

2y-2p~ai;-2j" -2(S+2«~ -Sj+Sy' 
Hence ^+dq~dx-^dy, 

BO that p—x+q—y^a. 

Combining this with the original equation, which may be written 

(p-xf + {q-yf={x-y)\ 
we find %{p-x)=a+{i{x-yf-a^}\ 

2(,q-y)=a^{^{x-yf-<^\\ 
Hence di=pdx+qdff 

givea 2di={2x+a)dx+(2y+a)dy+{dx~di/){2(x-yy--a*}\ 

the integral of which is 

-^log[2'(«-y)+{2(*-y)»-ai)'], 

C,q,t,=cdbvC00g[C 
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which is the Complete Intt^rel. The Generd Integral is deducible in the 
orcliiiar7 way; there is no Singular Integral 

The above equation may, howeTor, be solved without having recourse to 
this method; but some transformations and substitutions are neceasair. 
Taking the equation in the form 

(p-3:)s+(y-y)«=(j;-y)» 
we write Z=i- \^- jy, 



Let the independent variables be chained by the equations 
a!-y=2*Xajid aJ+y-S^F; 






\^) ^ \^) 



The equation becomes 



and is thus of the form of Standard III. ; when the integral is okitaiiied and 
the new variables are replaced by the old, it will be found to agree with the 

Ex. 2, Solve the equations 

(i) ?>»+j»-2par-23y+l=0; 
(ii) 2(pg'+jiy+?«)+a!*+y*=0 \ 
by Charpif 8 method. 

Also reduce both of them to one or other of the Standard Forms and so 
integrate them, shewing that the integrals obtained by the two methods agree. 

203. In these particular examples Charpit'e method is less 
laborious than the other ; but this is by no means always the case. 
It often happens that an equation which furnishes an easy example 
of this rule is integrable still more easily because included in some 
one or other of the foregoing Standard forms ; and this causes the 
method to be less used than would otherwise be the case. But it 
is more general than any of them, and equations integrable by any 
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of the other methods are integrable by this method ; it is more- 
over important in the general theory as indicating a method of 
obtaining a solution of the dlEFerential equation without any 
restrictions on its form. 

The limitations to auccesa in practice are connected with the 
int^ration of the subsidiary equations. Now these partlcalar 
limitations are just such as ^ve rise to the methods adopted for 
the different Standards and really indicate the classification therein 
adopted ; in &ct all the Standards are incliided m Ckarpi^s Jbrm 
and inteffration u poaaible by this one method whenever it is possible 
by any of the methods. 

204. Thus consider first Lagrange's form, which is 

in which P, Q, B are functions of w, y, z alone and do not involve 
p or q. In this case 

thus two of Charpit's equations are 

dx ^dy _dz 

'P~~Q~R' 
the equations on which the integration of Lagrange's form de- 
pends. But it should be noticed that this is not a proof of 
Li^range's method for linear differential equations ; the result has 
already been assumed in the derivation of Charpit's equations. 

205. Now consider the typical equation of the first Standard, 
which is 

ao that F='^{p, q), 

in which x, y, z do not explicitly occur ; then 



= 0, f.o. f. 

oy ds 



^:,.,C00g[c 
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The subsidiary eqiiationa now are 

dp _dq _ dx _ 

80 that we have p=a and q = h, both arbitrary constants ap- 
parently. But according to the rule we must combine any one 
integral with the original equation, and so we have 

and therefore, iiq = h, we have 

Then dz = pdx + qdy 

= adx + hdy, 
of which the integral ia 

z^ax + hy + e, 
with the limitation between a and 6. 

206. Proceeding now to the typical equation of the Second 
Standard, which ia 

^{z.p,q)=0, 
an equation into which a: and y do not explicitly enter, we have 

F= f {z, p, q), 
and therefore 

^ = 0, and 5- = 0. 

ex oy 

The equation derived from the first pair of Cbarpit's fractions 
gives 

dp dq 

PTz ^Tz 
and therefore p = mq. Combining this with ■^ = we can find both 
p and q in terms of z ; let the values be f{z) for p and tiierefore 
mf{z) for q. Substituting in 

dz = pdx + qdy, 

we have j^-- = da>-\- mdy, 



CHAEPrr's METHOD. 
+ C = x + my. 



fit 



which agrees witli the former result. 

207. Passiog now to the Third Standard in which the equa- 
tioQ h 

dF dA 8F 90 

80 that 5- = ST- ; ^T" "" 5^ ; 

ox dx op op 

dy dy ' dq dq ' dz ' 
we have from the subsidiary equations 
dp_dx 

dw dp 

that is, ((B, j>) = o ; 

and therefore from the original equation 
■^ (y, ?) = a- 
Solving these respectively tor p and q we have 
p = 0,(x,a); q = 6^(y,a}; 
and following the rule we have 

dz = 0, (x, a)dx + e, (y, a) dy, 
the integral of which is 

z + C = j6^ [x, a)dx+ m9, (y, a) dy. 

Esi. 3. Derive by Charpit'a method the integral of the differential 
equation of the form analogous to Clairaut'a foi-m for ordinary equationa. 

Ex. 4. Obtain by Charpit'a method a solution of the equation 

where/(j>, q) is a homogeneous function ofp and q of the degree n. 
Solve also j^+^^s-gjig. 



:,q,t,=cdbvCoOg[c 
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Jacobi's Method for the General Equation wjth any 
number of independent variables. 

208. It has been indicated in § 189 that the method used 
for the linear partial differential equation in Lagrange's form can 
be applied to the case when the number of variables is n ; we now 
proceed to indicate the method, due to Jaoobi, of solving the 
general partial differential equation when there are n independent 
variables. This general equation may be represented by 

^(^■Pi-Pi' '?«' "^1 '"'J ='^' 

where x^, x^, , ar^ are the independent variables and the p's 

are the partial differential coefficients of z with respect to the x's. 

209, We will prove that, if in this equation the dependent 
variable explicitly occur (and this will usually be the case since the 
equation is perfectly general), then the equation * = can be 
replaced by another with a new dependent variable, in which that 
dependent variable does not explicitly occur and the number of 
independent variables is increased by unity. 

The differential equation * = has some solution ; let it be 
represented by 

u=/(2,a:.,ar„ ,x„) = Q. 

whereyis as yet an unknown function ; then we have 
du du „ 

for all values of the suffix from r = 1 to r = n. Let these values 
of p be substituted in the original equation, which therefore 
becomes 

(3w <)ii, du . 

dx, dx, dx \ n 

'■-^■-g -S''-'- '•)-"■ 
di dt Si ' 

and may be written in tlie form 



* («, 



Sz) 
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This is a partial differeotial equation of the first order ; the 
dependent variable u does not explicitly occur and there ai^ n + l 

independent variables 2, x^ tr,, , x^. Hence the proposition 

is proved. 

The integral of this leads to the integral of the original 
equation ; it will be proved to be possible to obtain the integral of 
Y = in the form 

u=/(x^, a!,, , a;,, e, ff,, a,, , fflj, 

in which a,, a^, , a. are arbitrary constants. 

When this integral is known, the complete integral of the 
equation $ = is given by 

f{x^,x^, , ic^, z, a^, a^, 1 0,^=^, 

in which z is now the dependent variable and there are the 
original n independent variables. 

For u =f is the integral of ^ = and ^ is a modified form of 
$ = 0, so that the latter is satisfied by u =/, and therefore 





9/ 

-If'"""- 

8z 


But since/= Owe have 






hh.-'>- 




3/ 


and therefore 


?. = -■!*. 



which is satisfied for all the suflSxes r from r = l to r=n; hence 
we obtain 

'^i.^'Pi'Pi' > P.> ''^1' ^t' ' *.) = **■ 

the original differential equation. 

210. It is thus suflScient to consider differential equations 
from wbicli tlie dependent variable is explicitly absent. If it 
explicitly occur in any given equation, it can be removed in 
the manner indicated ; and a transformed differential equation 



210.] FOH THE GENERAL EQUATION. 325 

'SP = can be obtained, the integral of which will lead to the 
required integral. We may therefore write the general'differential 
equation in the form 

^(Pi- Pf ' P«' "'i' "'f ' ^»)~^- 

If, in addition to J" = 0, we have other n — l equations of the 
form 

F^ = a^. F,= a^, F,= a, , -F.,. = o,„. 

where F^, F^, , f,_, are functions of Pj,p,, ,p, (or of some 

of them) and it may be, and usually will be, of «,, ic„ , x^, and 

■where a,, a,, , o,_, are arbitrary constants, then from these n 

equations we can obtain values of p,,^,, iPn^^ functions of 

the x's and the a'a. Let these values be substituted in 

d2 = Pidx^+P/ix, + +P,'^'''^i 

then, if they be such as to render this an esact differential, the 
integral of it will be the complete integral of F = 0. For it will 

be an integral, since the values ol p^, p^, ,p^ are derived from 

n equations, one of which is F=0; and it will in its expression 

involve n arbitrary constants, viz. the constants «,, «,, , a^^, 

and the constant of integration. Moreover the integral is of the 
form 

which gives the dependent variable explicitly, and therefore 
justifies the assumption made &a to the form of the integral of 

The n-1 functions F must be such that the values of the 
quantities p will render the foregoing an exact differential equa- 
tion ; and the necessary conditions, which are 

dx, da;, 
for all values of r and s, will serve to determine these functions. 

211. Suppose that the n equations 

^" = 0, F=a„ F=a„ , i^._,=a. , 



are solved so as to give the values of p,, p,, , p^ as functions 

of the variables x ; these values will, when substituted, make each 
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equation an identity. When this substitution takes place in any 
two sucb equations as jp", = a, and F, = a„ we have 

\dXj Sp^dx^ dp^dx^ 3p, 3^1 ' 

I ?^. + »5 ?&+'£•??.+ + ?£.*-_o 

\^x^ dp^dx^ ^/)j 3a:, dp^hx^ ' 

dx^ 3p, 3a;, 3p, dx^ 3p, 9j;, ' 



Uj, 3/>, 0j;, dp^dx^ dp, dx^ 



= 0, 



giving altogether n pairs of equations ; each pair is made up of 
the difTerential coetScients, with regard to the same independent 
variable, of F^ and F, when in these the values of the p's are 

substituted. Between the first pair let the value of ^ be elimi- 
nated ; the resulting equation is 



m 






[«, «J ["."J l',«\' 



Similarly tie elimination of ^ from the second pair gives 

aud so on, each pair leading to an equation of this form. 

Now let all the left-hand members of these equations be 
added together. The coefficient of J-^' (which is equal to /•'') 
will consist of the sum of two terms, viz. the term 



7V. Pr^J 

C,q,t,=cdbvC00g[C 
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from the r'* equation, and the term 

from the s'"" equation ; the sum of these two is zero, and thus the 
term in ^ disappears, whatever be the values of r and /, The 
resulting equation is therefore 

Let the left-hand side be denoted by 

then the equation is 

and this must be satisfied, whatever the suffixes r and s may be. 
Hence the ^gregate of the equations which these functions 
must satisfy may be represented in the form 

fi = {F„F) = {F„F;) = {F„F^= = {F„F,,,) 

for all values of the index i from » = 1 to i = « — 1. 

212. These conditions, which are necessary for the integra- 
bility of the equation dz = ^pdx, must now be proved sufficient ; 
this will be proved by shewing that, when the functions F satisfy 
the foregoing equations, we have 

for all values of / and s'. 

The n equations derived from the n pairs of equations con- 
nected with any two given functions F^ and F, still hold ; when 
they are all added together we have 

the double summation extending to all integral values of r' and 
/ from 1 to n but not including pairs of equal values since for 
every such pair of values the term vanishes. But by the necessary 
couditions satisfied by the functions we have 



(■^••"■•"O- , Google 



and therefore 



JS 
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3«J 



[212. 



r£ii"i/%. 



wbich holds for all the values of r aud s given by the different 
functions ; and eveiy combination of the functions will give such 
an equation. The total number of these combinations is^n(n— 1); 
and therefore the number of such equations is ^n(n — 1). 

Now each equation is linear in the quantities 

which are in number Jii(n— 1} in all, that is, the same as the 
number of the equations. Since each right-hand side is zero it 
follows either that each of these quantities 





w. 


-k 








by the coefficients of these 


quantities is zero. 






That this cannot be the case 


appears as follows. Let A denote 


the determinant 








IF SF 




dF 






^i' 3p.' 




¥". 






dF, IF^ 
9p, ' 3iJ, 




•i: 






3f.., SF^, 




^K , 






dp^ ' dp^ 




^. 





then each of the expressions 



[F^, Fl 



is the complement of a second minor of A and there are in all 
^ n* (n — 1)' of them ; let O denote the determinant formed by 
them BO that is the determinant which is zero by bypothesiii. 
Let 0' be the determinant formed by the complements in A 
of the constituents in ; then we have, on multiplying and 0' 
together, 

00' = A*''"'-". 

L;,q-,:....,C00gli: 
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Now ©' is not iofinite ; hence if © vanish we must have 

d=0. 
But this would imply that among the n equations of the type 
f = the n quantities p could be eliminated, that is, that these 
equations would not suffice to determine the quantities p as 
functions of the independent variables. This is contrary to 
what has been assumed as to the independence of the functions 
F; hence 6 is not zero. 

It follows that each of the J Ji (n — 1) quantities 

is zero, and therefore that the conditions are sufficient to ensure 
that 

dz = p,dx, +p^daf^ + ■+Pn'^t 

is a perfect differential. 

213. We may therefore sum up our results, so far obtained, 
as follows : 

To obtain the Complete Integral of any given equation F= vie 
first determine an integral F^ = a^ of the equation 

iF^,F) = 0; 

then vie obtain a wmmon integral F^ = a, of the equations 

{F„F) = {F^,F^)^0; 

then a comm&n integral F^ = a, of the equations 

(/;, F) = (F„ F,) = (F„ F^-=Q; 

and 80 on, thus obtaining in all n — 1 new equations each con- 
taining an arbitrary constant. The n equations which involve the 
n quantities p are then solved so as to furnish th^ values of the p's 
as functions of the independent variables and the arbitrary con- 
stants, and these values are substituted in 

dz = p,dr^+p^dx^-{- +p«dx^. 

This when integrated gives the Complete Integral of the equation 

^-"^ o,,...,Goo8le 
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E^h of the equations determiDing any one of the fuDCtions 
F^ is linear in the partial differential coefficients of F^ ; we have 
therefore to investigate a method of obtaining the common integral 
of a set of simultaneous linear partial differential equations. 



Prove that if the equatione 




^1(^1.^. -.■^»2,P,.i'i, ■ 


...rJ-o, 


-*",(■«,.»„■-,»» ',fi,f.,- 


...A)-o, 



be solved so u to giye Pi, pt, , p^ as functions of j;^, ^r,, ,.., x^, i the 

necessary and sufficient conditions in order that 

dt=Pidxi+p^^+ +p,^^ 

should be an exact difiereatial are that the a^regate of equations 

-" (^?)=ef]-[e]- <m 

should be satisfied. 

214. It is convenient to prove here an important Lemma 
which will he of use when the integration of the simultaneous 
equations is being considered. 

If A, B, C be any three functions of 2n independent variables 

a^piEj, >^„'Pi>Pa' ,p.,^od if the function {B, C) be denoted 

by a, and the function {A, a) by 

U, (B. C)]. 
then the equation 

[A, {B, CO] + [B. (C. A)] + [C. (A, B)] = 
will be identically satisfied. 

Consider the left-hand member of this equation ; it consists 
of the sum of a number of terms all of the same form, each of 
which is the product of two first differential coefficients of two of 
the quantities A, B, and a second differential coefficient of the 
third of them. It moreover is a cyclically symmetrical function 
of A, B and C and therefore, if the terras involving the second 
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differential coefEcient of any one function, such as C, disap- 
pear, all the terms will disappear and thus the equation will be 
satisfied. 

Let the quantity 

dx^ dp^ dp, dx^ 
be denoted by A^C, so that A, may be considered as a symbolical 
operator; we may write 

(B, (7) = (A,-|-A.+ + i^.)BC, 

the operators being obviously subject to the distributive law 
(A, + A,) BC = \B0 + A, SC. 
Then in accordance with this notation, 

[A,{B, f?)] = (A,+ A,-i- + AJ^(A,-I-A,-|- + \) BC, 

and therefore [A , (S, GJ] is the sum of a series of pairs of terms 

A^A^C + A^dA^C 
for all the values of r and s from 1 to n inclusive ; in the case 
when r and s have the same value only a single term occurs for 
consideration. 

Expanding the functions thus s3'mbolically represented, we 
find that the terms depending upon the second differential co- 
efficients of C are 

dA dB 8'C dA dB yg BA dB S'C dA dB d'C 
dx, dx, dp^p, dx, dp, dp^x, dp, dx, dp^x, dp, dp, dw,dx, 

from the first of the foregoing pair, and 

dA dB _^ _ 3^ 9B _W_ _dAdB _^C_ d^dB d'C 
dx, dx, dpfip, dx, dp, dp,dx, dp, dx, dp^x, dp, dp, dx^x, 

from the second. 

Selecting in the same way from [B, (G, Ay\ the corresponding 
pair of symbolical terms and considering in them the terms which 
involve second differential coefficients of G, we find them to be 
respectively 

dx, dp, dp/fx, dx, dx, dp/ip, dp^ dp, dx^, dp, dx, dp^nL 
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and 

dSdA d'c _dBdA a^G dBSA yg ds sa d'c 

dx,dp,dp^x^ dz^dx^dp^, dp,dp,dic^ic, dp,dx^dp/)x/ 

The expression [G, {A, B)] will not contain any second dif- 
ferential coefficients uf C. 

Hence in 

[A,(,JI,C)]-HB,iC,A)] + lO,(A,B)] 

the coefficient of the term which involves = — ^r- is the sum of 

dp,dp, 

those in the foregoing, and b therefore zero ; so also are the co- 
efficients of those which involve ^ — ^ , = ■ - - , - - - . 

op,oa;, dp.dx^ cx^ox. 

If r and 8 be the same we need only to consider the first and 
third of the above lines of terms when in them we write s =r; it 

will be seen immediately that the terms in ^r— s , ^, — =- , ;;— , all 
•^ 3p, op^dx^ Ox* 

vanish. 

Since this is true whatever r and 8 may he, it follows that all 
the terms involving second differentials of C vanish ; and therefore, 
by the symmetry, the whole expression vanishes. 



Soltition of the Suhsidiury Equations. 

215. We now proceed to obtain the values of J'^,/',, >-F,_, 

from the various differential equations which they must satisfy. 
To determine F^ we have 

or, what is the same thing, 

dF dFi^dFdF, dF ^_dFdF^ ^F_^li ^^JL Mj -n 

'dx^<>p^ dp^dx^'^ dx^dp^ dp^dx^'^ "^dx^dp^ ^9^~ 

Since this is linear in the differential coefficients of J^ we may 
obtain an integral of it by using as subsidiary equations ^ 189) 
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the generalised form of Lagrange's equations. Let any integral 
of the system 





— * 








dp^ 9p, 


dp. 










'^-'^'- 




-I'- 


(A) 




3a;, 3^, 




a«. 




be denoted by 










/,(«„»'„■■■ 


■•■.«., P„R 


,j>.: 


1-",. 




where a^ is an arbitrary constant ; then F^ 
of the original equation {F, F^) = 0. 


-/, 


-«, is 


an integral 



216. We have now to find a function f, such as will satisfy 
the equations 

iF.F;) = 0; (F,.f;, = (J„f^^o. 

The former of these being an equation to determine f, is identical 
in form with that which determines F^ , and therefore we shall 
have the same subsidiary equations ; let 

if>(x^, iP,, , ''.iPiiPt, .pj = constant 

be an integral of the equations (A) different from^=o, ; then 

If ^ be such a function as to satisfy 

(/;.*)»o, 

then we may take 

F^ = <f>=a, 
as the common integi'al of the two equations which determine F^, 
If ^ do not satisfy the equation, then we shall have 

the substitution of 0, may be repeated and so on indefinitely, so 
that we shall have a aeries of functions <^ given by 

(/,.*,) = *,; (^>«^J = 0»; ;(/.-'^^,)=^<K , 
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Now all tbese functions ^ satisfy the equation 
{F, -f,) = 
wheQ Bubetituted for F,. Id the identity 

[A, (B, C)] + [B, {C, A)] + [G, (A, B)] = 
let Fhe substituted for A and^ for B; then 

[(?.(A,B)].[O,(F,/.)]=(C,0)-0, 
and therefore 

[f.(/„0)l = [/,.WC)], 
whatever C may be. 

First let G=^; then this equation becomes 

[f, (/.>*)]-[/„ (f, *))-«. 0) = 0; 
BO that 

(/„«-*,-F, 
is a solution of 

{F, F^) = 0. 

Next let (7 " ^, ; then we have 

K(A.*,)]-W,W*)]-(/„o) = o, 

SO that 

is also a i^olution of 

(F,F^)=(i; 

and so on with the whole series of functions if>, each of which is a 

solution of the first of the two equations which determine F,, and 
is therefore, when equated to a constant, also a solution of the 
subsidiary equations A. 

Now these subsidiary equations have only 2n — 1 independent 
integrals at the utmost ; the functions 0, which arise from the 
indefinitely repeated substitution in (/,, <fi^,) cannot all be in- 
dependent of one another ; and therefore if the series of functions 
do not cease we must ultimately come to some one which is 
eirpressible in terms of those already found. 

217. There are thus three alternatives to be considered : 
(1), some function ^, of the series may be identically zero ; 
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(2), some fmictioQ ^, of the aeries is variable but t 

terms of the preceding functions of the series ; 

(3), some function <f), of the series may be a determinate 

constant c. 

We will consider these in turn. 

218. (1), let ^( = 0; then ^^,= 0, will be the desired 
integral ; for it is one of the series of functions and is therefore a 
solution of (F, F,) = 0; also 

and it is therefore a solution of (F^, F^) = 0. Hence it is a 
common integral of the two equations which determiue F^ and 
therefore gives the second of the equations desired, viz. 

<i>^, = -P, = a,- 

219. (2), let 0, be expressible in terms of the preceding 
functions of the series ; suppose 



•^. = ^C-P'./i.0>' 



where ^ is a definite functional symbol. Proceeding now to form 
0,„ we have 

= «.f)|^+(/,./,)| + C/,*)^|+(/„.(.,)3^, + 

when the value of 0, is substituted. But 

(/,.r, — (f,f,)-o, 

since _/, is a solution of the equations; and (/,,/,) vanishes 
identically, so that this equation becomes 

, d0 ^ de ^ d0 ^ d0 

But each of the differential coefficients of ^ is a function of the 
previously obtained quantities ^ ; hence tf>^^ is so also. 

It follows therefore that 0, and all the functions (f> of the series 
after A, are expressible in terms of those which precede tf>,. 
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Let UB then seek to obtain some function of these quantities 
which shall satisfy the equations 

(P,P,) = and(f.,/',) = (/.,-F,) = 0; 
let it be given by 

f.-tw/,.**. *J- 

When thb value is substituted the former equation becoioes 

0.(F.F,f,H^.f,fHF.^)^. + (^.*^.)^. 

which is satisfied identically since every function ^ is a solution of 

and the second equation becomes as before 

o-(/,.^.).*,^.*4|;+*.||_+ :+*,,^-_. 

The last equation is thus the only one which must be satisfied 
by ■^; and as no differential coefficients with regard to f or 
/^ occur in it we may consider them as replaced by their respective 
values and a,. Any integral of the system 

u^ ai. o(^j ""^i-i 

^1 0. ^. 01 

~ 
of the form * = a, will be a solution of the equation in tjr ; and 
therefore we may write 

F^ = ^ = a,, 
and so we shall have the required common integral of the two 
equations which determine /",. 

220. (3), let ^, be some determinate constant c which wilt 
merely depend upon the coefflciente of the original differential 
equation ; the series of functions thus terminates as there is no 
further function to substitute. We then proceed as in the 
last case to find some function of the preceding quantities tjt which 
will be a common solution of the two equations ; let 

C,q,t,=cdbvC00g[C 
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When this is substituted in {F, F^ = (t the equation is identically 
satisfied; when it is substituted in (^, J',) = the resulting 
equation is, just as before, 

in which we may replace ^, by c. An integral of this is given by 

^1-1 ^ ' 

which when integrated gives 

»f>^* — 2ci^j_, = constant ; 
and therefore we may as in the last case write 

F^ = 0i_i' - 2c0,_, = a, 
as the common integral desired. 

Thia solution is satisfactory provided i> 1. 

Now i cannot be zero since if> is determined as a function of 
the variables ; the only exception therefore to be considered is the 
case 1 = 1, when 

so that ^ is independent of 0. Now 

and F and/, are replaceable by and a, respectively ; if then x be 
independent of ift, it ceases to be a function of the variables and 
there is thus no solution common to the two equations to be 
derived from these functions. 

Should this be the case, we return to the subsidiary equa- 
tions (A) and determine a new integral distinct from those already 
obtained, which are 

Fi=/^ = aj, = constant; 
let this be 

^(Xj,Xj, • ^,1 Pi'Pt > p.) = constant. 
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Next we perform with the function ^ all the operations which 
hare been performed with the function tj>; then the desired 
common integral 

^.= «. 
will be obtained, except in the single case when we have 

where c' ia a determinate constant. 

From a combination of these respective exceptional cases, 
which are the only ones in each of which the common integral 
F^ has not been obtained, we can construct a common integral 
f,. For let 

^. = /.(*.^) 
be substituted in (F, F,) = = (fi, F^; then these equationa 
become 

o-(/,.«|+(/.,^)|. 

Now the former equation is satisfied identically since and 
^ are both integrals of the subsidiary equations (A); while since 

{/..<^) = *, = '^ 
and (/,.^) = ^i = c', 

the latter equation becomes 

This is satisfied by 

and therefore F^ = & {c'tf> - c^) = a„ 

where is any arbitrary functional symbol (which may at will be 
chosen of a simple form), is the desired integral, 

Hence in every case the common integral of the equations 
which determine F, has been found; for convenience we may 
denote it by 

-^. =/! = «=■ 
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221. We now proceed to obtain /*,; it must be a common 
integral of the equations 

(F,FJ.O-(/,f.)-(/„J'.). 

To obtain one we find, by the preceding method, an integral 
common to the two equations 

(F, F,) = = {/, F,), 
which is different from ^ = a, ; this we may denote by 

\(xj,x^, i^«.pi.i'» , p,) = constant. 

We then form as before the series of functions 

(f,.\) = \; (f,.\) = \; ; (X V.) = \: ; 

then all the functions X of this series are common integrals of 
the first two of the equations which determine X. For in the 
identity 

. [A, (S. (T)] + [B, {G, A)] + [G, (A. S)] = 0, 
let A ^i'and B=f,; then since {F,/,) = 0,ve have 

K(/.,c)]-[/,.(f,C)]. 

And, substituting in the same identity A =/, and B =f^ and re- 
membering that {fi,f^ = 0, we have 

[/„(/.. 0] = [/„(/.,0]. 

These equations are satisfied wliatever C may be. Now let 
G = X; then 

tf.(/.,X)]-[/„(*',X)l, 
or (F,X,).(/„0)-Oi 

and W.(/,.A')l=[/,.(/.,X)], 

or (/,X.) = (/.,0)-0. 

Thus X, is a common integral of the equations 
(f.FJ = = (/„J'.). 
Similarly the substitution of A, for C would shew that X, is a 
common integral of these equations; and so on through all the 
series of functions. 

As in the former case, the number of common integrals being 
limited, we shall in the series come to some integral \ which is 

22—2 
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expressible, as well as those that follow it, in terms of those which 
precede it, viz., F,f^,f^,W^, , X^^,, The same three alter- 
natives are presented and the value of F^ the common integral in 
each is determined as before ; either the single case of failure is 
avoided by the choice of a new integral different from X, or in 
the case of failure of the latter these two cases of failure are 
combined so as to furnish a common integral. Thus we obtain 
our third common integral, which may be represented by 

222. The remaining functions F^, , F^_^^ may be derived 

in the same way as the above; and thus with J'=0 we shall have 
n equations to determine the values of the p's in terms of the 
independent variables and w — 1 arbitrary constants, which, when 
substituted in 

dz = p^dx^+p^tlx^-\- +P^^K, 

will render it integrable ; its integral is the complete integral 
of the original differential equation. 

The associated integrals are derivable from the results of 
§§ 179, 180. 

223. The foregoing is an exposition of Jacobi's method of integration in 
its simplest form ; there are, however, developments and simplifications and, 
arising out of these, methods of avoiding the exceptional cases which cannot 
be dealt with here. For these and for the whole theory of partial differential 
equations of the first order reference should be made to the chief authori- 
ties, which are JACOOr, " Vorlesmigen ilber Dynamik" {Oen. Werke, Suppl. Bd. 
pp. 248 — 269); Jacobi, "Nova methodus... integrand! " (CVeWe, t. li, pp. 1 — 
181) ; a very valuable memoir by Ihscbenktsky, GranerfR Archiv der Maihe- 
maiik urtd Phytik, t. i. pp. 278^474; a memoir by Graindohgb, Mfynoiret 
de la SociiU Royale des Scieaeei de IMge, 11™ e^rie, t. v. ; and a treatise by 
Mabsion, Th^orie des ^uaiumi aux derivieg partidlea, will prove of great use ; 
full references to original authorities will be found in the last. 

The equations (A) are, when each fraction is equated to dt, of the form 

dt dpr' 'W~ Sx, ' 
theae are the canonical equations of motion of a syatem of rigid bodies ; 
further discussion of them will be found in Imschenetsky. (See also Routh's 
Eiffid £h/namic».) 

We now proceed lo consider some examples. 
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Ex. I. To sol^e the equatioa 

^=f(Pi,Pi^ -, Pn), 
where /does not explicitly involve the independent variablea. We must first 
transform the equation so that the dependent yariable does not eapUcitly 
occur ; let the solution of the equation be 

+ (^n*i ««^)=0, 

where the fonn of ^ has yet io be determined. Denoting -'^ by P, and 
^ by P,^,, we have 

and thus the equation is 






in which the dependent variable ^ does not occur. Heuce we have for our 
general formula 

^\ A^,* -p,*.' ' ^irrJ ■ 

and the aubsidiary equations give 

■■■ ~ -1 ■ 

From these we have 

P, = ai, Pt = ai, , P« = a„ 

which give m integrals ; and then from the equation F=G we have 

2^f( a_ __H2_ "- N 

^\ Pn.t' Pn*i ' ~KZ)- 

Solving this for P,t, we should have 

where x involves the n constants a ; and ther^ore 

rf^=P,ctei+Pj<£cj+ +/>,(ir.+P,+,(/j 

= aidx, + o^3+ +a^,+x(s)dz. 

Theint*^ralofthisia 

^ + a = aiX^ + a^v^ + + a^„ + /;( (a) cfe, 

where a is arbitrary and may be assumed to be absorbed in the ^|r. But the 
integral of the given differential equation is ^=0 ; hence the integral of 

'"/(Pi, P , Pn) 

'" o,.r, + arP2 + +o,j:. = JxWi^, ,- , 
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where )( in given by the equatiou 

Ex. 2. Tho case when / ia a homogeneous fimction of order ^ in the 
p'a ia readily reduced to one of the forms already oonsidered iu § 191. For 
we may change the dependent variable from « to £, where 



iu>d the equaticHi is thea 




where f,= 


^. The integral of thia is 




provided 


/(->„«„ «J = I. 




£r. a 


Solve 

Cii) z^%p^^{p,+p^^: 

(iii) O'i-*)0Sa-«)(Pa-*)=fii'iiP»- 




Kv.4. 


Solve 




The Buheidiary equations are 

-dxi ~dx^ -dx, dp^ dp^ 


dp. 



ai^+op, «,^-ap3 "{Pi-Ptl ^sPi ^aPi J'.Pi + ^ift' 
From the equaUty of the Ist^ 2&d, 4tfa and 5th {Tactions we have 

which when integrated leads to 

We therefore (adopting the notation of the previous articles) take 

and we have to determine a solution (^ the subsidiary equations /'j=('i which 
shall satisfy 

(F„ Jf,)=0. 
From tlie equality of the 4th and 5th fractions we have 
Pidpi=p^P^, 
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and therefore we may write 

tfi =Pi —pt* = coQStant. 

Now (/", , i,) = (p, +Pi) 2p, + (p, +Pi) ( - 2pa) 

the continoed aubatitution in the equ&tion 

would thus not lead to a function auch as is required. We therefore return 
to the original eubaidiary equations to obtain an integral different &om 
/'j^a, and ^=ieoaBtant; such an one is deriTable from the equalitj of the 
3rd, 4th and 6th fractioaa, which give 

dp, — rfy j _ tjj, 
'^siPi-Pi)~<'{Pi.-Pii' 
and therefore we write 

^ =a (pi -p^) — Jarj'= constant. 
Now (F^, i')=(pi+Ps)a+(pi+p,) (-a)=0, 

and ^ therefore satisfies the two equations ; wo thus have 
J'j=ciO,-^2)-ir,s-a,. 
We now solve the equations 

F^O, Fi = a^, /■,=aj, 
to find the values of ^,,j)g,jDj, which are 

—1 °1 Bl-—J!* 

^~'«,+a^~2a 4a " 
2-a,*, 1 , , 



so that the general integral of the differential equation is 

z + J=i«,log(^, + ^,} + ^(:r,-^,)(i^+J;r3»)-ia,log(a;,! + 2a,) 

in which A, a,, o^ are the arbitrary constants. 

{Imschenetsky.} 

Kv. 5. Integrate the equations : 
(') PiX,^=Pi'+tpt': 
(ii) Jrip,^ + x-3p;'+j.;p,^=p,pjp, ; 



:,q,t,=cdbvGoOgle 
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(iv) Pi + ift'+/Vi*a+/Vi^a = 0; 
(v) *,+i*,«+a;»piPs+^^,Pj=0 ; 

It has alraulf been indicated (in §§ 169^196) that several of the forms in 
two independeDt variables wbicb admit of immediate integration without the 
use of Charpit's aubsidiarf equations can be generalised ao as to include the 
cases where the number of independent rariablea is greater than two. 

Ex. 6. lu the case when a given difierential eijuation can be written in 
the form 

/lC*l.*l. '^rlPl.Pa, ,;>..)=/s{*r1-I. ^n.Pr*!, ,Pn\ 

the general integral is the common int^ral of the equations 

/i— /., 

where a Is arbitrary. For the subsidiary equations are 

7m"S" wr'wr'W w~ • 

dp, 6^1 Spr OXr Bp, 4- 1 0X, , 1 

from the former we have 



',+.. 



"'&, 



by the given equation. 

As an example of this we may take 

XjP^ + Stp^ + (pi -Pa) (ps +**)(p4 +*a) = 1- 
Here we may write 

x^,+x^p^ + a{p^-p^-\, 
where a is an arbitrary constant. The integral of the former equation is 

where A and Care arbitrary constants. The int^ral of the latter is obtainable 
by Charpit's method ; the subsidiary equations are 



From these we have 



dpi + i^i (fei + dj, 



^:,.,CoOg[c 
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Hence, hj oombiniag with the equation the integral of which is sought, w« 

&ad these give 

ft{(^i-'')'-(^i + «W=^l-o-^i(^,+o). 

Thua 

dz=pid3;j ^p^dxj 

and therefore 

The complete integral of the original equation is therefore 
^ + ^,^, = ^r, + ^:ir, + J,log{(x.-a)» + (;.:, +=)') + B + iIog^^^±^i^, 
where A, A^, B,aai^ arbitrary constants. 
£x. 7. Integrate 

(.XsPi+x^)x^+p^(p^-p^{p^* + (p^+ji:^(j>^ + x,)p,)=a. 



Simultaneous Partial Differential Equations*. 

224. Instead of there being given only a single equation to 
determine the dependent variable there may be given a number 
of simultaneous equations ; if the dependent variable explicitly 
occur in any of them they can all be transformed, as in § 209, 
so that it shall disappear. The equations may then be taken 
of the form 

F^(x^, iCj, , aT,,p,,^,, , p,)= 0, 

i^(a!j, J!,, > '^■tPi.p,, i>.) =*'• 



* Ihie theorj is due to Boui ; see antborities cited in I 333, p. 340. 
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If in be greater than n the equations caonot be independent ; for 
the first n of the equations may be solved algebraically so as to 
give values of the p'a in terms of the variables a; and these, when 
substituted in the remaining m — n, must reduce them to identities 
since there would otherwise be relations between the independent 
variables. Thus in eflfeot there may be given at most n simul- 
taneous equations; and we may therefore take m either equal to 
n, or less than n. 

225. I. Let m = n. We Lave thus n equations giving the 
values of the n quantities p in terms of the variables ; these values, 
substituted in 

d2=p,<ir, +p,(ir,+ +p«'^«i 

must make it a perfect differential if the given system have a 
common si^ution. The conditions for this are that 

dp, _ dp. 



for all pairs of indices ; and these, as in § 21 1, lead to equations of 
the form 

Hence the given functions must satisfy all the equations for all 
possible combinations of the suffixes; and then the common 
complete integral is obtained by the integration of 

dz = p^dx, + p^dx^+ +pndx^, 

and therefore contains one arbitrary constant. 

It may happen however that the functions F are not indepen- 
dent of one another ; in this case the determinant A 

dF, dF, c 

8p, ' <>Pa ' ' ^ 



dp, ' dp^' ' 2p, 



is zero, and there will then be an identical relation of the form 
'i>{F„F^ ,F^,a:„x, ,a'J=0. 
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But for the purposes of iategration F^ = F^= =F„ = 0; and 

this therefore becomes 

0(0,0 ,0,x„x^, ,«.) = 0. 

If this be not an identity, there is a relation implied between the 
independent constants, which is of course impossible; it then 
follows that the given equations are inconsistent and that there 
is no common integral. If it be an identity, the number of given 
equations independent of one another is less than the number of 
the quantities ;p, which therefore cannot be determined from the 
given equations alone ; we must therefore have recourse to the 
method which applies when m is less than n. 

Thus if there be four independent variables and four equa- 
tions J", = = /', = Fg = ^, be given, there can be no common 
integral in a case when there is a relation of the form 

■P", = {^1 - a^i) -f*! + («i - *s) ^! + a^aTj^a^* ; 
where there is a relation of the form 

F^ = (a:, - 3!,) i; + (ar, - a;,) F^ + (ic, - arj F^, 
there are only three independent equations. 

226. II. Let m be less than re. We may suppose the equations 
reduced to such a number m that they are independent of one 
another, even though they were not so in the form in which they 
were first given. It wiU be assumed that there is a common in- 
tegral so far as the algebraic relations which give the dependent 
functions in terms of the others indicate; this will be the case if 
these relations become identically-null equations when in them we 
make use of the equations ^i = 0, F„ = 0. 

First Case. The functions f j = = = F„ may satisfy the 

equations 

{F^.F,) = 

for all values 1, 2, , m of »• and s; they are therefore simul- 
taneously integrable. To determine the values of the quantities p, 
other fi — TO equations must be obtained by Jacobi's method ; 
these will involve n — m arbitrary constants. From these equations 
and the given to equations the values of p must be derived and be 
substituted in 

(7s = p.ds, ■+ pjlj' + + p,dx, ; , - , 



348 SIMULTANEOUS PARTIAL [226. 

the integral of which is the common complete integral of the 
ori^nal equations and contains n — m+l arbitrary constants. 

Second Case. It may happen that for one or for several com- 
binations of the indices in the series 1, 2, , m we Bnd {F^,F,) 

a function of the independent variahles only, or (f„ /",) a deter- 
minate constant. In neither case can (F„ F,) be zero; the 
conditions that the equations should be simultaneously integrable 
are not satisfied and there is no common integral of the proposed 
equations. 

Tfiird Case. It may happen that, for one or for several com- 
binations of the indices in the series 1, 2, , m, we find results 

of the form 

{".. -y.) -/(«„ «, x..ft.P„ ••■:••. p.). 

. where / docs not become identically zero on combination with the 
given equations ; let there be I such combination^, so that m + 1 
must not be greater than n; then for combinations other than 
these I the equations 

(F^, F,) = 
are satisfied. We now take 

0=^-.«=/. '> = /'^=/., ,0 = F^^=f,; 

and substitute in the fiinctions 

[K, P.) 

where either r or s at least must be greater than m. 

If then these functions all ranish, we have m-^l equations 
which are simultaneously integrable ; and we determine by Jacobi's 
method the n — m — l remaining equations necessary to give the 
complete iotegral, which will therefore contain « — ?»—? + 1 
arbitrary constants. 

If for any combination {F^_„f^ or for one (/„f^ the function 
be a determinate constant or a function of the independent vari- 
ables only, then the functions are not simultaneously integrable 
and there is no common integral. 

If for any combination {F,^, f^ or for one (/, f^ we obtain a 

function ^(a-,, a;,, , ir,,^„p,, , pj which does Hot vanish 

in virtue of the equations already obtained, we proceed with the 
functions as we did before with the functions/. Ultimately we 
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shall arrive at a finite number, not greater than n, of independent 
equations which are simultaneously integrable, and then, in the 
ordinary way, obtain the common integral; or we shall obtain 
a result indicating impossibility of simultaneous integration, in 
which case there will be no common integral, 

Ex. 1. Obtain a common integral (if it exist) of the simultaneous equor 

We have 

(/"i, -fi)=J'i^i+J'a^2-PA-?'i'«4, 



Fs =Pi^, +p^i -p^s -p^,=0. 
Thus (Fj,/'s)=0; 

also (F^, F^)=' -2p^^ + ^^^ = 0, 

{Pi, ^s)= ^p3Pt-2x^x^=0i 
the three equations are therefore compatible. Let F^ be the other funotio: 
required, so that it mil be determined aa a common integral of the equations 

(/■„ F,)=0-(F,, F^)={F^, F,); 
coosidering it aa an integral of 

(•'^i. ■fs)=0, 
we write down the equations 

dici _ (icj _ dxg da^i _ ^ dp. _ dp^ _ dp, 
x^~ '^~ x^" x^~ p^'' p,~ Pj~ p^• 
one integral of these ia 



where a ia arbitrarj ; ' 


jfe therefore tentatively write 




We then find 


(f„f,)-Oi 




and 


«,^.).j;-a^.. 




Now on solving the 


equations 

F-y=<i=F.,=Fs; /",=«, 




we find Pi= 


= a.v^, P5 = -J:„ Pi = aXi, Pi = ~.r~, 


.vCooglf 
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and therefuro j»ip, = J^yrj, 

Bothat (,F„F^m.O. 

Hence we have the common solution in the form 



To obtiua the complete common integral we have 

antt therefore the common integral is 

Z'^aXyX^ + - x^^•V b, 
where a and 6 are arbitrary constants. 

£r. S. Obtain other integrals in the form 

(i) !=aTJX^+-x■^^+b■, 

(ii) j=2{.r^,K^,-a)|*+&; 

(iii) z=Hx,x,{x^,-a))* + b. 

Ex. 3, Obtain common complete integrals of the simultaneous eqtiatioiia : 

I- Pl■\■{Xi■^■x^x^■\■x^x^p^ + {J:i+x^-Zx^)p^=0\ , 

Pi■\■i3:^x^^ + Xt- x^x^p^•\■{x^^- x^ p^=0] ' 

II. ^-^^+x,^^ = 0\ 

xfy}i-2x^p^+{Xj*x,- ^^)p^-2XjXfPf=0} ' 

(Imsohenetaky and Graindoi^.) 



MISCELLANEOUS EXAMPLES. 
1. Integrate the equations : 

(i) {m{x+!,)-»(,X+z)^p + l^{s/ + z)-l(i, + x))q = n!+x)-«i{,+!,); 

(iii) x'(y~,)p+y>{,~x)q^^{x~3,). 
S. Form the differential equation whoae complete integral is 

where a^+S*+-/=a*, a being a given constant and a,ff,y otherwise arhitrarj. 



From the differantlal equation form the singular integral. 



Illustrate the connection of the complete, general and singular integrala 
by a geometrical interpretation of each. 



then ^=.4i«^+atM, 

and hence that 
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3. Int^rate 

nnd find the equation of the couo of the second degree which satisfies this 
equation and passes through the point (1, 2, 3). 

4. Integrate the equation 

where S, Y, Z are the same quadratic functions of x, y, t respectively, 

Integrate also when they are quartic functions ; also when they are sextic; 
functioHiS. 

(Richelot) 

5. Prove that if 

Shew also that 

'^(*8Si)-"5'<*'^'-<'-"*"'^(rl[)' 

Similarly prove that 

,.£. fef 

e °^lxe~'^] = . ^ c '"^*** 

6. Solve the equations 

where ^i.=%,i^i + %,i^i + %,3. 

(Hesse.) 

7- Solve the equations : 
(i) pf+^^x^ + xy + y^; 
(ii) p?=>iw+gy; 
(iii) pq-^pff+qx; 
(iv) PiPiP3+XiXr^3(xip,+XiPt+^sPi)=:XgV3p^P3+a!:^^}^i+^i3;^^^ 

8. Find the equation of a surface which belongs at once to surfaces of 
revolution defined by the equation ^-g.)f=0, and to conic^ surfaces defined 
by the equation px+qv=z. .-. , 
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fl. Ill—/ (x, y) be any solution of the equation 
p>-j>+2pyj=<^(H-2»)*, 
then the curves repreaentod by the equation 



m- 



m',s)3 



are an orthogonal system euch that the product of the curvatures at any 
point is constant. 

lff(x, y) do not contain y, the form of the fiinction is determined hy 
/(*)=tanfl(2+t8n*fl)*, 
where c«=^£'(2*8inifl)-2'j!'{2*ein Jtf), 

FtxA E being the first and second elliptic integrals and the modulus in each 
case b^ng 2~*. 

10. Find the surface which cuts at right angles all the spheres which 
pass throi^h a given point and have their centres on a given line pasang 

through that point. 

11. Find the surface in which the coordinates of the point where the 
normal meets the plane of xy ate proportional to the corresponding coordi- 
nates of the Burfoce. 

12. Find the system of surfaces orthogonal to the curves 

coeh:i; : coshy : C03hi=a : b : e. 

13. Prove that a solution of the differential equation 

ie «=|^, *.|, »=|*., 0.1, w=|*„<^,[, 

where ^ and ^ are arbitrary functions of x, y and z. 
Prove also that this is the general solution. 

14. Shew that, if the simultaneous equations 

dx cy d! 

<jx dy de 

have a solution different from u= constant, then 

(yz'--rz)dx+iZX'-z-x)dy+(xr-x'y)<ii'=o 

is reducible to an exact equation, from the integral of which such cottunon 
solution may be derived. • 



:,q,t,=cdbvCoOglc; 



, ■.da , , .du , , 5" „ 

a common solution other than M= constant 1 

15. Solve by Jacobi's method the equation 

( Imschenetaky .) 

Shew that bj generalisation of the formulee, which in the case of two 
independent variableB are the analytical expression of the principle of duality, 
this equation can be transformed into one which is linear in the partial 
differential coefficients of the new variable ; and hence integrate the above 
equation. 

16. Solve by Jacobi's method 

xfy>i + ^2^a ~ ^i^ ~ ^ log^, + 26 log J^, = a. 

(Ampere, and Oraindorge.) 

17. Obtain the complete common integral of the simultaneous equations : 

^^tPl + ^3^^4Pt ~^i'=^) 

iiiFjp, — ^UjPj — 1 = > . 

V^i + "^l^^iPi — ^1^3 = ' 

(CoUet.) 

18. Obtain the complete common integral of 

(.^i-^s^)Pt-i^i^s-^^i)Ps + {^i''3-'^r^dPt''^\. 



'>!iPl+x^Pi-XyPi-^3P^=0j ' 



dbvGoc^le 



CHAPTER X. 

Partial Differential Equations of the Second and 
HiQHEB Orders. 

227. It will be assumed through practically the whole of this 
chapter that there are only two independent variahlea; the notation 
already used for the partial differential coefGcients of the first 
order will be retained, and it will be convenient to introduce similar 
symbols »■, s, ( to represent those of the second order, which are 
thus defined : 

r = — fl = — t = — 
da? ' dxdy ' 9y' ' 

An equation is said to be of the second order when it includes 

one at least of these differential coefficients r, s, t but none of 

a higher order ; the quantities p and q may also enter into the 

equation, the general form of which will therefore be 

F [x, y, z, p, q, r, s, t) = 0, 

The complete integral of the equation is the most general 
relation possible between x, y, z such that, when the value of z 
derived from it and the associated differential coefficients thence 
formed are substituted in the differential equation, the latter be- 
comes an identity. No condition is annexed to the definition in 
regard to the form of the complete integral, which may involve in its 
expression either arbitrary constants or arbitrary functions or both. 

An intermediary integral is a relation in the form of a partial 
differential equation of the first order such that the given differ- 
ential equation can be deduCed from it. It does not necessarily exist 
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as one distinct from, and derivable immediately by mere differen- 
tiation of, the complete integral ; when such an integral, however, 
has been obtained the application of the method of the preceding 
chapter will give an integral which may actually be, or may only 
be a particular case of, the complete integral. 

228. Hitherto it has been possible only in particular cases to 
integrate the general equation. The most important of these 
cases is that in which the differential coefficients of the second 
order occur only in the first degree, so that the equation is linear ; 
its most general form is then 

Br + Ss+n= V, 
in which H, 8, T, V are functions of x, y, z, p and q. This 
equation will now be discussed ; but before giving the methods 
■which have been used for its integration it is desirable to consider 
some special forms which are simple and can be solved immediately; 
it will then be possible to exclude these cases afterwards from the 
general discussion. 

One of the simplest cases is 

r=f{x), 

so that ^ = //(*)^ + '^(y). 

where (^ is an arbitrary function ; another integration gives 

where both ^ and ^ are arbitrary. 
Ex. Integrate *=oonstant. 

Similarly we may int^rate 

r-^Mp = N, 
where M and if are functions of x and of y respectively ; it may 
be written 



p=if; 



y being constant for purposes of differentiation and integration 
with regard to x; and thus 



"[/«""■ jr<i. + *{y)]. 
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where ^ is an arbitral; function ; and therefore 

^ being an arbitraiy function. 

Ex. Integrate 

(ii) ,+Mq.N. 

Monge'e method of integraiion of the equati<m 
Jlr+Ss+Tt=V. 

229. Honge's method consists in a certain process for the 
discovery of either one or two intermediary integrals of the form 

«-/w, 

where u and v are functions of x, y, z, p, q andy is some arbitrary 
functional symbol; there is thus implied in the method a tacit 
assumption that the dilTerential equation admits of such an 
integral. It ia therefore in the first place proper to enquire 
whether this assumption is justifiable in the general case and, if 
it should prove not to he so, to indicate how the general equation 
must be limited so that the assumption may be fairly made ; for this 
purpose it will be sufficient to proceed from the supposed inter- 
mediary integral and obtain the corresponding differential equa- 
tion. 

230. Since u =f(v) and u and v are functions of x, y, z, p, q, 
we have 

dx dz dp dq dv \dai "dz dp dqj ' 

Eliminating the quantity ^ between these two equations we find, 

as the equivalent differential equation freed from the arbitrary 
function, 

^^,+s5, + (7',+ [7,(7-(-s^= F, (I), 
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■where R^, S^, T^, [/,, V^ are given by the relations 

^-(;t;)-'(;t:)- 

\p,ql' 

,, . , /a,v\ , 1- , dudv dudv 

the symbols! 1 denotmg, as usua], ^= 5"a~ 

If thea this difTereutial equation" of the second order Le the 
same as the original equation we must have 

B, S, T. V, 
and M = S-TV 

which are four equations in all. Now when 

Rr+8s+Tt=V. (2) 

is looked upon as the equation to be solved, these four equations 
just obtained will be equations satisfied by the quantities u and v 
from which the intermediary integral of (2) may be constructed. 
But only two equations are necessary to determine as functions of 
their independent variables the dependent variables u and v ; they 
may be therefore considered as given by any two of the equations 
though, in practice, these might prove too difficult to solve. When 
these values are substituted in the remaining two equations the 
latter must become identities; and they will in thia state involve 
the functions R, 8, 2^ and Fof the original differential equation. 
There vrill thus be two relations among these functions of x, y, 
z, p, q which must be identically satisfied in order that the differen- 
tial equation (2) may have an intermediary integral qfthe/orm 

»--^<* o,....Google 
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SSI. There is an important deduction from this to be noted, 
though not affecting our present aim ; it would be useless to seek 
an integral of the assumed intermediary form for any differential 
equation which is not of the form 

Br + S8 + Tt+ U(rt -s") = V. 

And, just as in the particular case when U^O, which has been 
already considered, it may be proved that a differential equation 
of this form can have an intermediary integral of the proposed type 
only when two identical relations among the coefficients R, S, T, 
U, Y are satisfied. 

£e. When there are three independent vajiables, these maj be con- 
veniently denoted bj x,, x^, 37^ and the corresponding differential coefficients 
of 2 by Pi,p„p^. Prove that, if every first minor of the determinant 



8P,' 


w.- 


dp. 


8J. 


3± 
dp,' 


8+ 
8P. 


a, 
dp,' 


g. 


1. 



{<t>,^, X l^'ng functions of ^ x^, x^, x^,Pi,Pt, p^ vanish, then the equation 

-^(*,V'.x)=o- 

where /" is an arbitrary function, will lead to a differential equation of the 
second order of the form 

'S.fj* ^d^e^^ 3-%* ^'cj'iBa', ^dx,dj:^ ^'dx^dx^ ' 

where Sj, fij, ,,,, S^, Fare functions of the variables and the first differen- 
tial coefficients of s only ; and that the coefficients Ji satisfy the relation 
iliflj^s + ^2^1" + B^Rii^ - ifl,^B, - iJ^figjflj, =0. 

Information on this class of equations will be found in Euler, Imt. Cede. 
Int., t. iii. p. 448, and Legendre, MeTnoiret de rAcad^nde des Sciencea, 1787, 
p. 323. 

2.$2. It therefore follows that we may consider as the most 
general case the equation 

Rr + Ss + Tt+ U{H-^) = V; 

the linear equation is included in this, being given by the par- 
ticular case when U= 0. 
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We now assume that the relations between the quantities 
R, S, T, Cand Y necessary for the possession of an intermediary 
integral of the assumed form are satisfied, and we proceed to 
deduce this integral. We have always 
dp = rdx + sdy, 
dq = sdx + tdy ; 
when we substitute in the above general equation the values of r 
and t derived from these equations it takes the form 
Rdpdy + Tdqdx + Udpdq - Vdxdy 

= 3{Rdf-Sdxd>/ + Td3^+ Udpdx+Udqdy). 
Now let M = a and v = b 

(where a and 6 are arbitrary constants) he two integrals of the 
equations 

Mpdy + Tdqdx + Udpdq - Vdxdy = 0, 
Bdf + Tda? + Udpdx + Udqdy = Sdxdy, 
dss=pdx + qdy, 
u and V being therefore functions of x, y, z, p and q. 
Hence we have 






which must be equivalent to the equations of which u=a and 
« = 6 are the int^rals. Now solving these for dp and dq, and 
using the symbols of § 230, we find 






[■da;, 
\\p,^i \p,s/-} 

and therefore 

- Uidpdx-U,dqdy = Tid^ + R,dy' 



and similar); we obtain 

{ir^dp + T,dx) iU,dq + R,dff) = (U,V, + R,T^dxdy, 
or R^dpdtf + T^dqda!+ U,dpd([-V^dxdj/=0. 

These being identical with the former equations, we have 

M T~ u y~ S' 

and therefore the equation to be solved becomes 

R,r + 8^8 + T^t + (7, (r( - s») = F,. 

But we already know the solution of this equation because it was 
derived from an intermediary integral ; and this integral is 

which is therefore an intermediary integral as required. 

We thus derive the integral by malting one of the functions 
deduced from the two subsidiary equations an arbitrary function 
of the other. 

233. Let us consider in particular the case of the linear 
equation when (7=0 ; the subsidiary equations are now 

.Bdy* + Tda? ~ Sdxdy = 0, 

Rdpdy + Tdqdx= Vdxdy. 

Aa the former of these is of the second degree it can, in general, 
be resolved into two distinct equations of the first degree ; each 
of these in turn, when combined with the latter equation 
and with 

dz —pdx + qdy 
if necessary, will lead to an integral system which will determine 
M and V. There will thus be obtained two intermediary integrals 
of the forms 

Wi=/(''i). ■".= W> 
except in the case when S* = iRT, when only a single integral of 
this form is obtained. 

234, Passing now to the more general case, when U is not 
zero, we may prove that two intermediary integrals are, in general, 
derivable from the subsidiary equations. Let the subsidiary equa- 

C,q,t,=cdbvC00^[C 



tion which involves Y be multiplied by a quantity \, aa yet in- 
determinate, and added to the other ; the result is 
Rdf + Tds? -(S + W) dxdy + Udpdx + Udqdy 

+ \Rdpdy + XTdqdx + \ Udpdq = 0. 
Now this can be resolved into two linear factors so aa to be 
equivalent to 

(Rdy +kTdx + mUdp) (dy -\-^dx + ^dq\ = ii, 

provided the quantities fc, wi, X be such as to make the coefficients 
of the several terms iu the expanded product the same as before. 
Applying this condition we find that the relations to be satisfied 
by these quantities are 

kT+\R = -{8 + \Y), 

~\R=U. 
m 

mU=\R, 

these are all satisfied by 



provided \ b§ determined by the equation 

\'iRT+UV)+XU8+ U^ = 0. 

Let the two values of \ furnished by this equation be X^ and \, 
which will be unequal except when 

3'=i{RT+V'V); 
the two subsidiary equations may be replaced by the two 
equations each resoluble into linear factors when the values of 
k, m, \ are therein substituted ; these two equations, after a 
slight reduction, may be written : 

(Ud^ + X,Tda! + X^Udp)(17da! + \Rdy + \ Udq)=0. 
{Udy + X,Tdi}c-i-\ Udp){U'da: + X,Rdy + \V'dq)=0.. 
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To obtain the fucctioDS u and v, from which an intermediary 
integral may be constructed, we must combine in pairs a factor 
from the first with a fiactor from the second. But of the four 
possible combinations two must be excluded, viz., that obtained by 
combining the first factors in these equations, for it would lead to 
a result 

I7dy=0, 
which obviously would not furnish any solution : and that obtained 
by combining the second factors in these equations, for it would 
lead to a result 

which obviously also would furnish no solution. Hence the equa- 
tions may again be replaced by the two pairs of equations 

Udi/ + \,Tda^ + \Udp = 0] 
Udcc + \Rdyi-\Udq = o\' 
and O'da! + \Rdy+\IIdq = 0\ 

Udy + \ Tdx + \ Udp = 0| * 

From each pair we have two integrals of the form u = a and 
v=b; and therefore also from each pair we obtain an inter- 
mediary integral These two integrals, which may be denoted as 
before by 

are intermediary integrals of the original differential equation, and 
are distinct except when 

5^ = 4.(57-+ PT), 
when there is only a single intermediary integral obtainable. 

233. We may now proceed further in the integration for 
either the linear equation or the more general form. Taking 
either of the intermediary integrals in the respective general cases 
(or in the respective exceptional cases when the relation between 
the functions which occur as coefficients in the equation is satisfied) 
as the only intermediary integral obtained, we have a differential 
equation of the first order ; the complete integral (and the 
associated integrals) of this can be obtained by the methods of 
Chap. IX. This integral will be the final integral of the original 
equation. 

C,q,t,=cdbvC00g[C 
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236, la the general cases we may apply an important 
proposition (now to be proved) which will considerably shorten 
the further labour of deriving this final integral. This proposition 
may be enunciated aa follows : 

When we Itave obtained two intermediary integrals of the form 

and we consider them as simultaneous equations to determine p and 
q as functions of x, y, and z, the values of p and q given by these 
equatiims will be such as to render 

dz = pdx + qdy 
integrable. 

Assuming this proposition established we have therefore merely 
to solve the two intermediary integrals as simultaneous equations 
in p and q ; to substitute the values of j) and q thence derived in 

dz=pda: + qdy 
and integrate. The result will be the final integral. 

237. We now proceed to establish the proposition enunciated 
above. Let ^"=0 and $=0 respectively denote these integrals, 
so that J'=M,-/W, * = "a-/(i'i). and first let F=0 be a 
solution of the equation 

Rr + Ss + Tt-i-U {H-^)=V, 

We have only the single equation .F= 0, which is not sufficient 
to enable us to express r, a and (each as functions of ic, y, z, p and q; 
we can express any two of them in terms of the third and of 
quantities explicitly independent of them. When these values are 
substituted in the differential equation, the latter will contain one 
set of terms involving this second differential coefficient of the 
dependent variable and another set not involving it ; and the 
equation is to be satisfied identically without regard to this 
differential coefficient. Now since F= 0, we have 

dF dF SF dF „ 
3a! dz-^ dp dq * 



dF dF dF dF^ 

^ + 5-2+5- s + ^t 

dy dz ^ dp dq 



^:,.,Googlc 
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wbeD for brevity we replace ^+p-^ by r, and 57 + 2 3- by .*,, 
tbese give 

0p ^ *' 

oq op * 

Let these values of r and i be substituted in the differential 
equation; it becomes 

iif.|?+ TF, ''i+ Y%^^- UF.F, 
oq 'op op oq ' 



{«(D'--'||-''(|)'-''^.--^^. 



_ __ dF\ 

9p 9g' """ ■" \dp} '^'^ * dq ^^ ' dp) ' 



This must be satisfied identically without regard to s; and 
therefore the coefficient of $ and the term independent of it must 
both vanish. If this were not so, the equation would determine « 
(and therefore also r and () as fiinctions of x, y, z, p and q — a 

result which, as we know, cannot be deduced from the single 
equation F =0. 

Hence we have 

MF. f+ TF,^J^+ f|?|^- UF.F,.0, 
oq 'op dp oq ' ' 

The same equations will be satisfied when we replace F by 
C> ; and we may therefore consider F and ^ as the solutions of the 
equations 

„«.^^^__^, __. 

238, We must now consider two cases, 

(1) The linear equation, when U=Q; let f, and f, be the 
roots of 
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80 that the second equation becomes 

(|-f.|)f|-f.|)-»- 

We may therefore write 

8? *'8j> "■ 

dq ' dp ' 
thus associating fj witii J' and f, witii <&. Tlie first equation, on 



and therefore JJf.F. + TF, + Ff, ?^- 0. 



^.-f.^.-5L'-o. 



But 1"= -Bfif,, and the last may therefore be written 

VdF 

^ Edp' 

From the last two we have 

'dp ' dq 'dq ' 

and therefore ^,^ 4>,^ + F,5 *,:=- = 0, 

op dp ' oq 'dq 

which is the condition (§ 202) to be satisfied by the two functions 
/"andOin order that the values of jj and q derived from ^"=0=$ 
as simultaneous equations should render 
dz = pdx + qdy 
integrable This proves the proposition for the case of U=(i. 
(2) The general form when U is not zero. 

We now proceed exactly as in § 234 ; the first equation in 3 is 
multiplied by a quantity X given by 

X' {RT+ UV) -\us+ ir=o, 



■.■,;Googk 
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and is added to the second; the resulting equation is resolved 
into factors for each of the valuea of \ and the linear factors are 
combined as before, giving two pairs that may be retained. These 
arc, if X, and \ be the two roots. 



<-.-.--! 




Mlr^^^.+ ^l^r 


"■" ^^'l-^^'^.+'^l 




^4f-.^-.-^| 




From the first and third of these equations we ht 


" Sp 'dp \^ dq X,dq dp' 


and from the second and fourth 


pO* . aF 1 dFd^P 1 dFd^ 

'dq 'dq~ \dp dq-^\dq dp 


and therefore 








op "eg ' dq 



This shews that, for the more general form of the equation 
when F= = 4> are treated as simultaneous equations, the values 
of J) and q thence derived are such as to render 
dz = pdx + qdy 



Hence the proposition is proved in general When these 
values of p and q are substituted, the integral of the resulting 
equation is the final integral of the proposed differential equation; 
it will involve in its expression either implicitly or explicitly the 
two arbitrary functions which occur in the two intermediary 
integrals. 

239. The statement of the method of solution, as derived 
from the preceding investigation, is contained in the following 
Rules. 
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Rule I. When the equation 

Rr + ss+n=r 

is integrable by this rule, we transform it by the equations 
dp = rdx + sdy, 
dq = sdx + tdy, 
into Rdpdy + Tdqdx - Vdxdy = a {Rdf — Sdxdy + Tda?) ; 
■we resolve Rdy* — Sdxdy + Td^ = 

into the two dy — ^^dx = 0, dy — ^jix = 0. 

From the first of these linear equations and from the equation 
Bdpdy + Tdqdx - Vdxdy = 0, 
combined if necessary with dz = pdx + qdy, we obtain two integrals 
w, = a, , 11, = 6, ; then 

■where /, is an arbitrary function, is an intermediary integral. 
From the second linear equation, combined with the same equations, 
■we obtain another pair of integrals m, = a^, v^ = b^; then w, =/,(w,) 
is another intermediary integral, j^ being arbitrary. 

To deduce the final integral we may integrate either of these 
intermediary integrals, which are differential equations of the first 
order, and we must perform the integration when the two values f, 
and f, are equal. When the values of f, and f, are unequal we 
solve the two intermediary integrals as equations giving p and q 
and substitute in 

dz = pdx + qdy, 
which when integrated gives the complete integral. 
Rule II. When the equation 

Itr + 8s + Tt+U(H-s')=V 
ia integrable by this rule, we obtain two integrals «, = a, and 
v^ = 6, of the equations 

Udy + \Tdx + XjJdp = 0\ 
Udx-VKjtdy ■¥\Udq=-0 ]' 
and two integrals w, = a, and v, = 6, of 

Vdx + \Rdy + XjJdq = [ 

Vdy + X.Tdx +\Udp = (i J ' ,-. , 

......,■ C.oogic 
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where X, and \, are the roots of 

\'(ItT+Ur) + \lIS+lP = 0. 

Then «,=/(«,) and w, =/,(f,), where /, and/, are arhitrary, 
are two intermediary integrals. We proceed from these exactly 
as in Rule I. 

240. It may, however, prove not to be possible to obtain from 
the two intermediary integral values of p and q suitable for 
insertion in 

dz =pdx + qdy ; 
and in that case we may proceed to obtain the final integral by 
integrating one of the intermediary integrals, adopting for this 
puqjose Charpit'a method as indicated in § 201. But without 
actually going through the work necessary in that method to derive 
the additional relation between p, q and the variables, it will be 
sufficient to take, as this additional relation, any particular first 
integral of the general system other than that which is being 
directly integrated ; thus we may take 

w, =/(«,) and M, = a, 

where a is an arbitrary constant. Since an arbitrary constant is a 
particular case of an arbitrary function the values of p and q 
derived from these equations will be such as to render 

dz =pdx + qdy 
integrable; and the integral will involve one arbitrary function/ 
and two arbitrary constants, viz., a and the constant of integration. 
Thia result constitutes the complete integral of the intermediary 
integral ; the general integral may be derived by Lagrange's rule 
(§ 180), by converting one of the arbitrary constants into an 
arbitrary function of the other and eliminating this remaining 
constant between the equation so transformed and that deduced 
from it by differentiation with respect to that constant. 

241. This method, however, ceases to he effective in the case 
in which the roots of the quadratic in \ are equal ; there is then 
only one system of integrals given by m, = o and ti, = J, and so there 
is only one intermediary integral given by 

«.'/(».), ,. , 
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and this must be iDtegrated. Just as before we may aroid the use 
of the general method for the integratiou of an equation of the first 
order by combining the general and particular first integrals 

"i ~f('^i) ^""^ w, = 6. 
The values of p and q hence derived will evidently satisfy the 
condition of § 202, and therefore when substituted in the equation 

dz = pdx + qdy 
will give another integral of the form 



lip and q occur in w,, they may be eliminated by means of the 
former equations v^ = h and u, =f(b); so that 

is a complete integral of the equation since it involves two arbitrary 
constants b and c. To obtain the general integral we must make 
c an arbitrary function of b and eliminate h between the resulting 
equation and that derived from it by differentiation with respect 
to h. 

Thus in the cases, when the roots of the quadratic are unequal . 
and when they are equal, we are led to a general integral, into the 
expression of which two arbitrary functions enter. 

It may be noticed that the foregoing reasoning would apply 
equally, if there had been taken instead of the particular integral 

w, = a 
some other particular integral such as 

{k and I being disposable constants). This particular integral may, 
in fact, be taken so as to render the subsequent integration as 
easy as possible. 

Examples will be found below. 

£x. 1. Solve r=a*l. 

Substituting for r and t in terms of s we have 

so that the eubsidiary equations are 

dy^-aHv'= 



dpdy~a^d.dq^O. ^ _^,Coot[c 
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The former con be resolved into the two 

tfy—adx=0, dy+ads=0, 
the respective integrals of which are 

y-ax^A, y-\-ax—B. 
Taldng the first of these and combining it with the second of the sub- 
HidlAry equationa we find that the latter beooises 

which, when integrated, gives 

Hence one intermediary integral is 

p-aq=<Pi(i/-ax). 
Taking the second equation jr-t'(>:i:=^ and proceeding in the same waj, 

dp+adq=0, 
wMdi leads to 

and therefore a second intermediarj integral is 

We now, in accordance with our rule, treat these as BimiLltanieoaa equa- 
tions giving the values ofp and q ; and we find 

Jdy + ad^)<i,^(y + ar) _ {dy- ado:) ^ ,{3/ -ax) 
2a 2o ' 

which can be integrated 

Let * W = 4 /*, W dt and f {') = - ^ _[*, (0 dl ; 

then the integral is 

2=<t-iy+ax) + if(j/'-ax). 

The arbitrary constant of integration may be considered aa absorbed in 
either of the functions <t> an<i ^. Since 0, and <^, are arbitrary, >fi and ^ are 
also arbitrary. 

Ex. 2. Solve 

(.b + eq)^T-2(b + cq){a-i-op)>+{a + cpyt^O. 



(b + aj)^dy^+2(b + cg)la + i^)dxdy + (a + epydj!^=0, 
{b+oq)^dpd2/ + {a + cpfdqdx = 0. 
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The former of these gives only & single equation 

HO that onlj a single intermediary integral can be obtained for the equation, 
assumed ints^rable by thia method. When this ia combined with 

it gives adx-i-bdi/+cds=0, 

ao that one integral of the subsidiary equations is 
ax + bi/ + cz = A. 
Eliminatii^ the ratio d}/ : dx between the second subsidiary equation and 
the modified form of the first we have 

(b+eq)dp={a + ep)dq, 
the integral of which is 

a + ap=B(,b-\-cq), 
B being an arbitrary constant. Hence the intermediary integral is 
a + cp^{b + cq)^iax-i-by-vcz). 
This must now be integratad ; Lagrange's process for linear equations 
may be adopted. Denoting ^{ax+by-i-ci) by 4>, we have as the auxiliary 

dx dy _ dz 
e -c<j>~ bip-a' 
From these we have 

adx + bd^+edz'-O, 
so that aju-bff+cz—C, 

B,ad <tt=<t> {ax+by+ci)=(j> (O is a constant. 
Hence for a second integral 

dy+deifi{C)=0, 

The final integral of the differential equation is therefore 
T/ + 3Mfi{ax+b}/+ci}=flr{ax + by + c2), 
where <f> and V' Me arbitrary functions. 
It may also be exhibited in the form 

z=x6iax+by+cz)+^xi'^+''ff+^)' 
where S and ^ m* arbitrary functions. 

£!x. 3. Integrate 

(i) r + ia!'t = 2as, 

(1) when i is not unity, (2) when t is unity ; 
(ii) 3!h-+2x^i+2/H=0; 
(m) qh--2pqi+pH = 0; 
(iv) 3fh--fi=0; 

' 24-^ 
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Ex. 4, lutograU the equatiou 

o, 6, 0, e, A being oonstanto. 
The equation in X is 

X'(<w + eA)+Xe6 + e*=0, 
or, if we write Xffl+*=0, the equation which determines m is 

fn*-6nt+ac+«A=0; 
let mj and tn, be it« roots. The first system of int^rals is 

BO that one intermediary integral is 

ex+ep-mjf/=F{ay-Veq-ni^'). I 

The second system of integrals ia , 

a<b/+edq--mfdx=0, 
cdx+edp~tn^y=0, 
and therefuve a second intennediar; integral would be 

If it were possible to solve l^ese intermediary equations BO as to espress p 
and q in terms of le and y, the final integral would be at once derivable ; but | 
this not being tiie case we combine any particular integral of the second with ' 
the general int^pral of the first systam. Thus we may take ' I 

and then /'(ay+ey-m^)=(jn,— )B,)y+a, 

BO that, if * be the inverse function of F and therefore on arbitrary function, 

oy + a!5^m^+*{(m,-mi)y + o}. 
ThuB ' 

the integral of which ia ^ 

ra + ie^ + ia/=m^ + a^ + ei()n,-m,)y + Q[ + ft : 

where O la an arbitrary function (since it is given by ' 

and * ia arbitraiy) and 3 "S an arbitrary constant. 

This is the Complete Integral ; to obtain the Oenerat Integral we eliminate j 

a between the equations 

X denoting an M'bitrary function. 



,.,Coog[c 
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Ex. 5. Solve 

(i) ^-rt=a^ 

(ii) jr+(p+^)*+y(=-g+y(.»-«); 
(iii) ipqyr+(j^+qx)a+3!jit-]^{rt-^-i-xy. 
Ex. 6. Solve 

i(l + S*)r-2pSM + 2{l+j)S)(-r'(«*-rt) + l+j)*+y»=0. 
The equ&tion which determines m is 

)»' + 2pqnn+ffl^^=0, 
so that the two values of m are equal, the common value beiDg -py« ; and 
the system of integrals reduces to one given by 

i{l+q'}dy + z'dq+pqzifx=0. 
The former by means of 

dz=pdj;-t-qdjf 
gives, after division by z, 

dx+pd2+idp=0, 
the integral of which is 

x+pz=a; 
the second similarly leads to 

dy + jife + sdg = 0, 
the integral of which is 

i/ + qz=b, 
so that the intermediary integral is 

F{x+p!,!/+q!)=0, 
where F is arbitrary. 

Proceeding as indicated in § 241, we have 
x+pg=a, 

and therefore edz=pida; + qzdy 

= {a-x)dx-^{h-i/)dii, 
the integral of which is 

{«-<.)'+(y-6)'+B»-c*. 

A general integral ie found, as there explained, by eliminating c between 
the equations 

and {«-0W}*'W + {y-^{c)}^'(c)+c=O, 

^ and ^ being arbitrary functions. 



:,q,t,=cdbvCoOgle 
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Ex. 7. Salve 
(i) tqr^ypt+xg{/f-rt)=pq: 

(ii) ^r+Apqi+jft-¥p^{rt-^)=a*; 

Ex. 8. Prove the converse of the foregoing general result, viz.. Let the 
equation of a surface be 

4.{x,y,z,a,h,c)^0, 
where a,b,c ore connected by any two conditions of the form 

x(a,S,.)-0.+ («,i,.)i 
prove that tiie equation of its eovelope will eatisfy a partial differential equa- 
tion of the form 

the coefficients of which satisfy the relation 

S*=A{RT+UV). 



Principle of Duality. 

242. This principle, which was shewn (§ 197) to be effective 
in deducing from the solution of one equation of the first order 
that of another associated with the former by relations of a per- 
fectly reciprocal character, may be applied to equations of the 
second order. The analytical connexion consisted in taking new 
variables defined by the equations 

Ji — p, Y=q, Z=px + qi/ -z, 
from which there were derived the reciprocal equations 

w = P, y=Q, 2 = PX-t-QT~Z. 
From these we have 

d3; = dP=RdX+SdY, 
dy = dQ = SdX + TdY; 

,. ^ ^„ Tdx~8dy 

so that "^^ ^ 



dY 

rdx + 
s^x + 


MT-S' ' 

-Sdx+Rdy 


RT-S* ■ 
sdy = dp= dX, 
tdy = dq=dY; 



dbvGoogle 
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we therefore obtain, by equating coefficients, 

T -S ^ R 

and also ^^~^'^ RT-S' ' 

Let these BubstitutioQS be applied to any equation of the fonn 
Xr + /« + !'( + <r (rt - fi*) = 0, 
in which X, fi, v, <r are functions of m, y, z, p, q. Let their values 
after the transformations have taken place be denoted by V, fi, v, a 
respectively ; then the result of the substitution gives 

XT-/t'S+i''2' + tr' = 0. 
If then the solution of the former equation be known, that of the 
latter can be obtained ; and mce versa. 

Thus in particular the solutions of the two equations 
»■* (p. ?) + s^ (p. 2) + < X 0- ?) = 
and rx («, y) - af {x, y)+ tij>(x,y) = 

are derivable from one another, 

Ev. 1, From the solution of 

derive that of 

Ex. 2. Integrate the equationa 

(ii) z[rt-i')^pq»: 

(in) ^{z-p.v-qy) = [j4-q»)xz; 

(iv) p^-i-2pq* + qH={xp+yq){rt-i?); 

Laplace's method for the transformation of the linear equation. 

243. The linear equation 

Sr+Sa+Tt+Pp+Qq + Zz=U 
in which R, S, T, P, Q, Z, U are functions of a: and y only, can be 
reduced to simpler forms. The process consists in changing the 

variables. ,-, , 

c,q,t,=cdbvL.ooglc; 
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Let the independent variables x and y be changed to f and 17, 
as yet undetermined; then, when p', q',... denote ^, ^,..,the 
equation becomes 

( dx dx \dx dy dy dxj dy By) 

Let fn and n be the roots of the quadratic equation in k 

and first suppose that these roots are unequal ; then choose f and 
t] BO that 

9a! dt/' 

dm dy' 
which determine f and ij. The terms involving r' and (' now dis- 
appear ; and the coefficient of s', being 

does not vanish since the roots of the quadratic are unequal. Let 
the equation be divided throughout by this coefficient; then it 
takes the form 

244 In two cases the integral of' this equation can, without 
further transformation, be obtained. We may write it in the form 



i(i-->-(^^.o-G---^-i)= 



V 
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SO that, if the condition 

be satisfied, tbe equation becomes 



and thence a general value of s. 

We may write the equation also in the form 

so that, if the condition 

07} 

be satisfied, the equation becomes 

where v replaces ^ + Mz. From this, through v, a general value 
of z can be obtained. 

245. If however neither of these conditions between the 
coefBci&nts in the transformed equation be satisfied, it can still be 
transformed by changing the dependent variable. Thus when we 
write 



e have 



%.m^^iS-LMJ^^.V. 
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aod therefore 














t- 


LV d 


iKdi + K^- 




whicli i 


a equivalent to 












^- 


'51 


+ j/|+^'f.r. 




where 




i- 

M, 


1 dK 








N' = 


LM 


— I©. 





80 that the same form is reproduced but with altered coefficients. 
The equation in its new form can be integrated, if the analogous 
relations between the new coefBcients be satisfied. From the 
values of L', M', N' we have 



so that as ^is not zero (by hypothesis), the relation 

i-jf + ^-ff-.o 

is not satisfied. The other condition being that the equation 

should be satisfied, is when expressed in terms of the ongi&al 
coefficients 

ZL ZM \ d'K \ dKdK 

If this be not satisfied nor the corresponding relation derived 
by the consideration of the other expression 

dr, 
the process of transformation may he repeated indefinitely ; and, if 
at any step of the process the requisite condition should be 
satisfied, the solution may then be found. 



^+2^,- 
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Ex. 1. Prove that for any substitution of the form 

where u is to be the new dependent variable and ^ is a function of £ and q, 
then 

LM- JV+ ^ and LM- N+ 1^ 

are absolute invariaats and that therefore such a transformation is ineffec- 
tive for the purpose of solution. 

Ex. 2. Prove that if 

J,=iV;-i4^-^' and J^^Nr-L^r-^-^ 

(the functions of the coefflcienta after r transformations) then 

E =!iM^4. 

Hence solve the equation 

(Imschenetaky.) 

246. Nest, consider the case when the roots of the quadratic 
are equal, so that 

The two equations determining f and tj now coincide so that 
from them only one of these quantities can be obtained ; let it be 
f , given by 

and suppose ^ and y to be the new independent variables ; then 
we may write n = y. Then in the transformed equation the coeffi- 
cient of r' is zero, that of (' is T, and that of s' is 

ax vy 

But m being a repeated root of 

R)c'-\-Sk-^ T=0, 
we have 

S 2T 
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[246. 
so that the coefficient of »' is 

ZyV^ 2R)' 
which is zero. Hence the transformed equation on division 
throughout by T becomes 

3/ af dy 
The case suitable for treatment by this method is that in whicb 
L is zero; the equation may then be loolced upon as an ordinary 
equation in y, the variable x being considered constant; the 
arbitrary constants of integration should be replaced by arbitrary 
functions of d!. 

Poisson's Method. 

247. Foisson has shewn how to deduce a particular integral 
of any partial differential equation which is of the form 

where Pis a function of p, q, r, s and t homogeneous with respect 
to the last three quantities, and Q is any function of the variables 
X, y, z and the diGferential coefficients of z, which remains finite 
when rf — «" = 0. 

He assumes 9 = (?*)> 

and therefore a = r^'{p) and (=50'(j)) = r{0'(p)]'. 

These values make rf — s" = 

and reduce the differential equation to 
P=0. 

Now P being homogeneous with respect to r, 3 and (, there will, 
when the foregoing values are substituted, occur a common factor 
throughout, being some power of r ; this may be rejected and the 
remaining equation will involve only p, ^(p) and <^'(p) which when 
integrated will determine the value of tf>{p) and so will lead to an 
integral of the original equation. This integral, being of the form 

q = <f>(p) 
can always be further integrated. 

C,q,t,=cdbvC00g[C 
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It may be noticed that Poissoo's process is equivalent to 
olataioing the developable surfaces which are included under the 
given differential equation, for 

is the differential equation of developable surfaces. 

Ex.l. Solve T»-fi=re-^. 

Pivceeding aa above we find 

so that retaining only the real values 

*»-±i, 

whence 2 = ^ (f) = "^ *P, 

where a is au arbitrary conetant. The complete iniagral of this oonsidered as 
a partial differential equation of the first order is 
z=o^+XC*±3/)+», 
where X and v are arbitrary constants ; the general integral is 

where ^ ia an arbitrary function. 

Ex. 2. Solve 

(i) t + 2p» + (p^-a^)r=0; 



Linear Eqxiations with constant coefficients, 

248. We now proceed to consider equations which are linear 
not merely with regard to the differential coefficients of highest 
order but are so with regard to the dependent variable and all its 
differential coefficients, and in which the various terms are multi- 
plied by constants only. Such an equation is 






where * is a rational integral algebraical function all the coeffi- 
cients of which are constant; V may be any function of the 
independent variables. ,-. , 



382 LINEAR EQUATIONS [2*8. 

As in the case of ordinary differential equations the complete 
integral consista of the sum of two parts : 
first, the most general integral of 

second, any particular solution of 

/3 3 






V. 
These will be obtained separately. For convenience, let 

249. The simplest case of the general equation is that in 
which only differential coeflScients of the n* order occur, so that it 
may be written 

{iy-\-A,i)r-^iy+Ajj^-'D'*-¥ + ^.zr'}«*K 

Let a,, a,, , a, be the n roots of 

f + Ar"' + '4.r"'+ +^-,?+^, = 0; 

then the equation may be transformed into 

{D-ajy){D-a^D') {D - a^D') z = V. 

To find the complementary function we write V= ; then a 
solution of 

(D-o,i>')3 = 

will be a term in the complementary function ; and as there are 
n such factors there will be n such terms. 

Now the solution of 

{D-\)z = 0, 
where X is independent of x ia given by 

O being also independent of a;. The quantity G may therefore, in 
the solution of 

(D-aD')z = 0, 

C,q,t,=cdbvC00g[C 
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he made «a orbitnu-y ibnctioQ of «/, and we then have 

= <f,{y + aa:). 

There is one such solutioo for every value of a ; and the sum 
of these different sohitiona is also a solution, so that the com- 
plementary function is 

^=^i(j'+«i^) + ^t(y + ''f^)+ + ^,(y+a,H 

■where 0,, 0,, , ^, are all arbitrary functions. 

In the case, however, in which two roots a are equal this ceases 
to be general, as the sum of two arbitrary functions of the same 
argument is merely an arbitrary function of that argument ; the 
corresponding terms are then obtained as follows. 

The solution of 

(i>-X)'£ = 

is ss = e^(A + Bx), 

where A and B are independent of^; hence the integral of 
(D-aDyz = 

d 
is s = e'''"'[4>(y) + a;f(i/)] 

where both <f} and tj/- are arbitrary; the sum of these two terms 
replaces the sum of the two terms, which had coalesced into one, 
and the general character of the solution is restored. Similarly, 
when any number of the roots a are equal, the corresponding 
terms of the complementary function, which coalesce into one, 
are replaced by a series of terms derived in the same manner as 
the above, 

250. To obtain the particular integral we may represent it 
symbolically by 



= Trm 
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To evaluate this we resolve the Becood symbolical firaction into 
the sum of n symbolical partial fractions, into the denominator of 
each of which only one of the quantities D/D' - a enters ; thus, if 

1 'rK_ 



we have 

Nr being a conataot and depending only upon the constants a. 
Let V=^ia;,y); 

then since 

(jD - off)- = e"ii /(ic e"" 6 
we have 

y-L^ r~,'f,j'dh-'iif(.S.y) 

-j d(<H(,y + <tic-<iO; 
hence the particular integral of the equation is 

t-jjj...dy"j'ds'I[if,flly+',(.':-m 

This is the value in the most general case possible ; in particular 
cases the actual evaluation becomes much more easy. Thus if V 
be a function of x only we may consider {O (D, iO}"' as expanded 
in a series of ascending powers of 1/ and then every term may be 
neglected (so far as the particular integral is concerned) except 
that which does not contain D'. Corresponding simplifications 
arise in other examples. 
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J^.l. Solve S-a=?^=^. 

(See Ei. I, § 241.) 

For the Complementary Funotion we have 

(s-''4)(s^+"|;)— ■>. 

and therefore 

and ^ being arbitrary. 

For the Particular Integral we have 
I 

1 A ,iy* \ 

"■3!* 
Hence the Complete Integral ia 

Ex. 2. Obtain a solution of the equation 

such that, when r=0, y=^(j;) and -^~-£^,F{x) and /(a;) being known 
functions of x. 

£x. 3. Solve the equations 

... 3>« 3*2 . 

^'^ 5^+^=wstn^cos«j-i 

..... e»* „ 3^2 3!i 

(v., (2.-i.,.,..^*<«„. ^.^^^^^^^, 
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Ex. 4. To mIvo 

For the Complementaij Fuuction we hATe 

M being a cube root of imitj. The eolation of 

hence the Complemeatary Function is 

where ^, ^, ^ are arbitrary functions, 

The part of the Particular Integral corresponding to ^i^ is 

Bod BO for the other terms ; the full value is 



The Complete Integral is the sum of the Complementary Function and 
the Particular Int^raL 



... a^ 3% 0>!( 3% 

.... 3^ - S^ 3% 3^ 3»M 3«tt , ^ 8*tf 

251. Passing now to the general equation, we must find the 
solution of 
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where O is of the form 



, „ 3" . 



+ -S.5 



We assume as a trial solution 

where k and k are constants yet to he determined ; for this value, 

;r-= he and =- = &« : 
3j! 01/ 

and therefore we have 

0(A, 4)^ = 0, 

■which will be satisfied, if h and ft he determined so as to satisfy 

* (A, k) = 0. 

This obviously makes one of the constants to depend on the 
other ; let the equation be solved to determine k, so that we shall 
have results of the form 

k=e{k), 

n in number. Taking one of them, as k = 0,{k), we have tbe 
solution in the form 

for all values of A aud k. Now the sum of any number of solutions 
is also a solution, so that another is given by 

where S implies summation for all values of h; and A, an 
arbitrary constant, may be looked upon as an arbitrary function of 
h which may vary from term to term of the series. 

Similarly another value of k, such as 9^{k), will lead to another 
solution which may he represented by 

..SB.'""*'; 
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ftnd, as each value of k will lead to a corresponding series, the 
genera] solution may be represented as the sum of n series in the 
form 

^ = 2 l^e*''-'*''*') + £ [B/'-''*-^"] + . . . 

the summation in each series extending to terms arising from all 
possible values of the constants h. The (act that the coefficient 
belonging to any term may be considered as an arbitrary function 
of the constant which occurs in that term shews that each series 
may be regarded as having in its expression one general arbitrary 
function ; and thus in the Complementary Function we should be 
led to expect n arbitrary functions. 

252. This general result in the form of the sum of n series 
each containing arbitrary elements may appear to be of slight 
-value. Sometimes, however, by the form of the differential 
equation, a simplification is introduced such as that indicated 
in the next paragraph; sometimes by conditions imposed on the 
dependent variable other than the satisfaction of the differential 
equation the number of terms of the series is limited to those 
which contain particular values of the parametric constant. 

For example, whenever a solution of the equation which 
determines it is of the form 

where a and j3 are determinate constants, the corresponding series 
may be expressed in a finite form. For it is 

that is, it is (save as to the factor outside 2) the sum of any 
number of arbitrary powers of e**'" each multiplied by an arbitrary 
constant ; such a sum is an arbitrary function of e'*"" or, what is 
the equivalent, an arbitrary function of « + ay and the series may 
therefore be replaced by 

where ^ is arbitrary. Corresponding to the conditions which in 
any particular case limit the number of terms included in the 
series, there will be analogous conditions which determine the 
form of the arbitrary function. 

C,q,t,=cdbvC00^[C 
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Ex. Prove that, if the root 

occur r+ 1 times, the correspondiug part of the Complementary FimctioD is 

A[0„(,»+ay)+y*i(^+iiy)+ +y'*,(^+oy)], 

where ^, ^, , ^, are all arbitrary. 

253. To obtain the Particular Integral we may represent 
it by 

the evaluation of this expression will depend upon the form of V. 
Thus if 

we should have 

^{fl, b) ' 

as the value of z required. If V were a rational integral algebraical 
function of x and y, then it would be possible to evaluate the ex- 
pression by expanding the inverse operator in a series of ascending 
powers of both D and D', if permissible, or of one of them. The 
methods applied to the particular forms considered in § 46 in the 
case of ordinary differential equations will indicate the corre- 
sponding methods to be adopted for the varyiog forms of V. 



Ex. 1. Solve 






First, for the Complementai7 Function we must solve 

Let j = Je"-t-'» 

be substituted ; then 

ao that k=h and t^3-h 

are the relations between A and i. Hence 

where <p and ^ are both arbitrary. 



b, Google 
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The part of the Particular lateral oorw^ionding to a'-**' ia 




The result indicatea that a terra of the form tF*** will arise in the Com- 
plementary Funotioo ; that this is bo is obvious from tho identity 
««*iir=(a»«--i'. 

The part of the Particular Integral corresponding to :t^ is 



, B+D' , 



--3li(' + S) "' + *' + »" + " 

the expansions ia each case being taken no further than is necessarj to 
furoish non-eraneacent terma. It might h^pen that, b; a different atethod 

of procedure such as expanding in powera of -^ , a particular integral of 
apparentlj different form would he obtained ; it would however be found that 
the two could be transformed into each other b; means of the Complementary 
Function. 

The general integral is, as usiiol, the sum of the forgoing three parts. 

234. Any equatioD such that the coefficient of a differential 
coefficient of any order ia a constant multiple of the variables of 
the eame d^ree may be reduced to an equation of tbe foregoing 
form. Such an equation will be of the form 
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We m&y either change the independent variables to u and v where 
x = 0' and y = e*; or we may represent a; =- by & and y 3- by 0, 
and then we have 



In either case the equation ia reduced to the form already con- 
sidered. 



We have, on asBiuning ii=\ogx cmd »=log3i, 

e4)(l.4-'>='— • 

The iuUgral of this is 



where /and /"are arbitrary. 

Ex. 2. Solve 

... „3az ,S>z 

(1) ^a?-»^^='»' 

.... ,3'2 ,3«3 df 3s 
CO ^g^-^^=y^-*5i- 

£r. 3. Solve the equations 

<«" (4+4+4)'-+"--»- 

£x. 4. . Solve 



"s^-^^'-"" 5'-' 



C,q,t,=cdbvCOOg[C 



392 lOSCKLLANEOTTS [254. 

£x. ft. Solve 

^' cj" rp ex iy ' 

(1.) «„^^ + ^^-(«»+«*)^+,^^«^-™j^j 

= coe {mx + »y) + cos (£r + Ij^) ; 



Cm) 



cj* cjc^ cy" ^ dx " og 



£r. 6. Solve /(w)i=ff„ 

when m denotes Ibe t^entor *, g— +x, ^ + ... + *« 5— , / ia a rationid inte- 

gnJ slgebnticsJ fusction t]iv, and Zf. is a homogeneous functioa of n dimen- 
sioDS of the quantities x^, x„ ..., x^. 



Miscellaaeoas MeOuxLs. 

255. There are several partial differential equations wbtcb { 
are of frequent occurrence in physical investigations; solutions j 
of these have frequently been obtained by methods the appli- 1 
cation of most of which to equations other than those in connection I 
with which they ori^ated is very limited. The two chief 1 
methods are int«gratioii by means of definite integrals and inte- I 
gratioQ in series ; but as each method is of special application I 
only, and as the variations which arise owe their origin to the | 
conditions imposed upon the tunction whose value is sought and 

Dot to any variety in the differential equations to which it can be 
applied, it is not possible to give here a full discussion. The dis- 
cussion here will be limited to a few examples; for fuller investi- 
gations recourse must be had to the treatises on those branches of | 
mathematical physica in which the differential equations occur, | 

I 

256. Consider £rst an equation which can be integrated by 

both methods, 1 

Such an equation is I 
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■whicli arieeB in investigations connected with the conduction of 
heat. It is not without interest to indicate the different methods 
'which may be applied to ohtain a solution. 

By the method of § 249 we may write 

■where (f> (x) is arhitrary ; expanding the differential operator we 
obtain 

» = *«+«■' 3l+2TS?+3^!3l+- 

SO that the solution contains one arbitrary function. We may 
proceed otherwise thus ; the solution of 



is u = ^A +e-*'5, 

where A and B are independent of a; ; so that we may express the 
solution of 

3V _ 1 3« 

da^ a' dt 
in the form 






■) 

where ■^ and x are arbitrary functions. In order to free the result 
from symbolical operations, which would require interpretation if 
they remained, we change the arbitrary functions to / and F, where 

/(<)-+(') + x('), 
•F(')-(|)'l+»)-x(')h 

then since ^ and x ^"^ arbitrary both y and F will be arbitrary, 

[dtj 

bolical operators in the first form of solution involving ^ and ^ 
are expanded and the terms of the same order in differentiation 

are gathered together, the solution becomes - - , 
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_/(,)^^^^^^. 



and this contuns boo arbitrary functions. 

257. It may at first sight seem paradoxical that two perfectly 
general solutions of the same differential equation can he obtained 
of apparently so different a character. The difficulty will dis- 
appear if it be noticed that the equation is only of the first order 
in ( while it is of the second order in m; the former solution 
contains only a single arbitrary function of w, which is all that can 
be expected in the case of an equation of the first order; the 
second solution contains two arbitrary functions of t, which is the 
number of arbitrary functions to be expected in the case of an 
equation of the second order. 

If we assume that all the arbitrary functions can be expanded 
in positive integral powers of their arguments, we are able to 
transform one of these solutions into the other. For let 



«=i) nl \aj 



where the coefficients A^ are arbitrary, and let this value be sub- 
stituted in the first solution. Then the term independent of <c is 

A, + A,t + ^f + ^^e + 

which is a series with arbitrary coefficients and so may be denoted 
hj/{t) whereyis arbitrary; the coefficient of ( -J ^ is 

A + -^.* + ^**+ 

that is, -±; and so for the other even powers of x. Thus the 
part of the solution depending upon the even powers of ic is 
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Similarly collecting the terms depending upon the odd powers 
of X and writing 

if(0=A+A«+^i**+ 

(which ia another arbitrary fiinction) we should obtain the second 
part of the second solution. It thus appears that the two alge- 
braical expressions are equivalent, independently of the fact that 
they are both solutions of the differential equation. 



Solution by Definite Integrals. 
258. Now let the method of § 251 be applied. We substitute 

the necessary relation between the constants a and /9 is 

so that u = Ae'''"'*'*', 

for all values of A and a, would be a solution. Instead of a write 

ai so that solutions are given by 

e""'"''*"^ and e'^^'"^, 
and therefore by 

where \ is any constant and A and B are arbitrary functions of X. 
These may bo replaced by 

A'e-"'''* cos a (a: - X) and ffe"^" sin a(x- \), 
where A' and B" are arbitrary functions of X. Further the sum of any 
number of solutions is also a solution. Consider that obtained by 
summing any number of terms of the form of the first for all values 
of A. and a and assuming that while A' is an arbitrary function 
of X the form of the arbitrary function is the same for difierent 
values of X. (The corresponding terms which would arise from the 
second may be deemed included in this since so far as the variable 

part is concerned we need only to change X into X — ^ to obtain 
the first.) 

Let then A=^^(\)dK, 
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and suppose summation to take place for aJl values of X between 
— X and + 00 ; the corresponding solution is 



I e~'^''coBa(x-\)^{\)dk. 



This again may be multiplied by any function of a and the 
summation taken for all values of a; as it stands tbe function is 
an even one of a and, so if tbe factor be taken as da it will suffice 
to take and x as the limits of a ; and thus we may take as the 
solution 

u=rd%r e-''''''coaa(x-X)y}r{X)<lK 

The BolutioD in this form ia specially suitable for the caae in which u is to 
satiefy aome condition, for instance that 

when ( is zero ; thus we are to have 



f(_x)=j daj 0Osa(!r:-y)'4'(\}dX. 
the value of 



But, by Fourier's theorem, the value of the right-band aide is ir^ (a:) so that 
^ is determined ; and thus 



(Hi 
Hx. Obtain a solution of the equation 

which is such that 

when 1=0. 
The result is 

(Riemaun.) 

259. We may again solve the equation by a method, due 
originally to Laplace and extended by Poissoo. 
We have by a known theorem 
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or, writing w — ^ for ii where I is independent of u, 

When I is any differential operation to be performed this 
relation indicates that the symbolical operation e'' can be expressed 
provided e^ can be expressed. 

This method may be applied to the equation 
for we have 

where /(ic) is an arbitrary function independent of t. The fore- 
going formula in equivalent operators may be applied if 2 be 

replaced by of* -j- ; and thus we have 

Another form may be given to this result by substituting \ for 
X + 2iw^. Then u becomes 



^,/;^.--'/W.^x. 



2o(7r()t. 

Now /{\) is an arbitrary function ; if we chooae to assume its 
value to be zero everywhere except when X = r and then write 
f{K)d\^H, we have 

Ex. 1. Prove tliat, if u satisfy the couditiona 
{i) w=/(:e) wtien(=0, 
C") w^^Owten^-O, ^ , 
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tbeu ita value is 

iaiwIjVo-'^ ' * 2*wV« ((-X)* 

£». 2. Obtain a Bolution of the equation 

in the form 

+ j jF(ji!+2ulb*,y+2vtb*)ixiB(u*+i^)dwdp. 
£x,3. Verify that 
«= — J^i^ /'(/(*+«' sin (9 coB^y+o* sin tfein^t+Q/oofl^Mn AM 

+^T-r'di^ri/'(* + a(8infloo3^,y+atflindflin^i+a<coefl)Bin«fl 

aatisfiee the difiereatial equation 

and is euch that when i-0 then «=F(*, y, «) and g- =/(j!, y, i), 
^. 4. Obtain the value of the integral 

taken over the aurface of a sphere whoee centre is the origin and radius R, in 
the form 

4)r — sinL (Sp), 

where j)'=a'+^+l^. 

Henca shew that the mean value over the aurface of an; sphere of a 
function, which satisfies the equation 

end is, for all points within the sphere, expressible bj a convergent series, is 
equal to the value of the function at the centre of the sphere. 

Further infonnaUon on this part of the subject and, in particular, on the 
applications in physical investigations, will be found in Biemann's Partietie 
DiferetUialffleuAimffen und deren Anvendunff auf pkgtUiaUteke IVoffen, 
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Solution in Series. 

260. Consider dow a caae of int^ration by means of series. 

The most important equation to which this method is applied 
is the equation 

da? dy* 32* 

which continually occurs in physical investigations ; to solve it by 
the method under consideration it is convenient to change the 
independent variables from x,y,zto r, 0, (f> given by the relations 

a; = r sin ^ cos ^, y = r aia 6 sin ift, z = r cos 0, 
which will in effect be changing from the Cartesian to the polar 
coordinates of a point. The equation is now 

and, if another change be made by writing fj, instead of cos $, the 
resulting form is 

261. First, let a solution be desired which is to be a function 
of r only, that is, of (a^ + ^ + ^)', so that it will be a specially 
symmetrical solution ; the equation then reduces to 

3r* ' 

and therefore u^A+ — . 



In a similar way a solution which would be a function of alone, 
and one which would be a function of ^ alone, may be deduced ; 
but they are not so useful as that just obtained. 

262. Next, suppose that solutions which are not functions of 
r alone may be expanded in a series of integral powers of r; and 
in u let there be a term 

c,q,t,=cdbvL.ooglc; 
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where u, is iDdepeodent of r but may be a function of 6 and tfi the 
value of which is still to be determined. Then, when the value of 
u is substituted, the term on the left-hand side of the differential 
e<[uation corresponding to this particular term of u is 






and the sum of all these terms is to be zero for all values of the 
independent variables. The foregoing is the only term which 
involves the rfi' power of r ; it therefore follows that, in order to 
have the equation satisfied, its coefficient must vanish. Hence u^ 
ia determined by 

and therefore r"w„ is a solution of the original differential equation. 
The coefficients of the terms involving the differential coefficients 
of tt, do not depend upon n ; and the coefficient of u_ is unaltered 
if for n there be substituted — (n + 1) ; hence r''"*"M, ia another 
solution of the original equation. These two solutions just ob- 
tained may be combined into one so as to give 

/ . - B, 






as a solution, A^ and £, being arbitrary constants ; and thus the 
general value of u is 



rx--''^%)" 



provided w. be determined by the equation 

263. Now the general solution of this equation would give u, 
as a function of 6 and ^ ; consider the case in which u, is a 
function of 6 only. It is then determined by 

C,q,t,=cdbvC00gle 



the independent particular iDtegrala of wbicb are {§§ 90, 91) P, (/*) 
and Q.(/ir); the corresponding terms in u are 

(Ay + i ) p. M + (^.v + ^i") e. (rt. 

In most physical investigationB the term dependent upon Q^ (/*) ia 
rejected ; and then the general value of w, expressed as a function 
of r and 6, that is of « and (a;' + y*)*, is 



u= 2 ■ 



■^)^»} 



in which the A'a and £'s are arbitrary constants. It will be 
noticed that the solution formerly obtained, viz.. 



is the particular case obtained by making all these arbitrary con- 
stants zero except A^ and B^ and remembering that P^iji) is a 
constant. 

264. Consider now the general case in which w, is a function 
of and <j> ; it may be expanded in a series of trigonometrical 
functions of multiples of the coefficients of which are functions 
trf /I. Any term of the series for u_ may be denoted by 
D_*''co3 er^, 

where f is a function of /i only ; and, just as in the case of the 
separate terms in w considered aa involving different powers of r 
when each such term was a solution of the equation, this will be a 
solution of the equation giving u^. Substituting and dividing out 
by cos a-<f> we find that v^f"' is determined by the equation 

This equation would also have been obtained by the substitution 
in the u, equation of 

v^'^ sin <T0 ; 
and therefore the solution of the equation in m, is 



S [E, sin <r0 + F, cos atf,] vj'^ , ., , 

^6 



(£V sin ff0 + jP, cos «r^)(l - /*')*' - 
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the value o- ■■ not being here included, since it gives terms 
independent of ^ which have already been found. 

Now, by Ex. 12, Chap, v., p. 178, the solution of the equation 
giving *,*•> ia 

where y_ is a solution of the equation when <r Is zero and thus 
may be either P, or Q^. Hence the corresponding term In «, is 

+ (E; sin <r0 + F-„ cos <r0)(l - /t')*' ^". 

The term involving Q, is usually rejected in physical inveati- 
gations ; tbe suitable value of u^ then is 

T(l - f>.')i'(E, sin ,7^ + F„ cos a-<t>) ^ , 

it being obviously useless to include values of o* higher than n. 

The sum of any nunkber of solutions of tbe original equation is 
a solution ; and therefore the most general value of u expressed in 
a series is 

.. - ,-B 



incT^ 



+ (-^V+^.)<:os<70J 



We have omitted from tbe foregoing general value (1) the 
terms v^bich would arise from the part of u independent of r and 
<j>, which can easily be proved to be 

Clog^, 

(2) the term dependent upon <f> alone which obviously ia Mif), and 

(3) the terms usually rejected as unsuitable in physical investiga- 
tions. 
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Any further inveBtigations on the solutioa of the equation are 
connected either with other equivalent forms of solutioa or with 
the particular solutions obtaiued by a determioatioa of the cod- 
stants in accordance with imposed conditions. For these recourse 
should be had to the authorities on the several subjects in applied 
matbematics in which this equation arises; in particular, those 
quoted on p. 156 will be found of great value. 

Ex, 1. Solve the equation 

in series, by transforming to polar coordinatee. 
Ex. 2. Prove that the equation 



0»«_ /3% ^ 3V\ 
has a solution of the form 

«=e*'"i*pP,{Jfl-"'/,(iir)+£e^/,(-£iT)}, 
where 

/-W-l + ^2^+ 2747^1 ■>- 2.4.6.?' +■■■ 

1.2.3...2n 

"'"2. 4. 6. ..2ft. j»* 

Obtain a more general solution which is not independent of the spherical 
coordinate 0. (Stokes.) 

Ex. 3. Shew that the general solution of the equatioo 

or, by transformation to plane polar coordinates, its equivalent 

** \^'^ r^r'^ 'fiW) e(»' 
can be espreesed in terms of Beesel's functions as the sum of two terms of the 
form 

M = cos ftt{" 2*[ jii J. (ir) + fi r„ (ir)} cos ntf + {.i'J, (ir) + ST, (ir)! sin fttf]. 



..C^c 



Ampere's MeUiod of solving the eqitaUon 
Er + 28a + Tt+ U{rt - s") = F. 

265. There ia another method of proceediug from the dif- 
ferential equation to the intermediary integral in the case of the 
general equation 

Rr + 2Ss+Tt+U(rt-s')= V, 
the factor 2 being inserted for convenience. 

Let a new independent variable a, aa yet indeterminate, be 
introduced and let x and a be considered as the independent 
variables bo that y is a function of w and a ; then we have 

dz dy dz dy 

ax ^ ^ ax da ^da 

dx dx' da. da' 

dx dx' da da' 

Here -j- and t- are used to indicate partial difTerentiation 

with regard to the new independent variables x and a. From these 
equations we have 

da; dx 

iy t=^-8 

dx dx 

and ^ (rf - «n = ^ ^ - a ('^ + ^ ^"l 

dx dxdx \dx dx dx) ' 

in all of which s is to be replaced by 
dp _ dy 
da ' da' 

When these values are substituted in the original equation it 
takes the form 



^:,.,C00g[c 
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where P and Q are given by 

ax da: ax ax ax ax 

Q = J!(|)-2«|+2'+(7(|+||). 

Aa yet a is arbitrary ; let it be cbosen so that P vaaishes ; then 
it follows from the differential equation that Q also vanishes and 
thus we have 

P = 0, ^ = 0. 

266. These equations can be replaced by simpler combinations 
equivalent to them. From the first we have 

ax\ ax dxl ax ax 

when this value of -3^ is substituted in the second equation the 
latter becomes after a slight reduction 

\ dec ax/ \ ax ax) 

which gives 



■■(i), 



where 0=B'-ST-U7. 

The corresponding value of ^ is given by 

fis±<:^)~vf-Tf. 

dx^ ' dx ax 

or, what is the same thing, 

and therefore 

Rf+(SirO)%.V. , (ii). 
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These equatioDa (i) and (ii) may replace the two first obtained; 
it will be noticed tbat tbey are analogous to tbose in § 234. We 
may also combine (i) and (ii) bo as to obtain an equation in another 
form, but not independent Multiplying (ii) by U and substituting 

from (i) for P^ M ^^ ^*^^ 
which easily reduces to 

^l-fST"')!-^-" »■ 

We may thus consider either (i) and (ii) or (i) and (iii) as the 
equations which replace the two i*= = Q. Taldng then (i) and 
(iii) we may rewrite them in the form 

Ud<i + Bdy~{8±Q^)da = <i i 

Udp~{S:^QV)dy+Tdx = (i I ,j, 

and we have also j ' 

dz — pdic -- qdy = <) J 

in which it will be noticed tbat da does not occur and therefore a 
is to be considered a constant in the integrations. 

267. The success of the method depends upon the possibility 
of obtaining a function W of x, y, z, p and q which shaU be such 
that, in virtue of the relations between the differential elements 
expressed by the equations (iv), its total dififerential shall be zero. 
If this be possible, we then have 

dW=-^dx+^dy+^d.+ -^dp + ^dg=0; 

when the values of dz, dp, dq as given by (iv) are substituted in 
this, it becomes an equation involving only the two differential 
elements dx and dy, which are independent and the coefficients of 
which must therefore be separately zero in order that the equation 



isfied. 


Thus we 1 


ba»e 








-^ 


^-^T 


dp 


(S + 


«')f- 


■0, 


-f 


--'If 


f {S+Ot; 


'V- 


8j 


■0 



^:,.,C00g[c 
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either of these may be replaced by 

which resuItB from the elimination of s~- between the two. This 

^ . 
last equation is useful in the case when J7 is zero, for then the two 

former equations are equivalent to only one. 

The function W must therefore satisfy two simultaneous partial 

differential equations of the first order ; the method of obtaining 

such a solution common to the two, when it is known to exist, is 

indicated in § 226 and we may therefore now consider W a known 

function. 

268. A solution of the given differential equation, is fwmished 
hy 

W = constant 

For we then have 

dx dz " dp dq ' 

dy dz " dp dq ' 

and these, on the substitution in them of the values of -s- and -=- 

ox oy 

from the forgoing equations which determine W, become respec- 
tively 



The elimination of the ratio of _ - to -=— between these gives 
dp dq ° 

( T+ Ur) (R + ut) = (s - Usf - a, 

which, in virtue of the value of (?, reduces to 

i?r + 2& + r( + ^(rt - s") = ^. 
that is, to the original equation. The proposition therefore 
follows. 
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269. Id order to obtain the moat general intermediary inte- 
gral, we must find an expression which contaios an arbitrary 
function. Suppose now that it is possible to derive two particular 
solutions w, and w, of the equations which determine W, and 
which are, owing to the double sign, really two setsj then the 
equations will be satisfied by writing 

Tr = <(>(«'.,w^=0. 

Since the equations in W are linear this is obviously a solu- 
tion. Also the particular solutions are 

w, = constant ; 

but in the int^rations we had to consider a as a constant, and 
therefore we may write 

«■.=/.(=■). 
where /,(«) ifl an arbitrary function. Similarly we should have 

where /,(a) is an arbitrary function. Now a is some function of a 
and y, the value of which is unknown ; when we substitute in 
either equation the value of a derived from the other, we obtain a 
result of the form indicated. 

270. It may happen that more than one general intermediary 
integral can be obtained. In any case we proceed as before from 
the single intermediary integral (by Charpit's method) or from the 
combination of the two intermediary integrals (as in § 236) to the 
general integral of the equation; and this integral will usually 
involve either two arbitrary functions or three arbitraiy constants. 
This however is not the most general integral possible. For if we 
had an original integral equation of the form 

(z, X, y, a,, a,, a,, a^. a,) = 0, 

and obtained thence five other equations giving the values of 
p, q, r, s, t we conld between the six resulting equations elimmate 
the five constants a and have a differential equation of the second 
order ; and according to the form of 4> the degree of this equation 
would vary. Conversely in any case we might in the integral, 
which is most general so far as the number of arbitrary constants 
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which enter ia conceraed, expect more than three. But 0=0 will 
not necessarily be the most general integral ; the only inference to 
be made is that the equation containing three arbitrary constants 
is not the most general integral. It can he replaced however by 
one which is more general ; the method of obtaining this, due to 
Imachenetsky, is similar to that employed by Lagrange for partial 
differential equations of the first order — viz., variation of the con- 
stants. 

271. Let the integral obtained by the foregoing method be 
represented by 

^ =/(«. y< <^< ^ c) ; 
to obtain the general integral we shall suppose a to he changed 
into a function of a and b the value of which is, as yet, undeter- 
mined and then consider a and h to be functions of x and y such 
that p and q preserve the same forma as when a, h, c are all coa- 
stants. Denoting 







u 


•"SSi"'"S 


■^Sai 


respectively by 


(fa 


and 


|,,ehaye 








dz 
Si 


dfda 


(i/34 



dz_ dfda rf/"96, 
dy " da by dbdy' 

and therefore, since ;r- =p and ^r- = Q, we have 

' dx ^ dy ^ 

da dx db da: ' 

dfao^^36^„ 

da dy dbdy ' 

which will be satisfied if we write 



•^ '"' o,,...,Goo§lc 
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The second differential coefficients are 

8*^ .^?? dp^ _ dqda dqdb 

dy'^^dady^dbdy'^^''- 

But since ^ ia identically zero when we suppose a and J 
replaced by their values in terms of x and y, we have 
3 /df\ d^fda d}/ 9&^Q. 
3iC \t&t/ (fa' Sa: c^t^ 0a! ' 

dx \daj da \dx) da ' 

that rfp f^y 9g ^/ ^^ _ 

rfa da' dx dadbdx~ 

Similarl ^ + ^??+_^ - = 0- 

rfa da' 8y <^tf& 3j( ' 

dp ^ d-f da ^ ^f^^^Q. 

db dadb dx db' dx ' 

dq d^f da d'fdb^^^ 

db dadh dy dh* dy 

These equations satisfy the condition 

,_dp9a^&6_^9ad2 9/" 
dady db dif~ dadx db dy' 
and irom them there can be obtained the expreasioas 

AA = ^ f^V_ 2 _^ ^ '^^ + ^ i^P'^ 
da* \db/ dadb da db dh* \3a/ ' 

U,.& l^]'- o ff dqdq ^ <e/fdci\- 
dc^ydb) dadb dadb db'\da/ ' 

, d?f dpdq d*/ r^dq dqdp\ ^f^dq 
~ da* dh db dadb \da db da dij db* dada' 

where i_ fjff Y-'?/'V 

\dadbj da* di>* 
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But with the modified forma of a, b, o 
e =f(x, y, a, h, c) 
is still to be a eolutioa of the equation 

9a^ dxdy d^ [dx* 9^ Xdxdy/ ) ~ ' 

the coefficients of the second differential coefficients are unaltered 
in form, since we have retained the forms of the first differen- 
tial coefficients, and therefore R, S, T, U, V remain unmodified. 

Substituting now in this equation the values of 5-5 , a— ^ , s-^ 

and remembering that the diflTerential equation is satisfied when 
h, k, I are zero, we find that it takes the form 

{R-^m)h-¥t(8-U8)k + {T-\-Ur)l + U(lk-1^=V, 

where the quantities r, 8, t which explicitly occur and the quantities 
y, q, z which implicitly occur are to be replaced by their respective 
values derived from the integral 

z =f(x, y, a, h, c) 
in which a,h,c are considered constants. We must now substi- 
tute the expressions found for li,k,l; and then the equation, after 
some reductions, will be found to be of the form 

' da' ' dadb ' db* "' 

where 

' \da db db day ' 

in all these coefficients the quantities z, p, q, r, 8, i are to be 
replaced by their values in terms of x and y as derived from the 
given integral equation. c,q„..db.,Cooy|(.: 
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This difTerential equation is linear in the second differential 
coefficients of / with regard to o and b ; it is, moreover, the 
equation which is to determine the value of c as a function of a 
and b. Now 

da da dcda' ' 



so that 



do" da' dadc da 9c' \daj dc da* ' 



and also for the other coefficients; when these are suhstituted for 
J " ' T^ • ^ ^^^ resulting equation is linear in the second 
differential coefficients of c with regard to a and b, and the 
quantities multiplying these are functions of x, y, a, h, c, =-, ^. 
But we also have 

da dh' 

from which the values of x and y can be found as functions of 



one which involves only the quantities a, b, c and the differentia 
coefficients of c. This equation will then be of the form 

where A, B, G, J" are functions oi a,h,c,-ir- , r^. 
. da do 

Now it may not be possible to integrate directly the original 
differential equation, while it may bo possible to obtain, almost hy 
inspection, a particular solution which involves three arbitrary 
constants ; or it may be possible to derive such an integral when 
not obtainable merely by inspection. In either case such particular 
integral can be generalised provided the solution of the equation 
to be satisfied by c can be obtained ; and if this solution he repre- 
sented by 



0{a.b,c) = Q. 
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then the new integral of the original equation is 

= d(a,b,c) 



dbdo dcdb) 



by eliminating 

Ear. 1. Int^rate the equatio 



between them. 



!cf, 0=0, F=5; thus Q=0, and the equa- 
tions detennining W are only a single pair, viz. 



ZW 



is-)\ 



on , .orr , „ .orr on 



We denote these, aa in § 226, by 
0=J'i=e-(s-ar)i', 



As a condition that these equatioi 
e must have 



7 be integrated simultaneously 



0={F^,F;i=-qZ-r. 



Hence we write 



and BO we take 
and then 
Hence F= 

we obtain 
and therefore a 



0=F,=Z, 



^=Z; X+ji*=0; Q-iq-x)P=0; aubatituting in 

0=P<^+Qdq+Xdx+Zdi+Y<ii/ 

= P{dj>-qdX'^qdq — j:dq), 
e may write as the intermediary initial 

To obtain the complete integral of this we apply Charpit's method j we 
must obtain an integral of 



D ^ 



^:,.,C00g[c 
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This is given byq=p; and therefore 

p=-a + pl!-^. 
These Talnee, Bubetituted in 

dt=pda+qd^, 
lead to the integral 

which contaioB tliree arbitrary cooBtaDis. 

To obtain the modified integral (§ S71) we write this 

considering o as a function of a and ^ Then we hare 

de~ • 3? "' §^ ~5/9Do' d0 ''' ^~ rfo' da 

HenceA^-Oi Ti=l; 8i=0; F,=0; and the equation in /is 

or, on suUrtdtution in tenna of c. 






or finally 








8% 

9'- 


■s- 


But an i 


integral 


of this 


is, by § 269, 










'L 


a *'/(^+2Xa')<ft; 



and therefore an integral of the original equation, is given by the elimination 
of a and )9 between 

a=/^-<nr+J|to(*-j3)-J"__«-*7(i3+2Xo*)<ft, 

0=xa*+r Xe~*V'03+2Xa*)rfX, 

The second of these equations may, when the definite integral is integrated 
by parte, be replaced by 



1] 


EXAMPLES. 


Ex.± 


Integrate 


(i) 


r-,.|, 


(ii) 


A-V - 4F«y« + Vi + 2iw^ = ; 


(iii) 


(*+9)*r+2(.r+2)(y+j))*+(y+i>)'(+2(«+g)(y+p)-0, 


(") 


^+2^'+(^-^)'=^; 


W 


r+22*+(sS-a;»)(=j;- 


(vi) 


a7*r-4«»5.+3j(+ar^=0; 


(vii) 


r+22«+j«(=J!i; 


(riii; 


1 ipi + t-p = 0. 



(Amp&re and Imscheuetakj.) 
A fuUer discussion is contained in the Taluable memoir by Inuicheiietaky, 
QruTieret ArcAtv der MathematU: wad Phytik, t uv. ; and in the memoir by 
Qraindorge already (§ 223) quoted. Full referenoes to other authoritieB are 
to be found there. 



MISCELLANEOUS EXAMPLES. 

1. Prove that the integral of the equation 

(ie+y)(r-()+4p=0 
aa given by Monge's method is 

where y+a: ia to be autetituted for a after integration and / and F e. 
arbitrary ftinctfons. 

Hence solve the equation 

2. Solve by Monge'a method the equations : 

(i) q{l+q)r+(^+q+^pq)»-\rp{\+p)t=0; 

(ii) (l+p2+?')r+((sS-p«)-Cl+py+j^}(=0; 

{iii) {r-t)!ey-${t?-f)'^qx-ps; 

(iv) s?r-^t=3ip-}iq; 

(v) r-2* + (=a:+<^{*+y); 

(vi) (r-*)^={<-»)y; 

(vii) 3^-yH-2xp-\-it=0; 

(viii) (r-»)y+(i-();B+y-^=Oi 

(ii) xr+(s-x)t~yt^q-p. c,q,.,=cdb.,Cooylc; 
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3. BoIto the equatirat 

and detennme the arbitrat; functions by the conditions that bz=^ when x=0 
and 0*=*' when y=0. 

4. Integrate the equation 

^ J,* ^ yS' 

and obtain a first integral of the equation 

■^(!-f)->^?**g-i)«-+S('-^)-°- 

5. Inveetig&te a solution of the equation 

rt-««=0, 
subject to the condition ^=3^(l+j^,ia the form 

6. Int^rate the equation 

(l+p»)f-2p2«+(l+ff')r=0, 
having given that ^-j'x=0; and shew that a particular solution is 

(«*+y*)'=ec08h-. 
Integrate also the equation 

{(l+i)S)(-2pyii+(l+jS)r}*=4(rt-«»)(l+j)»+y»); 
and discuss the nature of the solution 

7. Solve the equations : 

(i) ^ir-p) = d^(,t-q); 

(ii) 3y«=y2rt+pyj 

(iii) aT+ay«+yg=0; 

(iv) xr + Sst+p=4x; 

{v)- 2xr-it+3p=0i 

(vi) «(r-a%)=.2p. 

8. Prove that the only retJ solution of the simultaneous equations 



«..™.+y,in„+fJ, ...Google 
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9. Profe that the only real solutions which simultaneouslj aatistj the 
equations 

r+t=2a\ 

are comprised in 

K=j4!'(t»+eooBa)-i-iM5sina+iy'(o--ccoaa)+ia«+>^+8, 
where e'=a'+&* and a, ff,y,i are arbitrary parameters. 

10. Obtain an intermediary integral of 

pqr=i{l+p'), 
and shew that its general integral is obtained by eliminating a between the 
equations 

.-0(a)-m.-(l+o')V<J')-Ol 

where ^ and / are arbitrary. 

(Serret, and Qraindorge.) 

11. Integrate the equations ; 

(iji) {j!»-y^(/-r)+4Cpa:+g3(-i)=0. 
Also solve, by changing the independent variables to £ and <; where x^»(ij 
aiidx^>a£, 

jft--2ay«+3ft+2y3=0; 
and, by changing the independent variables to £ and i; where x^^'*'" and 

12. Initiate the equations : 

,.., 3'z „ (IH ^ 2 3z 2 \ 

. 3% 2 3% 



(v) 



3"* _1 /ft! Bi\ 2 



13. Find the surface whose equation satisfies 
^' =0 
and whose trace on the plane of ^ is the hyperbola ;[;■■ a*. 



Coiwlc 
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14. Integrate the Bimultaoeoua eqiutions 

,., du 5v 
'■'> ^-^ 

16. Shew that the simaltaneoue equations 
rt+c(r+()=0, 
f9+c'(py+?*)=0, 
repreeeot a series of coaxal paraboloids which cut any fized plane perpen- 
dicular to the axis in a series of similar conies the ratio of whose axes is 

16. Shew that the equation 

in vhichff, ^, £'arQftmctioDsof;F, y, sandfcau be integrated if 

and obtain the integral. 

Hence obtain tho integral of 

{(^+y«)»-5^}Ci+y)=3y{l-e) 
in the form 

(Imaoheneteky, and Graindorge.) 

17. Obtain a solution of the equation 

in a series <A ascending powers of x. (Lagrai^) 

Solve the equation 

discussing in particular the case in which the discriminant of the left-hand 
side is aero. 
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18. Vetify that the partial differential eqoation 

is integrable in finite terms, if b (2i± I) = 2i where t is a positive integer. 
Solve also 

(Legendre.) 

19. Shew that the oomplete iategral of 

I?^_3^,20i* w(w+1)m 

(n being an integer) maj be exhibited in the fonn 

V S-y r 

-where ip and ^ are arbitrarj functions ; and obtain in the torm oi a definite 
integral the complete eolation of 

_1 5% _ 3% 1 3m 

20. Obtain as a definite integral the solution of 

21. Obtain a solution of the equation 

in the form 

jrM=r^r'^s-"'-«'^(af+2lawM)rfw(fo. 

S2. Change the dependent variable from z to y in the equation 
g{l+€i)r-{p+q+ipq)t+pil+p)t=0, 
and hence obtain the solution of the equation in the form 

33. Shew that if there be five functions ?u ^ %, Z4, z^ ®^^ <>^ which 

satisfles the equations 

where the a'a and Va are functions of x and y alone, then between them there 
is a linear relation with constant coefficients of the form 
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I^ in addition, an; four of them oa ^i, %, ^ z, be such aa to eaiMy 
identioall; tiw equation 

9i' 9i> 9s, 9i 
I .„ »^ <j, », 

then there is alao a relation of the fbrm 

(AppeU.) 
84. Shew that the function F{a, ff, y, ff, t, x, y) given bj the seriea 

n{a+w+w-i) n (i9+ro - 1) n (y+m - 1) n (tf- 1) n (« - 1 } 
"nCa-i)n(m)n{™)n<fl+m-i)n (.+»-!) n(i3-i)n{T-i)'''^^' 

the summation extending for all integnd values of m and n from zero to 
infinity, satisfies the two equations 

{y-y»)i _ay*+ {.- (a+y+ l)y} y -yap -<ty?=0. 
Hence shew that F(a, i+a, -c, S, «, «, y) is a solution of 
(iP-it')r-£iy<+Cy-y»)<+{tf-(a+«+l)jr}j)+{«-(o + 8+l}y}?-a&=0, 
c being an arbitrary CMistant, (Appell.) 

SS. If there be three functions Zj, z,, i, satisfying 

^i(P>-?j)+«»(Pa-?i)+^CPi-?»)=<*. 
where the a'a, ft'a and e's are ^mctioIlB of * and g, then there eiistB between 
these functions a linear relation with oonstant coefficients. 

(AppeU.) 
Sfl. Shew that the integral of the equation 
f^xyp + iyz=0 
may, by differentiation, be connected with that of 
t+3>yp+(Jc-\-n)yz=0, 
k being a constant and n being an integer. 

Hence solve the former equation in the case when A is a negative int^er. 
Obtain the solution w*en kiaa. positive integer. 

(Tanner.) 



EXAMPLES. 
ST. Obtmn the solution of 
a tha form 



e'=2-T 



where tfi and ^ are arbitrary functions. 



(LiouviUe.) 
Hence integrate »=^. 

(Tanner.) 

38. Integrate by Ampere's method the equations 
(i) a+^t+pq = 0; 

(iii) qr+{p+xi)i+!/t+^(rt-^ + q'=0. 
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Abel,S47. 

Ampere's method of solTing the gene- 

r£JBed form of Monge'H equation, 

404—408. 

Beaael's e^natiou, 157 — 166 ; 

denvable from Legeudre'e 
equation, 167. 
Bour, 346. 



CaucbyB method of 
Ruler's equAtioQ, S39. 

Cajley, 36,92,211,241. 

Charpit's method of integration of 
partial differential eqimtiona of the 
first order in two independent varia- 
bles, 316—322. 

Claiiaut'a equation, 27, 310. 

ClaasiflcatioQ of the integrals of a par- 
tial differential equation, 286—297 ; 
every in tcgr^ iaiocluded in one 
of the three clasaes, 289, 

Complementary Function, 49, 52 — 65, 
66, 363, 387. 

Complete Integral of a partial differ- 
ential equation, 286, 354, 

Cuspidal Locus, 33. 

Darboux, 297. 

Definite Integrals, solution of linear 
equation whose coeffloienta are of 
first d^;ree in independent varia- 
ble by means of, 216—221 ; 

proposition relating to solution 
of general equation by means 
of, 221—225 1 
solution of a partial differential 
equation in, 396. 
Degree, definition of, 8. 
Depression of order of equation when 
one or more particular intends 
are known, 50, 116 ; 

when one variable is absent, 77. 
Duality between partial differential 
equations, analyidcal, 311, 374 ; 



correepondB to geometrical 
prinoiple of duality, 313. 

Envelope Locus, 33 ; the only Singu- 
lar Solution, 36. 

Equation of first order and first de- 
gree has only one independent 
primitive, 15. 

Equations giving relation between dif- 
ferential coefEcients, 74 — 76. 

Equivalence of linear equations of 
second order, conditions for, 96. 

Euler, 232, 358, 

Euler'a equation, 237—241 ; 

generalisation of, 241 — S47. 

Exact equations, 82—85. 

Ferrers, 156. 

First Integrals, definition o^ 9 ; num- 
ber of mdependent, belonging to 
equation of m" order, 9. 

Functions, conditions for relatdons 
between, 11. 

Gaus^ 184, 210. 

Causes n function, 152, 168, 196. 

General Integral of a partial differen- 
tial equation, 289. 

Qeneralisation of any int^ral of a 
partial differential equation con- 
taining constants, 40A— ^13. 

Glaisher, J. W. L., 39, 174, 176., 

Goursat, 211. 

Graindorge, 340, 415. 

Hankel, 165. 
Heine, 156, 167, 168. 
Homogeneous ordinary equations of 
first order, 20 ; 

linear of n" order, 66 ; 

in general, 79 ; 

partial equations, 390. 
Hyp^'geometric Series, definition o^ 
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differential equ&tion satisfied 
by, IW; 

particiiUir solutions of tliia 
equation, 187—192; 

relations between these solu- 
tions, 192—201 ; 

cases when expressible in a 
finitefonn, 202— 210; 

as a definite mtegral, 228. 

Imscheneteky, 340, 409, 419. 

Independence of Particular Integrals 
of general linear equation, condi- 
tions for, 110. 

Intermediaiy integral, 354. 

Invariant of coefficients of linear 
equation of second order, 89, 



247, 340. 



JaoobL92, 311, 232,24 

Jaoobi a method of ii 
generalised form of Euler's Equa- 
tion, 241. 

Jacobi's method for the integration of 
the general partial differential of 
the first order in n independent 
variables, 323—340. 

Kummer, 92, 211. 

Lagrange, 299, 31S, 409. 

L^ranges linear partial differential 
equation, 397—301 ; 

generalised form, 302. 

Laplace's transformation of the linear 
partial differential equation of the 
second order, 375—380. 

Legendre, 3S8. 

Ii^ndre's equation, 143 — 156. 

Linear equation with constant co- 
efficients, ordinary, Chap. m. ; 
partial, 381—391. 

Lobatto, 232. 

Lommel, 16^ 174, 

Male^90. 

Mansion, 340. 

Mon^s form of solution of total 

differential equations, 2S3. 
Monge*a method of integrating the 

equation of the second order which 

is linear in the partial differential 

coeffieienta, 353—368. 
Motion of particle under central force, 

integration of equations o^ 276, 



Normal form of linear equation of 
second order, 90 ; 

of equation of hypeigeometrio 
series, 186. 

Order, definition o^ 8. 

Particular lateral, 49, 67—66, 67, 
383,389. 

Petival, 232. 

Poisson's method for a form of homo- 
geneous partitJ equation, 380. 
Pmnitive, definition of, 8. 

Quotient of two solutions of linear 
equation of second order, equation 
satisfied by, 92. 

Bayleigh, 167. 

Relation between linearij independent 

solutions of a differential equation, 

99, 112, 152, 166,200. 
Biccati's equation, 168—174 ; 

reducible to Beseel's equation, 
171. 
Bichclot, 246. 
Bichelot's method of int^rating 

Euler's equation, 237. 
Eiemann, 398. 
Bouth, 168, 34a 

Schwarz, 92, 202, 211. 

Schwarzian LerivativOj 92, 202—209. 

Series, possibility of mtegration in, 
132; 

form of solution when a vanish- 
ing factor occurs in the de- 
nominator of a coefficient, 
139; 
form when such a factor occurs 

in the nnmerator, 141 ; 
integration of partial equations 
in, 392—394, 399-^03. 
Simultaneous equations (ordinary), 
linear with constant coeffidents, 
26»-270 ; 

with variable coefficients, 270 — 
276. 
Simultaneous partial difibrential 
equations in one dependent varia- 
"-■^^ 346—350. 



Singular Integral of a partial differ- 
ential equation, 288; 

denved fivm the differential 
equation, 294. 
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Solution of ordiniUT equation, what 

ia to be ocmndereo a, 6. 
Species, definitim dt, 7, 
Spitter, 332. 

Standard Ftama of ordinaiy equa- 
tiona of first order, 16—30 ; 

of partial difierential equationa 

of first order, 301—310 ; 
they are particular oaaee in 
which Charpif B method {q. 
e.) proves efiective, 320— 
322. 
Sturm, 168. 
Symbolic Operationa, 43 — 18, 38S, 

393, 397. 
Symbolical method for partial eqiu- 
tiona due to Laplauo and Foieaon, 
396. 
Symbolioal Solutitata, 174. 



Tac-LocuB, Hi, 296. 
Thomaon, Sir William, 108. 
Todhunter, 166, 168. 
Total differential equations, which 
are linear, 247— S55 ; 

they aeparate into two classes, 

£63; 
geometrical interpretation of 
linear equations with tiiree 
variables, 256—259 ; 
case of n variables, 259 ; 
equations which are not liaear, 
261. 
Tn^ectories, general, 119 ; 
ortho^nal, 12a 

Tariatitai of Farametera, 98, 118, 116, 
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